Abstract

In this paper we study the action of conformal mappings of the quater-
nionic space on a class of regular functions of one quaternionic variable.
We consider functions in the kernel of the Cauchy-Riemann operator
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a variant of the Cauchy—Fueter operator. This choice is motivated by the
strict relation existing between this type of regularity and holomorphic-
ity w.r.t. the whole class of complex structures on H. For every imag-
inary unit p € S?, let Jp be the corresponding complex structure on
H. Let Hol,(2,H) be the space of holomorphic maps from (£2,.J,) to
(H, L), where L, is defined by left multiplication by p. Every element of
Hol,(Q, H) is regular, but there exist regular functions that are not holo-
morphic for any p. These properties can be recognized by computing the
energy quadric of a function. We show that the energy quadric is invari-
ant w.r.t. three-dimensional rotations of H. As an application, we obtain
that every rotation of the space H can be generated by biregular rotations,
invertible regular functions with regular inverse. Moreover, we prove that
the energy quadric of a regular function can always be diagonalized by
means of a three-dimensional rotation.
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1 Introduction

The aim of this paper is to analyze the action of the conformal group of the one—
point compactification H* of H on a class of regular functions of one quaternionic
variable.

Let Q be a smooth bounded domain in C?. Let H be the space of real
quaternions q = xg +ir1 + jro + kx3, where ¢, j, k denote the basic quaternions.
We identify H with C? by means of the mapping that associates the quaternion
q = z1 + z2j with the pair (21, 2z2) = (xg + i1, 22 + ix3). We consider the class
R(Q) of left—regular (also called hyperholomorphic) functions f : Q — H in the
kernel of the Cauchy—Riemann operator

o 821 J ({922 o 8m0 89c1 J 8x2 ({91'3.

This differential operator is a variant of the original Cauchy—Riemann—Fueter
operator (cf. for example [19] and [4, 5])
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Hyperholomorphic functions have been studied by many authors (see for in-
stance [1, 7, 11, 12, 14, 17, 18]). Many of their properties can be easily deduced
from known properties satisfied by Fueter-regular functions, since a function f
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is regular on ) if and only if f o~ is Fueter-regular on v(Q2) = v~ 1(£2), where v
is the reflection of C? defined by ~y(z1, 22) = (21, z2). However, regular functions
in the space R(£2) have some characteristics that are more intimately related
to the theory of holomorphic functions of two complex variables. In particu-
lar, the space R(2) contains the spaces of holomorphic maps with respect to
any constant complex structure. This is no longer true if we adopt the original
definition of Fueter regularity (see Section 2 for more details).

Let Jp, Js be the complex structures on the tangent bundle TH ~ H defined
by left multiplication by ¢ and j. Let Ji,J5 be the dual structures on the
cotangent bundle T*H ~ H and set J3 = J;'J5. For every complex structure
Jp = p1J1 + p2J2 + p3J3 (p a imaginary unit in the unit sphere S?), let

B, == (d+pJ;od)

N —

be the Cauchy-Riemann operator with respect to the structure J,,. Let us define
Hol, (2, H) = Ker 8, the space of holomorphic maps from (€2, J,,) to (H, L,),
where L, is the complex structure defined by left multiplication by p. Then
every element of Hol,(€2, H) is regular. These subspaces do not fill the whole
space of regular functions (cf. [13]). This result is a consequence of a criterion of
Jp—holomorphicity, based on the concept of energy quadric of a regular function
(cf. Section 3.2 for exact definitions).

In Section 4 we come to conformal transformations. From a theorem of Li-
ouville, the general conformal mapping of H* is the composition of a sequence of
translations, dilations, rotations and inversions. It can be written as a quater-
nionic Mébius transformation, i.e. a fractional linear map of the form

La(q) = (ag+b)(cqg+d)~",

with A € GL(2,H). For properties of these maps, see for example [2], [4]§6.2,
[16] and [19] and the references cited in those papers.
Given a function f € C1(£2) and a conformal transformation L4, let f# be

the function )
fA(C]) _ (CV(Q) + d)
lev(q) + df?
where L’W(A) (¢) =~y0L4o~(q). In Theorem 4, we prove that f is regular on
if and only if f4 is regular on ' = (L, 4))~'(2). Moreover, (f4B = fAB for
every A, B € GL(2,H). The first property can be deduced from Theorem 6 of
Sudbery [19] using the reflection ~.

We are interested also in the action of conformal mappings on the energy
quadric and on the holomorphicity properties of the maps. For a general con-
formal transformation L4, the energy and, a fortiori, the energy quadric of a
regular function is not conserved. However, we show that three—dimensional
rotations of H (those which fix the real numbers) conserve the energy quadric
(for translations this it is a trivial fact).

f(L;(A) (2)),



Let a € H, a # 0. Let rot,(q) = aga~! be the three-dimensional rotation of
H defined by a. In Theorem 7, we prove that the function

[ =rotyq) o forot,

is regular on Q¢ = rot;1(Q) if and only if f is regular on . Moreover, the
energy density of f® is £(f*) = E(f) o rot, and the matrix function M(f) (for
f regular M (f) is the energy quadric, cf. Section 3) transforms in the following
way

M(f*) = Qa(M(f) orota)Qs,

where @, € SO(3) is the orthogonal matrix associated to the rotation rot
of the space R? = (i, j, k).

This formula has many consequences. It allows to obtain (Corollary 9) that
f* is Jpy—holomorphic if and only if f is Jy—holomorphic, with p’ = rot;(la) (p).
Moreover, we get (Corollary 10) that the energy quadric of a regular function can
always be diagonalized by means of a three-dimensional rotation. Finally, we
obtain a biregularity result about rotations (Proposition 11 and Corollary 12).
We prove that every three-dimensional rotation is the composition of (at most)
two three-dimensional biregular rotations, and that every four-dimensional ro-
tation is the composition of two biregular rotations.

v(a)

2 Notations and definitions

2.1 Fueter regular functions

We identify the space C? with the set H of quaternions by means of the mapping
that associates the pair (z1,20) = (g + ix1, T2 + ix3) with the quaternion ¢ =
21+22) = zo+izi+jre+krs € H. A quaternionic function f = f1+f25 € C*(£2)
is (left) regular (or hyperholomorphic) on € if

‘3)8f+l_6f+j5fkafo on ).
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We will denote by R(€) the space of regular functions on €.

With respect to this definition of regularity, the space R(2) contains the
identity mapping and every holomorphic mapping (f1, f2) on Q (with respect
to the standard complex structure) defines a regular function f = f1 + faj5. We
recall some properties of regular functions, for which we refer to the papers of
Sudbery[19], Shapiro and Vasilevski[17] and Nono[12]:

1. The complex components are both holomorphic or both non—holomorphic.
2. Every regular function is harmonic.

3. If Q is pseudoconvex, every complex harmonic function is the complex
component of a regular function on 2.



4. The space R(f2) of regular functions on 2 is a right H-module with integral
representation formulas.
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We note that a function f = f; + foj is regular on € if and only if its
Jacobian matrix has the form

o a1 —BQ —C2 —C
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a regular matrix can have rank 0,2, 3 or 4 but not rank 1.

A definition equivalent to regularity has been given by Joyce[6] in the setting
of hypercomplex manifolds. Joyce introduced the module of g¢—holomorphic
functions on a hypercomplex manifold.

A hypercomplex structure on the manifold H is given by the complex struc-
tures Ji, Jo on TH ~ H defined by left multiplication by ¢ and j. Let J7, J5 be
the dual structures on T*H ~ H. In complex coordinates

>. We shall call a matrix of this form a regular matriz. Note that

dezl = ile, Jl*dZQ = ing
J;dzl = 7d227 J2*d22 == d21
J;dzl = Z'dfg, Jg*dZQ = —idfl

where we make the choice J; = J{'J5, which is equivalent to J3 = —J;J2. In
real coordinates, the action of the structures is the following

Jld.’L‘o = —dl‘l, Jldl‘Q = —dl‘g,
JQdZEQ = —dﬂjg, JQdiL’l = dl‘g,
Jgd.’ﬁo = dl’g, Jgdfﬂl = dlL’Q.

A function f is regular if and only if f is g-holomorphic, i.e.
df +4Jy(df) + jJ5(df) + kJ3 (df) = 0.

In complex components f = f; + f27, we can rewrite the equations of regu-
larity as

Ofr = J3(9f,)-

The original definition of regularity given by Fueter (cf. [19] or [4]) differs
from that adopted here by a real coordinate reflection. Let v be the transfor-
mation of C? defined by (21,22) = (21,22). Then a C! function f is regular



on the domain © if and only if f o+ is Fueter-regular on v(2) = v~ 1(£2), i.e. it
satisfies the differential equation

0 ) .0 0 -1
— — = Q-
(5 + i + g + e ) (Fo) =0 ona (@)

2.2 Biregular functions

A quaternionic function f € C*() is called biregular if f is invertible and f,
f~1 are regular. If this property holds locally, f is called locally biregular. These
functions were studied in [8], [9] and [15].

The class BR(2) of biregular functions is closed with respect to right mul-
tiplication by a non-zero quaternion, but it is not closed with respect to com-
position or sum: even if f + g is invertible and f,g € BR(2), the sum can be
not biregular.

Examples

1. Every biholomorphic map (f1, f2) on Q defines a biregular function f =
Ji+ f25.

2. The identity function is biregular on H. More generally, the affine func-
tions f(q) = ga+ b, a € H*, b € H, are biregular on H.

3. f=21+ %) € R(H), f~! = f e BR(H).

4. The function f = z1 + 2o + Z1 + (21 + 22 + 22)j is regular, but the inverse
map

1
= 5(214—22—"-21 —2Zy 4+ (21 + 22 — 221 + Z2)j)

is not regular. Note that in this case the Jacobian determinant is negative.
This cannot happen for a biregular function (cf. [15]).

2.3 Holomorphic functions w.r.t. a complex structure J,

Let J, = p1J1 + p2J2 + p3J3 be the orthogonal complex structure on H defined
by a unit imaginary quaternion p = p1i + p2j + psk in the sphere S? = {p €
H | p? = —1}. In particular, J; is the standard complex structure of C? ~ H.

Let C, = (1,p) be the complex plane spanned by 1 and p and let L, be
the complex structure defined on T#C, ~ C, by left multiplication by p. If
f=f+ift : Q — Cis a J,~holomorphic function, i.e. df’ = J;‘(dfl) or,
equivalently, df +iJ;(df) = 0, then f defines a regular function f=7f0+pft
on 2. We can identify f with a holomorphic function

I (Qajp) - ((CZNLP)'



We have L, = J,(,), where vy(p) = p1i + paj — psk. More generally, we can
consider the space of holomorphic maps from (2, J,) to (H, L,)

Hol,(Q,H) = {f : Q — H of class C' | 9,f =0 on Q} = Kerd,

where Ep is the Cauchy-Riemann operator with respect to the structure J,

1

These functions will be called J,~holomorphic maps on §.
For any positive orthonormal basis {1,p,q,pq} of H (p,q € S?), let f =
f1 + f2q be the decomposition of f with respect to the orthogonal sum

H=C, & (Cp)g.

Let fi = fO+pfl, fo = f2+pf3, with f°, 1, f2, 3 the real components of f
w.r.t. the basis {1,p,q,pq}. Then the equations of regularity can be rewritten
in complex form as

5pfl = J;(apfz);
where f, = f2—pf? and 9, = % (d —pJy o d). Therefore every f € Hol,(Q, H)

is a regular function on ).

Remark 1. 1. The identity map belongs to the space Hol; (2, H)NHol;(£2, H)
but not to Holy (2, H).

2. For every p € S?, Hol_,(Q, H) = Hol, (2, H).
3. Every C,—valued regular function is a J,~holomorphic function.

4. If f € Hol,(Q,H) N Hol,(Q,H), with p # +q, then f € Hol,(,H) for

% (a, 3 € R) in the circle of S? generated by p and gq.

If the almost complex structure J, is not constant, i.e. not compatible with
the hyperkahler structure of H, we get a similar result. Note that in this case
the structure is not necessarily integrable. Let f € C!(Q) and assume that
p = p(z) € S? varies continuously with z in 2. We will say that p is f-equivariant
if f(z) = f(2') implies p(z) = p(2’) (z,2" € Q). This property allows to define
p* : f(Q) — S? such that p* o f = p on Q. In [15], the following result was
proved.

every r =

Proposition 1. If f € C*(Q) satisfies the equation

= 1
Op()f = 5 df (z) JFP(Z)J;(z) odf(2)| =0 (1)

at every z € Q, then f is a reqular function on Q. If, moreover, the structure p
is f-equivariant and p* admits a continuous extension to an open set U D f(2),
then f is a (pseudo)holomorphic map from (Q, J,) to (U, Ly-).



Example 1. f(z) = 2z + 23 + z2j is reqular on H. On Q = H\ {2z = 0} f is
holomorphic w.r.t. the almost complex structure Jp,, where

p(z) = \/ﬁ (|22)%i + (Im 22)j — (Re 22)k) .

Note that p(z) can not be continued to H as a continuous map. Also the inverse
map f~H(z) = 21 — 23 + %] is reqular on H. Then f is biregular on H. But f
is also (pseudo)biholomorphic on Q: f(Q) =Q and f~1: (Q,Jy) — (H, Lyoy)

s holomorphic, where
/ _ 1 2, :
p(z) = T (|22)%i — (Im 22)j + (Re 22)k) .

Note that Ly = Lyog-1 = Jp at f(2) and Lyoy = Jp at z € Q.

3 A criterion for holomorphicity

3.1 Energy and regularity

In [13] it was proved that on every domain 2 there exist regular functions that
are not Jp-holomorphic for any p. A similar result was obtained by Chen and
Li[3] for the larger class of g-maps between hyperk&hler manifolds.

The criterion for holomorphicity is based on an energy-minimizing property
of holomorphic maps.

The energy density (w.r.t. the euclidean metric) of a function f : Q — H, of
class C1(Q), is given by

E(f) = LIdfIP = L te(J(HT))-

After integration on Q, we get the energy of f € C*(Q):

Ealf) =1 /Q E(f)dV.

Using ideas from [10] and [3], it was proved in [13] that a regular function
f € C1(Q) minimizes energy in the homotopy class constituted by maps u with
ujpo = flan which are homotopic to f relative to 02

Now we introduce the Lichnerowicz invariants. Let A(f) = (aag) be the 3x3
matrix with entries the real functions ans = —(Jo, f*Li,), where (i1,ia,43) =
(i,4,k). For f € C1(Q), we set

Aa(f) = /Q A(f)dv eand Ma(f) = L ((tr Aa()Ts — Aa())).

where I3 denotes the identity matrix.
We recall the criterion for regularity and holomorphicity proved in [13].

Theorem 2. 1. Mq(f) is a relative homotopy invariant of f.



2. f is regular on Q if and only if Eq(f) = tr Mqa(f).
3. If f e R(Q), then Mq(f) is symmetric and positive semidefinite.

4. If f € R(Q), then [ belongs to some space Hol,(,H) (for a constant
structure Jp) if and only if det Mq(f) = 0.

5. f € Hol,(QH) if and only if X, = (p1,p2,p3) is a unit vector in the
kernel of Mq(f).

From the criterion it can be seen that almost all regular functions are not
holomorphic with respect to any constant complex structure J,.

Example 2. f =z, + 22 + Z2j is J,-holomorphic, with p = \}g(z — 2k), since

on the unit ball B (with normalized unit volume)

Ep(f)=3 and Mp(f)=

_= O N
Ol O
N= O =

Example 3. f =21+ 20+ 21+ (21 + 220+ 22)j is regular, but not holomorphic:

Es(f)=6 and Mp(f)=

o O N
o NN O

0
0
2
Example 4. f = Zz; 4+ Z2j is regular and has matriz
2 0 0
Mp(f)=10 0 0
0 0 0

of rank one. This means that f € Hol;(H,H) N Hol(H, H).

Example 5. The identity mapping belongs to the space

Hol;(H,H) N Hol;(H,H) = (| Hol,(H,H).

peE<i,j>

Example 6 (Nonlinear case). f = |21]? — |22|? + 2122) has energy Ea(f) = 2
on the unit ball. The matrix Mp(f) is

Mg(f) =

O Owlk
Qwli—= O
w= o O

Therefore f is reqular but not holomorphic w.r.t. any constant complex structure
JIp.



3.2 The energy quadric
In [15], a pointwise version of the criterion for holomorphicity was established.

Theorem 3. Let Q2 be connected and f € C1(Q). Consider the matriz of real
functions on )

M(f) = 5 ((tr A(H) Iz — A(f))-
1. f is reqular on Q if and only if E(f) =tr M(f) at every point z € Q.

2. If f e R(Q), then M(f) is symmetric and positive semidefinite.

3. If f € R(Q), then det M(f) =0 on Q if and only if there exists an open,
dense subset Q' C Q on which [ satisfies equation (1) for some function
p(z) : Q' — S%. Moreover, if det M(f) = 0 and p(z) is f-equivariant,
p* o f =p and p* extends continuously to an open set U 2 f(Q), then f
is a (pseudo)holomorphic map from (', J,) to (U, Ly ).

Let
(R RN ,_ (0F 0K\ . _(9h ORY ,__ (0f 0%
0z1 021 )’ 0z, 0zy )’ 0z 0z )’ 0%y 0%
Then the energy density is given by £(f) = |a|> +[b|* +|c|? + |d|?. A lengthy
but straightforward computation gives the following expression for the matrix

M(f):

lef* + |d|? Im((d, a) —(¢,b))  Re({d,a) + (¢, b))
M(f) = |Im((c,a) = (d,b)) 3la =0+ le—d* —TIm({a,b) +(c,d))
Re((c,a) +(d,b)) —Im({a,b) = (c,d)) gla+b+ 3lc—d?

Then E(f) = tr M(f) if and only if ¢ = d, i.e. f is regular. In this case the
matrix M (f) becomes

2c|? Im(c,a —b) Re(c,a+ b)
M(f) = |Im{c,a—b)  3la—bf? —Im(a,b)
Re{c,a+b) —Im(a,bd) +la+b]?

Definition 1. For a regular function f on ), the family of positive semi-definite
quadrics with matrices {M(f)(z) |z € Q} will be called the energy quadric of f.

Remark 2. If f is invertible, then every p(z) is f-equivariant. If p is a constant
complex structure, then p is f-equivariant for every f.

Remark 3. If f is (real) affine, M(f) is a constant matrix. If f is not affine,
det M(f) =0 on €2 does not imply that det Mq(f) = 0, but Theorems 2 and 3
imply that the converse is true.

Example 7. The function f(z) = z1 + 23 + Zz2j is reqular (also biregular, cf.
Ezample 1) on H. We have

1 —Imzs Rezs
E(f)=2+4+4=l?, M(f)=2|-Imz |z 0
Re 29 0 | 22|

10



Then the energy quadric of f is singular on H. On the domain Q' = H\{z9 = 0},
where M (f) has mazimum rank 2, the kernel of M(f) is spanned by the vector
X = (|22|*,Im 22, — Re 22). Then f is J,-holomorphic on ', with

p(z) = W (|22*i 4+ (Im z2)j — (Re z2)k) .

On the unit ball B, Eg(f) = % and the matriz

2
Ma(h)= [ M(p)av - :

Swin O
who O O

is non-singular. Therefore, f is not Jy-holomorphic for any constant complex
structure Jy.

Example 8. The function f = |21|? — |22|? + 21225 introduced in Ezample 6
has energy density 3|z|* and energy quadric with matriz

21220 0
M(fy=1{ 0 3]z 0
0 0 1z

Therefore f is reqular but not holomorphic w.r.t. any almost complex structure
Jp. Note that det M (f) = 3|2|® vanishes only at the origin.

In [15], it was shown that if f € BR(Q) is a biregular function, then there
exists an open, dense subset ' C 2, and an almost complex structure p(z) on
', such that

Vi (Q/’ Jp) - (f(Q/)vL;D*)
is a holomorphic map, with holomorphic inverse f=! : (f(€'), Jpr) — (@, Lyof).
Here p = p1i + paj +psk : Q' — S, p* =po f~tand p' = p1i + paj — p3k. In
particular, any such map f preserves orientation.

4 Regular functions and conformal mappings

In this section we are going to analyze the action of the conformal group of H
on regular functions. Some of the results we describe can be deduced from [19]
Theorem 6 using the reflection y(z1, 22) = (21, Z2) introduced in §2.1, but here
we want to investigate also the action on the energy quadric and the holomor-
phicity properties of the maps.

We recall some definitions and properties of conformal and orientation pre-
serving mappings of the one—point compactification H of H, for which we refer
to [2], [4]86.2, [16] and [19] and to the references cited in those papers.

The Dieudonné determinant of a quaternionic matrix A = {CCL d} is the real

non-negative number

detss(A) = \/[al2|d? + [bP[c]2 — 2Re(cabd).

11



It satisfies Binet property dety(AB) = detg(A)dety(B) and a 2 X 2 matrix A
is (left and right) invertible if and only if detyA # 0. Then we can consider the
general linear group

GL(2,H) = {A = [Z Z] quaternionic matrix of order 2 | detyA # O} .

A theorem of Liouville tells that the general conformal transformation of H*
is a quaternionic Mébius transformation, i.e. a fractional linear map of the form

La(q) = (ag+b)(cqg+d)~,

for A € GL(2,H). The matrix A is determined by L4 up to a real scalar
multiple. For every pair of matrices A, B € GL(2,H), LaoLg = L. We have
also the alternative representation of conformal mappings

L'y(q) = (gc+d) " *(ga+b), detgA #0.

Theorem 4. Given a function f € CY(Q) and a conformal transformation
La(q) = (ag+b)(cqg+d)~L, let fA be the function

P = D @),

where y(A) = DEZ)) :yyézﬂ . Then f is regular on Q if and only if f4 is reqular
on Q) = (L;(A))’l(ﬂ). Moreover, (f4)B = fAB for every A, B € GL(2,H).

Proof. We deduce the first statement from the result of Sudbery (cf. [19] The-
orem 6), since f € R(Q) iff F = f o~ is Fueter-regular on (). This last
condition is equivalent to the Fueter—regularity of the transformed function

FA@)=ﬁZf£%;F@%@D

on (La)~1(v(€2)). Note that this function differs from the one given by Sudbery
by a real constant factor. We then obtain that f is regular iff F4 o~ is regular.
We have

FAOV@)=(E§%t%%;fovoLon@)=fA@%

since yo Lg o y(q) = L’V(A)(q). Now we come to the last statement of the
/ / 1 b//
/

theorem. Let B = [(Cl b} and C = AB = [Z// d"

J } . Then

(P47 (a) = O AL o)

)
(g + d) 7 (L gy (@) +d) ) )
) P e (@) 1 P e e ) @)

12



Let ¢’ = v(q). The last statement of the theorem follows from the equalities

LiayoLlpy=(yoLaoy)o(yoLpoy)=voLapoy=L,p

and

O

Remark 4. If t is a non-zero real number, f** = t=3f4. Then f4 depends
only for a real scalar multiple on the matrix chosen to represent the conformal
transformation L 4. We can also restrict the choice of the matrix to the subgroup
SL(2,H) = {A € GL(2,H) | detg(A) = 1}. In this case, the same conformal
transformation gives rise to two functions, f4 and f~4 = —f4.

Every conformal transformation is the composition of a sequence of trans-
lations, dilations, rotations and inversions. In order to illustrate the preceding
theorem, we now apply it to these basic cases.

Example 9. The inversion q — ¢+ corresponds to the matriz A = [1 0 (up

to a real scalar multiple) and transforms a regular f € R(QY) into
inv 7aq B
™) = )

reqular on ' ={qeH | ¢~' € Q}.

Example 10. In particular, the inverted function of the constant function f =
# s the Cauchy—Fueter kernel for the module of regular functions

. 1 21— 2
G(q) = G(z1 + 22§) = ﬁW

Example 11. A translation ¢ — g + b corresponds to the matriz A = [(1) ﬂ .

The transformed function is

M) = (L ay(@) = flg+(D)).

Example 12. A dilation ¢ — aq, a # 0 real, has matriz A = {8 (ﬂ 4

function f transforms into

() = f(qa).

13



Example 13. Given two unit quaternions a,d € H, the diagonal matriz A =

0 d
function f on Q, the function

) =d7 f(v(d) " av(a))

is reqular on Q' = y(d)Qy(a)~t.

{a 0] induces the four-dimensional rotation ¢ +— aqd~!. Given a reqular

Example 14. The quaternionic Cayley transformation ¥ (q) = (¢ + 1)(1 —
q)~t maps diffeomorphically the unit ball B to the right half-space HT = {q €
H | Re(q) > 0} (see [2] for geometric properties of 1). It transforms regular
functions f on HT into

() 932 =)
[P(q) =2 =) f(W(q)),

regular on B. The inverse mapping ¥~1(q) = (¢ — 1)(1 + q)~! transforms
f € R(B) into

10 g+t 1
P =2 LU o) € gt

The factor 23/2 in the formulas has been chosen to get (]“”)1171 = f.

If we take the identity map, which is regular on H, as f, from Theorem 4 we
get the following:

Corollary 5. For every conformal transformation L(q) = (aq+b)(cq+d)~ 1,
the function

(ev(g) + )t ,
ev(q) +d2 H(4)(@),

is regular on {qg € H | ¢y(q) + d # 0}.

4.1 The quadric energy of rotated regular functions

A unit quaternion d defines the three-dimensional rotation q — roty(q) =
dqd=!, which gives rise to the function (cf. Example 13)

fA) =d7 f(y(d) gv(d)),

g 2} . Taking d = v(a)~! and multiplying
by ~v(a)~! on the right, we obtain the function f® = rot,( o f o rot,. From

Theorem 4 we immediately get:

Corollary 6. Let f € C*(Q) and let a € H, a # 0. Let rot,(q) = aga™" be the
three—dimensional rotation of H defined by a. Then the function

where A is the scalar matrix A = [

[ =rotyq) o forot,

is reqular on Q% = rot, 1(Q) = a=1Qa if and only if f is regular on .

14



Remark 5. The rotated function f* has the following properties:
L (f9)" = f® and (f +9)* = f* +g".

2. (f)* = .

3. f7*=f

4. If b € H, then (fb)* = f®rot.(q(b).

Now we analyze the action of rotations on the energy quadric. We obtain

in this way a new proof of the preceding result and we get new holomorphicity
properties of rotated regular functions.

Theorem 7. Let f € C*(Q) and let a € H, a # 0. Let f* = rot,(q) o f orot,.
Then the energy density of f* is E(f*) = E(f) o rot, and the matriz function
M(f) defined in Section & transforms in the following way

M(f*) = Qa(M(f) o rota)Qy

where Qg is the orthogonal matriz in SO(3) associated to the rotation rot,(q)
of the space (i, j, k).

Before coming to the theorem, we prove a simple result about holomorphicity
of rotations.

Lemma 8. For every p € S?, the three-dimensional rotation rot,(q) = aqa™!

is a holomorphic map from (H, J,,)) to (H, Lyot, (p))-

Proof. Let B = {p,p’,pp'} be a positive orthonormal base of R® = (i, j, k).
Let X, = (p1,p2,03), Xpr = (01, 05,05), Xy = (r1,72,73), with r = pp’ =
711 4 27 + r3k. Given the transition matrix A with columns X, X/, X,., the
coordinates z!, (o = 1,2,3) of ¢ = xg + x1i + x2j + 23k w.r.t. B are given by
the product (2} 24 x4)T = AT (21 x5 23)T. Then

/ / / /
Ty = E Pala, To = § PaTa, T3 = § Tala-
« « «

From this we get that the functions g1 = xg+zirot,(p) and g2 = x4 +z5rot,(p)
are holomorphic from (H, J,,) to (H, Lo, (p)), since

Ty (dzo) = (prJy + paJa — paJs)(dao) = =Y padie = —da)

and

J’v(p)(dxé) = ZP;(P1J1 + pada — p3Js)(dzy)

[e%
Z‘papladxo — (p2p’s — psph)dzr — (psp| — pips)dzs — (p1py — popi)das
[e3%

= —ridry — redry — r3drg = —dxl.
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The lemma now follows from the equality

rota(q) = a(wo + 'p + w4’ + xhr)at

= (o + arota(p)) + (x5 + arote(p))rota(p') = g1 + ga2 rota(p’)
O

If in the preceding lemma p is replaced by v(p), we get that the map rot,(q)
is holomorphic also from (H,.J,) to (H, Ly, (y(p))) = (H,Jp), where p' =
y(roto(v(p))) = v(a)"tpy(a) = mt;(la) (p). Replacing a with y(a) we also get
that 7ot (4 is holomorphic from (H, L, ) = (H, Jrot, (v(p))) to (H, mea)(p/)) =
(H, L,). Then we can draw a commutative diagram with holomorphic vertical
maps

(H, J,) — > (H, L) (2)

rot, T lmtw(a)

(H, Jp) = (H, L,)

Proof of Theorem 7. Let J be the real Jacobian matrix of f o rot,. Then
the real Jacobian matrix of f® is the product Q,J. It follows that £(f%) =
1tr(QaJJTQT) = Ltx(JJT) = E(f orot,). A similar computation gives
E(foroty) =E(f) orot,.

For the second statement of the theorem, it is sufficient to prove the equality

A(fa) = Qa(A(f) © TOta) ?;7 (3)

for the matrix functions A(f) and A(f*) defined in Section 3, since then the
matrices A(f*) and A(f) o rot, have the same trace and therefore

Qua(M(f) oroty,)QT = % (tr A(f) oroty) Is — %A(f“)
= 2 (tr A s — A(F*) = M(/*).

It remains to prove (3). Let p = p1i + poj + p3k € S? and p’ = rot;(la) (p).
Let us define the p—holomorphic energy of f

1 1 =
T() = Lldf + Ly o df o 1|2 = Lldf +pdf o Jy|* = 208, ]
Then we obtain, as in [3],

EN) + Up L) = 1T,(1).

X = (p17p27p3)7 then

XA(XT =3 papptas = —(3 padas (£ 3 poLi,)
o, « B
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= (T (F)° L) = () — {5,

Now let X' = (p}, ph, p5) = XQq. A similar computation gives
1
XQuA(f orot)QTXT = X' A(f orota)X'" = E(f) orot, — ZIp/(f) orot,.

From the first statement of the theorem and the arbitrariness of X, equation
(3) is equivalent to the equality, for any p € S?, of the holomorphic energies

Iy (f) o rota = Ip(f*). (4)
From Lemma 8 (cf. diagram (2)) and rotational invariance of the norm we get
2Z,(f) = |ldf* + Ly o df* o J,|?
= [[roty(qy o df o drot, + Ly o rot.(q) o df odrot, o Jp||2
= ||rot(a) o df o drote + roty ) © Ly o df o Jy o drot,|*
= |ldf + Ly odf o Jy||? orot, = 2L, (f) o rota.
Then the equality (4) is true and the theorem is proved. O

Corollary 9. Let f € C'(Q) and let a € H, a # 0. Let f* = 1ot q) 0 f orot,.
Let Qq € SO(3) be associated to the rotation rot. (g of the space (i, j, k). Then

1. f is regular on ) if and only if f* is regular on Q% = rot;*(Q) = a~'Qa.

2. f* is J,~holomorphic if and only if f is Jy-holomorphic, with p' =
TOt;(la)(p).

3. If f € CL(Q), then (cf. Theorem 2)
Maa(f*) = QuMa(f)Qs -

Proof. 1) From Theorem 7 we get that tr M (f*) = tr M(f) orot, and E(f*) =
E(f) orot,. The first statement follows from Theorem 3, which tells that f is
regular iff £(f) = tr M(f).

2) It is an immediate consequence of equality (4), since a function is J,—
holomorphic iff its p—holomorphic energy vanishes.

3) Tt follows easily by integration of M (f%) on 0°. O

Corollary 10. For every f € R(Q), there exists a € H, a # 0, such that the
matrices M(f*) and Mqa(f%) are diagonal, with non-negative entries.

Proof. Tt follows immediately from Theorems 7 and 3, since when f is regular
M(f) is symmetric and positive semidefinite. O
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Remark 6. For a general conformal transformation L4, the energy and, a for-
tiori, the energy quadric of a regular function is not conserved. For example,
the constant function 1 has zero energy, while £(272G) # 0 and 1" = 272G
(cf. Example 10).

The same happens for J,~holomorphicity. For example, the identity function
is in the spaces Hol;(H) and Hol;(H), while

—1,-1
id(q) = M0t < R(H (o))

is not holomorphic w.r.t. any structure .J,. This can be seen by computing the
energy quadric M (id"™). Since det M (id"™") = 32/|q|>° is always non-zero,
it follows from Theorem 3 that id"™ is not J, holomorphic, for any p (even
non—constant). The rank of id™™" is three, because its image is contained in the
space (1,14, j), and the function can not have rank less than three, otherwise its
quadric energy would have zero determinant (cf. [15] Theorem 7).

A simpler example is given again by the function 1™, since the energy
quadric of the kernel G is M(G) = 2/|q|®I5.

4.2 Biregular rotations

If in Theorem 7 and its corollaries we take as f the identity map we get the
following:

Proposition 11. For every a € H, a # 0, the three—dimensional rotation
70ty (a)a 15 @ bireqular function on H, with energy quadric M(rot.(q).) of rank
1. This means thatl rot.,)q s holomorphic w.r.t. a circle of structures p € S2.
More precisely, ot (qya € Holy(H) for every p € (rot(q)(i), 7oty @) (j)) N S2.

Proof. We have r0t.(q)q = id® (cf. Theorem 7). Then

0 0 O
M(TOt'y(a)a) = QaM(id)Qg = Qa 0 00 Qg
0 0 2

has rank 1. Its kernel gives the structures with respect to which the rotation is
holomorphic. From Corollary 9(2), these structures are generated by rot, ()
and 70t(q(j), since id € Hol;(H) N Hol;(H).

Biregularity follows from (y(a)a)~! = a~'y(a~!), which implies the equality
(id*)~! = id"@™ ") e R(H). O

Remark 7. Not every rotation is a regular function, since the quaternion v(a)a is
a reduced quaternion, with fourth component zero. These quaternion numbers
correspond to rotations of R® = (i, j, k) with axis orthogonal to the k axis.
However, every quaternion is the product of two reduced quaternions and the
map a — y(a)a is surjective from H to the space H,. of reduced quaternions.
The surjectivity of a — y(a)a can be seen explicitly, or can be deduced from
a property of the regular function id** (cf. Remark 6). Its restriction to the
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unit sphere S® is the map q — v(q)g € S* NH,.. It is surjective since id"™* has
rank three.

Corollary 12. 1. The left-multiplication map 1, (q) = a’q is biregular for
every reduced quaternion o' = y(a)a # 0.

2. Ewvery three-dimensional rotation is the composition of two three-dimen-
stonal biregular rotations.

8. Every four-dimensional rotation is the composition of two bireqular rota-
tions.

Proof. 1) lo'(q) = v(a)aq = roty(a)a(q)(a~*y(a) ") has the same regularity and
holomorphicity properties of rot.(4)q, since R(2) is a right H-module for every
Q and 9, (fb) = (9, f)b for every f and every b € H.

2) It follows from what has been said in the above remark: if ¢ = a'b’, with
a’ =y(a)a, V' = v(b)b € H,, then rot. = rot, o roty = 10t (q)q © 0ty (p)p-

3) A four-dimensional rotation rot. (q) = cqd™', with |cd™!| = 1, can be
decomposed as

rotea(q) = cqc "t (cd™b) = rot.(q) (cd™t) = (rota o roty)(q) (cd™),

where ¢ = a’b’ as before. Let f(q) = rotq(q) (cd™') € BR(H). Then rot.q =
foroty. O

The pair of biregular functions in the corollary can be chosen in the same
space Hol,(H). This comes from Proposition 11, because the two great circles
of complex structures in S? coincide or intersect in two antipodal points defining
a space Hol,(H). Note that this space is not closed under composition, unless
Jp = L, which happens only when p = y(p) is a reduced quaternion.
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