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AG-codes
fommam Let K =T, and X a non-singular curve defined over F,.

i o F (X) = {a c K(X)‘a = P and F,G € F,[ao, .. .,xm]}
AG-codes

o X(F )—{P€X|(I)() P}, where
D : (ag tam) — (ad i ad)

° Di’l}]pq(X) = {D S DZU(X)l VP(D) = V@(p)(D), VPe X}
o Lp, (D) ={a € Fy(X)*| (o) + D >0} U {0}
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oo o Let G € Divg, (X) s.t. Supp(G)N{Py,...,P,} =10

Consider the F4-linear map

ev: Ly, (G) — Fy
f = Lf(}ﬁ)v"'ﬂf(F%))‘

The image of ev is an algebraic-geometry code,
C(Pr,..., P G) = ev(Lr, (G)).
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If G has degree less than n, then C(Py,...,P,;G) is an
[n, k, d]4-code with

k>deg(G)—g+1 d>n—deg(G).
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AG-codes Let C be a linear code [n, k,d),.
Relative Singleton defect:

1
A=1+ﬁ—(R+6),

where R = E and § = ﬁ
n n

Goal: to minimize relative Singleton defect of the code.
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AG-codes For an AG-code we have

k+d>n—g+1

so the relative Singleton defect is

A<—9
= ZA(F,)

Good curves for codes: those with many F,-rational points with
respect to their genus.
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LN Theorem (Hasse-Weil Bound)
Marco The F-rational points of a non-singular curve X satisfy
Calderini

#X(F,) <q+1429./q.

Maximal
Curves

Definition

A curve X that satisfy the equality in the Hasse-Weil bound is called
F,-maximal.

| A

Remark

If we have a maximal curve s.t. #X(F,) = n, then the AG-code, of
length n, obtained from this curve has better parameters than other
AG-codes of the same length, which are constructed from another
curve.

A
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Calderini Defl nition

Let P € X (curve defined over F,), we define

deg P = min{r| P € X(F,)}.

GAG-codes

Definition

Let P € X be a point of degree r. Then the closed point of P is the
set
O(P) = {P,®(P),8*(P),...,"~\(P)}.
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AG-codes
from masamel ® Py,...,P. € X with deg P, = k; for 1 < < r and
Marco O(P;) NO(P;) =0 fori # j
Calderini ) G S D/L./U]Fq (X) s.t. Supp(G) N {Pl, ey P,,,} = @
GAG-codes

13 /28



GAG-codes

S @ X curve of genus g over F,

‘m"::ur:‘::,imal ° P17~--,Pr € X with degPZ = kz for 1 < 7 <r and
Marco O(P)NO(P;) =0 fori # j
Calderini o G € Divp,(X) s.t. Supp(G)N{Py,...,P} =10

o for 1l <i<r fix Ci, [ni, ki,di]q—code, and T Z]Fqkj — Ci,
Fg-linear isomorphism.
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GAG-codes

e X curve of genus g over F,

@ P,....,P. € X withdeg P, =k; for 1 <i<rand
O(P)NO(P;) =0 fori # j

e G € Divg, (X) sit. Supp(G)N{Py,...,P.} =0

o for 1l <i<r fix Ci, [ni, ki,di]q—code, and T Z]Fqkj — Ci,
Fg-linear isomorphism.

Definition

,
Letn = Z n; and consider the F,-linear map
i=1

foo= (m(f(P), - m(f(P))

The image of w is a generalized AG-code

i { ﬁ]Fq(G) — FZ

C(Py,...,P;G;Ch,...,Cr) = 7(Lr, (G)).
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Theorem (Xing, Niederreiter, Lam)

If deg(G) < Zkl d; <k; for1<i<r. Then

i=1
C(P,...,P;G;C,...,C,) is an [n, k,d],-code with

n = Zni, k>deg(G)—g+1, d> Zdi — deg(G).

=1 g=il

Remark

| A

If we use Py, ..., P, rational points of the curve X and we fix
[1,1,1], as code C; for 1 < i <r, then the GAG-code is an AG-code.

y
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from maximal
Marco
1 r
B ==Y u(5) #X(EM),
d|r

Calderini FOI’ a// r 2 2,
w:N—={0,1,—1} is the Mébius function

New
GAG-codes .
(o trretoec) 1 ifn=1,

pn) =40 ifIk>1st k*|n,

(=1)"* ifn is the product of h prime numbers.

| A

Remark

If X is a maximal curve of genus g, then
#X(Fyr) = q" + 1+ (=1)""294"/%.

A

16 /28



New GAG-codes from maximal curves

Generalized We construct 2895 new GAG-codes over Fos, Fug, Fgq, Fg1.
AG-codes

(fxerm s These codes are new in the sense that for same length and dimension,
o their minimum distance exceeds the one given in the tables of MinT.

Marco
Calderini - . -
Maximal-d-Table for Linear [n, k, d]-Codes over F;5 — Arbitrary
4 ’
N =|31/32|33|34|35|36|37|38(39|40 |41 |42| 43| 44|45(46|47|48|49(50|51)|52|53| 54| 55| 56| 27| 58(59|60|
- 32 33 34 35 36 37 38 39 40 41 42 43|44 45 46|47 48 49|50/ 51|52/ 53|54 55 56 57 58 59 60 61
31 32 33 34 35 36 37 38 39 40 41 42|43 44 45 46|47|48 49 50|51|52| 53| 54 55 56 57 58 59 60|
N - 29 3031 32 33 34 35 36 37 38 39 40|41 42/ 43|44 45 46|47 48 49|50|50 51 52 53 54 55 56 57|
ew
GAG-codes = 28 2930/ 31 32 33 33 34 35 36 37 38|39/ 40 4142|4344 45 46| 47|48 48 48 50| 51| 52| 53 54 55

30 31 32 32 33 34 35 36 37 38/ 39|40(41/ 4142|4344 45 46 47 48 49 50 50 51 52|53
26|27|28|29/ 30| 31|31 32 33 34 35 36| 37| 38| 39| 40| 40| 41| 42| 43| 44| 45| 46 47| 48 49 49 50/ 51|52
25 2627 28 29 30 30 31 32 33 34 35|36 37 38|39 39 40|41 42|43 44 45 46 47 48 48 49 50| 51
24 25 26/ 27 28 29 29 30 31 32 33 34| 35 36 37|38 38 39|40 4142|4344 45 46 47 47 48 49 50| ’
23 24 25 26 27|28|/28|29 30|31 32 33|34 35 36 37|37|38/39/40|41|42|43 44 45 46 46 47 48 49|
22 23 24 25 26 27 27 28 29 30 31 32 33 34 3536 36 37|38/ 39 40|41|42 43 44 45 45 46 47 48| »
24 25|26/ 26| 27| 28|29 30| 31| 32| 33| 34| 35|35/ 36| 37| 38(39| 40| 41| 42| 43 44 44 45 46| 47|
23|24 25 25| 26| 27| 28| 29| 30| 31| 32| 33| 34| 34| 35|36 37| 38| 39| 40| 41| 42| 43| 43|44 45 46
22 23 24 24 25 26 27|28|29|30|31 32 33 33|34 35 36| 37(38|39 40 41 42 42 43 44 45
21 22 23 23 24 25 26|27 28/ 29 30|31 32 32 33 34|35 36 37|38 39 40 41 41 42 43 44|
20 21 22 22 23 24 25 26 27 28| 29|30 31 3132 33 34 35 36 37 38 39 40 40 41 42 43|
1920 21 21 22 23 24 25| 26|27|28|29/30|30|31 32 33 34|35 36 37 38/ 39 39 40 41 42|
18/19 20 20 21 22 23 24 25| 26| 27| 28|29 29/30|31|32 33 34 35 36 37 38 38|39 40|41
17/18/19/19/20 21|22 23|24| 25 26| 27| 28| 28|29/ 30| 31|32 33|34 35/ 36 37 37 38 39 40

Y3
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I'(F,) = {g| 3 X F;-maximal}.
o I'(Fy5) = {0, 1, 2, 3, 4, 10};

o I'(Fy) ={0,1,2, 3,579, 21}
o I'(Fes) 2{0,1,2,3,4,6,7,9, 10, 12, 28};

o I'(Fs1) 2 {0, 1,2 3, 4,6,8,09, 12, 16, 36}.
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New GAG-codes from maximal curves

I'(F,) = {g| 3 X F;-maximal}.
o T(Fas) = {0, 1, 2, 3, 4, 10};

° F(F49) = {(), 1, 2, 3, 5, 7, 9, 21},
o I'(Fes) 2 {0, 1,2,3,4,6,7,9, 10, 12, 28};

o I'(Fs1) 2 {0, 1,2,3,4,6,8,9, 12, 16, 36}.
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New GAG-codes from maximal curves

Consider for j =1,...,5 the MDS code C; over Fy, [2j — 1,7, j].
For a curve X defined over F,, we have the GAG-code
C(P,...,P;G;Cq,...,C,) denoted by

C(kvAlaA25A37A47A5)
were:
o deg(G)=k+g—1,

o r=A 4+ Ay + Az + Ay + As;
@ Aj; is the number of points in {Pi,..., P.} with degree j.
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New GAG-codes from maximal curves

Consider for j =1,...,5 the MDS code C; over Fy, [2j — 1,7, j].
For a curve X defined over F,, we have the GAG-code
C(P,...,P;G;Cq,...,C,) denoted by

C(kvAla AQ; A37A47A5)

were:

o deg(G)=k+g—1,
or=A1+As+ A3+ Ay + As;
@ Aj; is the number of points in {Pi,..., P.} with degree j.

C(k, Ay, As, Az, Ay, As) is an [n, k', d] code with
n=Y71(2 - DA K 2k d> 30, jA; - (k+g—1). By
passing to a k-dimensional subspace of C(k, A1, Aa, Az, Ay, As), an
[n, k,d] code can be obtained.
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q=49,9=9

X:YP=X"+X
By =176, B; > 3 fori =2,3,4,5.

New GAG-codes from maximal curves

Code k Parameters drinT
C(k;176,1,0,0,0) | 124 < k < 155 | [179,k,d > 170 — k] | < 169 — k
C(k;176,2,0,0,0) | 127 < k < 156 | [182,k,d > 172 — k] | <171 — k
New C(k;176,3,0,0,0) | 130 < k < 155 | [185,k,d > 174 — k| | < 173 — k
from maximal C(k;176,4,0,0,0) | 133 <k < 156 | [188,k,d > 176 — k] | < 1756 — k
C(k;176,0,1,0,0) | 126 <k < 154 | [181,k,d > 171 —k] | <170 — k
C(k;176,0,2,0,0) | 131 < k < 154 | [186,k,d > 174 — k] | < 173 — k
C(k;176,0,0,1,0) | 128 <k <153 | [183,k,d > 172 — k| | < 171 — k
C(k;176,0,0,2,0) | 135 < k < 153 | [190,k,d > 176 — k] | < 176 — k
C(k;176,1,1,0,0) | 129 < k < 154 | [184,k,d > 173 — k| | < 172 — k
C(k;176,1,1,1,0) | 136 < k < 154 | [191,k,d > 177 — k] | < 176 — k
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Asymptotically good families of GAG-codes

Definition

A sequence of linear codes over Fy, (C;);, s.t. n(C;) — +00, is
asymptotically good if R; —> R and 6; — 6 for i —» 400 are s.t.
Ré > 0, R; is the information rate and §; the relative distance of C,,.

Goal: to determinate an explicit asymptotically good family of codes.
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Asymptotically good families of GAG-codes

Let m and r be positive integers with r < m. Then there exists a
family of ¢"* — 1 injective F-linear maps

{Yw :Fy = F2¥ |w e F,w # (0,...,0)}

whose images have pairwise trivial intersection.
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Asymptotically good families of GAG-codes

Fix r >0, 0 : Fgr — F}, Fy-linear isomorphism and a total order on

Fy, so Fy = {0,wy, ..., wgr—1}.

e X curve of genus ¢
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Asymptotically good families of GAG-codes

Fix r >0, 0 : Fgr — F}, Fy-linear isomorphism and a total order on
]Fg, SO FZ = {0,11)1, ‘e ,wqr_l}.

e X curve of genus ¢

o P,....,P;e X, deg P, =r forall i

o G € Divg,(X) st. Supp(G)N{Py,...,P} =10

o C; be the [2r, 7, d]-code consisting of the vectors of Im (i)
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Asymptotically good families of GAG-codes

Fix r >0, 0 : Fgr — F}, Fy-linear isomorphism and a total order on

Fy, so Fy = {0,wy, ..., wgr—1}.
e X curve of genus ¢
o P,....,P;e X, deg P, =r forall i
o G € Divg,(X) st. Supp(G)N{Py,...,P} =10
o C; be the [2r, 7, d]-code consisting of the vectors of Im (i)
o m; : Fyr — C; be the F4-linear isomorphism mapping o € Fyr to

Yu, (0(a)).
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Asymptotically good families of GAG-codes

Theorem

Let q be any prime power. Let A\ be any rational number such that
0 <A< H;'(1/2), fix 2Hy(\) < o < 1. Put s = ¢*" and

deg(G) = sMr for some M with 0 < M < 1. Defining with
C(X,r,a, M) the GAG-code

C(Pl,...,PS;G;Ch...,CS).
Then
C={C(X,r,a, M) | rM,r\ q°" are all integers}

contains an asymptotically good family of q-ary GAG-codes with
asymptotic rate R > M /2 and asymptotic relative distance
d>M1-M).
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Remark

With the AG-codes it is possible to determinate asymptotically good
families of codes, whose parameters are better than the asymptotic
Gilbert-Varshamov bound, but to construct a family of AG-codes it is
necessary to determinate a family of curves which permit to construct
the family.

Using the GAG-codes we can fix the curves and increase only the
degree of the points.
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Thank you for your attention!
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