
Brief survey on Lebesgue measure and measurability

1 Lebesgue measure on the line

Given a bounded interval I = (a, b) ⊆ R, its length (or its “measure”) is obviously given
by

|I| = b− a ∈ R.

Here, the goal is to generalize the concept of length of an interval by introducing a
suitable definition of measure for sets A ⊆ R not necessarily intervals.

An elementary set of the real line R is defined as the disjoint union of a finite number
of bounded intervals. That is, E ⊂ R is elementary if

E =
n⋃

i=1

Ii,

where n ∈ N is finite, for every i ∈ {1, 2, . . . , n} Ii is a bounded interval, and finally
Ii ∩ Ij = ∅ if i 6= j. If E = ∪n

i=1Ii ⊆ R is an elementary set, then its measure is obviously
defined as

|E| =
n∑

i=1

|Ii|.

Now we have done a first very easy step towards the generalization of the measure of
an interval: we have considered more general sets, as the elementary sets. A next easy
step is the introduction of sets which are the disjoint union of an infinite but countable1

number of elementary sets

P =
+∞⋃
n=1

En, with En elementary ∀ n ∈ N,

to which we associate the measure

|P | =
+∞∑
n=1

|En| ∈ [0, +∞].

We call such sets generalized-elementary sets.2

1Note that a finite union of elementary sets is still an elementary set.
2This is not a standard adopted notation.
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1.1 Lebesgue measure in the closed interval [0, 1]

Let A ⊆ [0, 1] = {x ∈ R|0 ≤ x ≤ 1} be a set, and let us consider the class

PA =
{

P ⊆ [0, 1] generalized-elementary
∣∣∣A ⊆ P

}
.

Note that PA is not empty, since [0, 1] ∈ PA. We define the outer Lebesgue measure of
A, in [0, 1], as

µ∗(A) = inf
P∈PA

|P |.

Note that 0 ≤ µ∗(A) ≤ 1 because it is nonnegative by definition and it is less than 1
since [0, 1] ∈ PA and so infP∈PA

≤ |[0, 1]| = 1. The outer measure is, in some sense, the
measure of the smallest generalized elementary set in [0, 1] which recover A.3 We then
define the inner Lebesgue measure of A, in [0, 1], as

µ∗(A) = 1− µ∗([0, 1] \ A).

We say that the set A ⊆ [0, 1] is Lebesgue measurable in [0, 1] if

µ∗(A) = µ∗(A),

and we call the Lebesgue measure of A in [0, 1], the common value

µ(A) := µ∗(A) = µ∗(A).

If a set has Lebesgue measure equal to zero, then we say that it is negligible.
In the sequel, if not otherwise explicitly stated, by “measurable” (respectively “mea-

sure”) we will always mean “Lebesgue measurable” (respectively “Lebesgue measure”).
Here are some facts about measurable sets.

i) It can be proved that there exist some subsets of [0, 1] which are not measurable.
However, the class of measurable sets is very big, and moreover its elements (i.e the
measurable sets) may be very “bad”.

ii) Open sets and closed sets are measurable. Every interval, elementary set and
generalized-elementary sets are measurable and their Lebesgue measure coincides with
their previously defined measure. The empty set is measurable and it has zero measure
(it is negligible).

iii) The union as well as the intersection of a finite or infinite but countable number
of measurable sets is still measurable. Moreover, all the other elementary operations4

between measurable sets give measurable sets.

3Actually such a smallest set do not in general exist, and so we take the infimum of the measures of
the generalized-elementary sets recovering A.

4Set-difference, symmetric difference, complementation, and so on...
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iv) If A =
⋃+∞

n=1 An is a disjoint countable union of measurable sets An, then it is still
measurable (by point iii)) and µ(A) =

∑+∞
n=1 µ(An).

v) If a set has outer measure equal to zero, then it is measurable and its measure is
zero, that is it is negligible. This fact comes from the inequality 0 ≤ µ∗(A) ≤ µ∗(A) which
holds for every (not necessarily measurable) set A ∈ [0, 1].

vi) A singleton {a} ∈ [0, 1] (i.e consisting in just one point) is measurable and neg-
ligible.5. Hence, by point iv) every countable set (i.e. consisting of at most a countable
quantity of points) is measurable and negligible. As example, the set of rational numbers
contained in [0, 1] is negligible because countable. On the contrary, the set of irrational
numbers contained in [0, 1] is not negligible and its measure is 1.

1.2 Lebesgue measure in the whole real line R
Fixed a point a ∈ R, all the argumentation of the previous subsection can be easily
adapted to give the definitions and the properties of Lebesgue measure and measurability
in the interval [a, a + 1] = {x ∈ R|a ≤ x ≤ a + 1}. Hence, we immediately get the
definition of measurability and of measure for sets A ⊆ R. We say that A is measurable
if A ∩ [m,m + 1] is measurable in [m,m + 1] for all m ∈ Z, and we define its measure as

µ(A) =
∑

m∈Z
µ (A ∩ [m,m + 1])

=
0∑

m=−∞
µ (A ∩ [m,m + 1]) +

+∞∑
m+1

µ (A ∩ [m,m + 1]) ,

which, however, may be equal to +∞.

1.3 Almost everywhere properties

Let I ⊆ R an interval and suppose that we have a proposition p depending on the points
x ∈ I. This means that we have a collection of propositions p(x), one per every x. Then
the proposition

“The proposition p is true for almost every points x ∈ I”
or equivalently: “p is almost everywhere true”, means that there exists a negligible set
N ⊆ I such that

p(x) is true ∀ x ∈ I \N.

In other words, the set
{

x ∈ I
∣∣∣p(x) is false

}

even if it may be not empty, it must have measure zero, i.e. it must be negligible.

5Just take an interval [a − ε, a + ε] ∩ [0, 1] with arbitrary ε > 0, and you immediately see that
µ∗({a}) = 0.
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Here are some examples, with properties concerning functions.
i) “The function f : I → R is almost everywhere zero”, or equivalently “f(x) = 0 for

almost every x ∈ I”. This means that

µ
({

x ∈ I
∣∣∣f(x) 6= 0

})
= 0.

For instance: the characteristic function of the rational numbers in I.
ii) “The function f : I → R is almost everywhere bounded”6. This means that there

exists a constant M > 0 such that

µ
({

x ∈ I
∣∣∣|f(x)| > M

})
= 0.

For instance: the function f : R→ R with f(x) = 1 if x 6∈ Z and f(x) = x if x ∈ Z.7

Very often the phrases “almost everywhere” or “almost every” will be abbreviated by
“a.e.”.

2 Measurable functions

As the Lebesgue measure of a set generalizes the concept of length of an interval, here, in
some sense8 we want to generalize the concept of regularity of a function. The first notion
of regularity for a function one can bring up to his mind is certainly the continuity. An
equivalent property to the continuity of a function f : I → R, where I is an interval, is
the following:

“for every open set U ⊆ R, the anti-image

f−1(U) =
{

x ∈ I
∣∣∣f(x) ∈ U

}

is open in I”.
Since the open sets are particular measurable sets, a natural generalization is the

following: a function f : I → R is said to be Lebesgue measurable (or simply measurable)
if, for every U ⊆ R open, the anti-image f−1(U) is measurable in I9.

Just by definition we see that all the continuous functions are measurable. Another
interesting class of measurable functions is given by the so-called measurable simple func-
tions. Given a possibly infinite but countable numbers of disjoint sets An ⊆ I, whose
union covers all the interval I, a simple function is a function s : I → R which is constant
on every set An. That is there exists a sequence of real numbers {an}n∈N such that

s(x) = an ∀ x ∈ An, ∀ n ∈ N.

6A function with such a property is also said “essentially bounded”.
7Recall that Z, being countable, has measure zero.
8But this is not so “rigorous”.
9By some properties of measurable sets, in this definition it is not necessary to extend the choice of

U ⊆ R to all measurable sets. However, as for the continuity property, we can take U closed instead of
open, and the definition works as well (defining the same class of functions).
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We can then write

s : I → R, x 7→ s(x) =
+∞∑
n=1

anχAn(x),

where, in general, χA is the characteristic function of the set A, that is

χA(x) =

{
1 if x ∈ A,
0 if x 6∈ A.

We have the following:
“the function s is measurable if and only if all the sets An are measurable”, and in

that case we call it a measurable simple function.
The measurable simple functions may be viewed as a natural generalization of the

piecewise constant functions. The latter are functions which are constant on every subin-
terval of a suitable partition of I into possibly infinite but countable subintervals. Hence
the concept of measurable simple functions generalizes the concept of piecewise constant
functions where the constant values are assumed on intervals instead of general measurable
sets.

Moreover, the importance of the simple functions is given by the following statement
which shows how they are, in some sense, the fundamental bricks for the measurable
functions.

“A function f : I → R is measurable if and only if there exists a sequence of measurable
simple functions sn : I → R which uniformly converges to f on I”.

Here are some properties of measurable functions.
i) Note that a single characteristic function is a particular simple function and hence

the characteristic function of a set A is measurable if and only if the set A is measurable.
ii) If we arbitrarily change the values of a measurable function on a negligible subset,

then the function remains measurable.
iii) There exist functions which are not measurable. However, the class of measurable

functions is very big, and moreover its elements (i.e the measurable functions) may be
very “bad”. For instance a rather bad (but not so much) measurable function is the
characteristic function of the irrational numbers in [0, 1].

v) All the elementary operations10 between measurable functions give measurable func-
tions. In particular, gluing together measurable functions gives a measurable function11.
That is, if f1 : [a, b] → R and f2 : [b, c] → R are measurable functions, then the following
function is still measurable

f : [a, c] → R, f(x) =

{
f1(x) if x ∈ [a, b]
f2(x) if x ∈ [b, c].

10Composition, translation, summation, multiplication, minimum between functions, maximum be-
tween functions, and so on...

11Note that such a property is not satisfied by the class of continuous functions: gluing together two
continuous functions does not give a continuous function. However, the property is still satisfied by the
class of piecewise constant functions.

5



vi) By the point iv) (i.e. by gluing and by using operations on functions) starting
from a set of measurable functions (each one of them with its domain), we can construct
many other measurable functions.

3 Lebesgue integral

In this section we want to generalize the Riemann-integral for a continuous function to a
concept of integrability for measurable functions.

Given a measurable simple function s : I → R, there is a natural definition of what
could be its integral over I:

∫

I

s(x)dx =
+∞∑
n=1

anµ(An), (3.1)

which exactly generalizes the integral of a piecewise constant function, where the measures
of the measurable sets An are replaced by the lengths of the subintervals where the function
is constant. We say that the measurable simple function s is Lebesgue integrable over I
(or simply integrable) if the right-hand side of (3.1) is finite, and in that case we call it
the Lebesgue integral (or simply the integral) of s over I.

A measurable function f : I → R is said to be Lebesgue integrable over I (or simply
integrable) if there exists a sequence of measurable integrable simple functions sn : I → R
which uniformly converges to f on I.12 In such a case we define the (Lebesgue) integral
of f over I as

∫

I

f(x)dx = lim
n→+∞

∫

I

sn(x)dx, (3.2)

and this is a good definition, in the sense that it does not depend on the particular
sequence of integrable simple functions converging to f we have chosen.

Here are some properties of the integrable functions.
i) There exist some functions which are not Lebesgue integrable13. However, the class

of Lebesgue integrable functions is very big, and moreover its elements (i.e the integrable
function) may be very “bad”.

ii) All the Riemann-integrable functions (in particular the continuous functions) are
Lebesgue integrable and the Lebesgue-integral and the Riemann-integral coincide.

iii) If we arbitrarily change the values of an integrable function over a negligible subset,
then the function remains integrable with the same value of the integral.

iv) If I is bounded and a measurable function f : I → R is almost everywhere bounded,
then f is integrable on I.

12Note that a uniformly convergent sequence of measurable simple functions always exists by the
measurability of f , but here we also require that the simple functions are integrable.

13Which may also mean that the limit in (3.2) is infinite (which implies that sn cannot uniformly
converge, but only pointwise).
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3.1 Passage to the limit under the sign of integral

The main reason for introducing the Lebesgue measure and the Lebesgue integral is
to have more flexibility with respect to the convergence of the integrals of convergent
sequences of functions.

It is known that if a sequence of continuous functions fn : I → R uniformly converges
to a continuous function f : I → R on I, then also the integrals converge:

lim
n→+∞

∫

I

fn(x)dx =

∫

I

f(x)dx,

where the integrals are, of course, the Riemann ones. It is also known that the pointwise
convergence is not sufficient for the convergence of the integrals. However, for many
reasons, the uniform convergence is too strong. Here are some results which relax the
uniform convergence still guaranteeing the convergence of the integrals. In doing that we
need to switch to the concept of Lebesgue integrable functions, in order to have, at least,
more chances to integrate the limit function.

Theorem 3.1 (Beppo Levi). Let fn : I → R be an increasing sequence of nonnegative
integrable functions, that is, for every n ∈ N,

fn(x) ≥ 0 a.e. x ∈ I, fn(x) ≤ fn+1(x) a.e. x ∈ I.

Let us also suppose that the sequence converges to a function f : I → R almost everywhere,
that is

lim
n→+∞

fn(x) = f(x) a.e. x ∈ I,

and that the integrals are equibounded, that is

∃ M > 0 such that 0 ≤
∫

I

fn(x)dx ≤ M ∀ n ∈ N

Then f is integrable and

lim
n→+∞

∫

I

fn(x)dx =

∫

I

f(x)dx.

Theorem 3.2 (Fatou’s Lemma)14 Let fn : I → R be a sequence of integrable functions
almost everywhere lower equibounded:

∃ M > 0 such that fn(x) ≥ M a.e. x ∈ I, ∀ n ∈ N.

Let us define the function f : I → R by

14The dual version of the Lemma is obtained substituting “lower equibounded” with “upper equi-
bounded”, “lim inf” with ”lim sup” and all the signs “≤” with the signs “≥”.
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f(x) = lim inf
n→+∞

fn(x).

Then, f is integrable and

∫

I

f(x)dx ≤ lim inf
n→+∞

∫

I

fn(x)dx.15

Theorem 3.3 (Lebesgue dominated convergence.) Let fn : I → R be a sequence of
integrable functions almost everywhere convergent to a function f : I → R. Let us suppose
that there exists an integrable function g : I → R such that |fn(x)| ≤ g(x) a.e. x ∈ I.
Then f is integrable and

lim
n→+∞

∫

I

fn(x)dx =

∫

I

f(x)dx.

4 Vector-valued functions

Up to now we have always spoken about scalar functions, that is functions taking values
in R. If instead we are concerned with vector-valued functions, that is functions of the
kind f : I → Rn, where I ⊆ R is an interval16, then similar definitions and results of those
of the previous sections hold. Anyway, there are some intuitive considerations17 which
simplify the argument, reducing to the properties of suitable scalar functions.

A vector-valued function is uniquely determined by its scalar components:

f : I → Rn, f(x) = (f1(x), f2(x), ..., fn(x)), fi : I → R ∀ i ∈ {1, 2, ..., n}.

A known result says that f is measurable (respectively integrable) if and only if all its
components are measurable (respectively integrable). In the case of integrability, then
the integral is the vector whose components are the integrals of the components:

∫

I

f(x)dx =

(∫

I

f1(x)dx,

∫

I

f2(x)dx, ...,

∫

I

fn(x)dx

)
∈ Rn.

15Recall that, if {an}n∈N is a sequence of real numbers, then lim infn→+∞ an = limn→+∞(infm≥n am),
and lim supn→+∞ an = limn→+∞(supm≥n am).

16Note that the vectorial feature is only with respect to the codomain: the domain is always scalar. Of
course one could consider also a vectorial domain, but we are not interested on this situation.

17Which should be proved, by the way.
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