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Affine-variety codes

Let Fq be a finite field.
Let I ∈ Fq[X ] = Fq[x1, . . . , xm] be a zero-dimensional and radical
ideal. Let V(I) = P = {P1,P2, . . . ,Pn} its variety.

Definition

Let P0 = (x0,1, . . . , x0,m) ∈ (Fq)m \ V(I).
We say that P0 is an optimal ghost point if there is a 1 ≤ j ≤ m such
that the hyperplane xj = x0,j does not intersect the variety.

We call evaluation map

evP : R = Fq[x1, . . . , xm]/I −→ (Fq)n

evP(f ) = (f (P1), . . . , f (Pn)).
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Affine-variety codes

Let L ⊆ R be an Fq vector subspace of R with dimension r .

Definition

The affine-variety code C(I,L) is the image evP(L) and the
affine-variety code

C⊥(I,L) = {c ∈ (Fq)n | c · evP(f ) = 0 and f ∈ L}

is its dual code

Let L = 〈b1, . . . ,br 〉, then the parity - check matrix for C⊥(I,L) is

H =

 b1(P1) b1(P2) . . . b1(Pn)
...

... · · ·
...

br (P1) br (P2) . . . br (Pn)


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Hermitian code
We consider the Hermitian curve χ over Fq2

xq+1 = yq + y

This curve has n = q3 rational points that we call P = {P1, . . . ,Pn}.
Let m be a natural number, then we define

Bm,q = {x r ys | qr + (q + 1)s ≤ m, 0 ≤ s ≤ q − 1,0 ≤ r ≤ q2 − 1}.
So we consider

Em = 〈evP(f ) such that f ∈ Bm,q〉.
Therefore

Cm = (Em)⊥ = {c ∈ (Fq)n | c · evP(f ) = 0 and f ∈ Bm,q}
is called Hermitian code. The parity-check matrix H of C(m,q) is

H =

 f1(P1) . . . f1(Pn)
...

. . .
...

fi (P1) . . . fi (Pn)

 where fj ∈ Bm,q .
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Weakly stratified ideal

Let J ⊂ K[S,AL, . . . ,A1, T ] = K[S,A, T ] be a zero-dimensional ideal,
with

S = {s1, . . . , sN}, Aj = {aj,1, . . . ,aj,m}, T = {t1, . . . , tK}.

Definition

We say that J is a weakly stratified ideal if

Σj,i
l 6= ∅ for 1 ≤ l ≤ η(j, i), 1 ≤ i ≤ m, 1 ≤ j ≤ L.

where η(j, i) is the maximum number of extensions at any level Σj,i
l and

Σj,i
l =

{
(S̄, ĀL, . . . , Āj+1, āj,1, . . . , āj,i−1) ∈ V(J(j,i−1)) | ∃ exactly l distinct

values {ā(1)
j,i , . . . , ā

(l)
j,i } s.t. (S̄, ĀL, . . . , Āj+1, āj,1, . . . , āj,i−1, ā

(`)
j,i ) is in

V(J(j,i)), 1 ≤ ` ≤ l
}
, i = 2, . . . ,m, j = 1, . . . , L− 1.
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Example (L = 2,m = 1)

Let S = {s1}, A1 = {a1,1}, A2 = {a2,1} and T = {t1}. Let J = I(Z )
with Z = {(0,0,0,0), (0,1,1,0), (0,2,2,0)}.

V(JS) = {0}, V(JS,a2,1 ) = {(0,0), (0,1), (0,2)},

V(JS,a2,1,a1,1 ) = {(0,0,0), (0,1,1), (0,2,2)}.

Let us consider the projection

π2 : V(JS,a2,1 )→ V(JS).

Then |π−1
2 ({0})| = 3 and we have

∑2,1
3 = {0}. So η(2,1) = 3.

But
∑2,1

1 = ∅,
∑2,1

2 = ∅ and J is not a weakly stratified ideal.
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Example (L = 3,m = 1)

Let S = {s1}, A1 = {a1,1}, A2 = {a2,1}, A3 = {a3,1}, T = {t1}.
Let J = I(Z ) ⊂ C[s1,a3,1,a2,1,a1,1, t1] with

Z = {(0,1,0,0,0), (0,2,1,1,2), (2,2,2,0,0)}.

The order < is s1 < a3,1 < a2,1 < a1,1 < t1 and the varieties are

V(JS) = {0,2}, V(JS,a3,1 ) = {(0,1), (0,2), (2,2)},

V(JS,a3,1,a2,1 ) = {(0,1,0), (0,2,1), (2,2,2)},

V(JS,a3,1,a2,1,a1,1 ) = {(0,1,0,0), (0,2,1,1), (2,2,2,0)}.
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Example (L = 3,m = 1)

Let us consider the projection

π3 : V(JS,a3,1 )→ V(JS).

where

V(JS) = {0, 2},
V(JS,a3,1 ) = {(0, 1), (0, 2), (2, 2)}.
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Example (L = 3,m = 1)

Let us consider the projection

π3 : V(JS,a3,1 )→ V(JS).

where

V(JS) = {0, 2},
V(JS,a3,1 ) = {(0, 1), (0, 2), (2, 2)}.

Then

|π−1
3 ({0})| = 2 and |π−1

3 ({2})| = 1.

So
∑3,1

2 = {0}.
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Example (L = 3,m = 1)
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Example (L = 3,m = 1)

Let us consider the projection

π2 : V(JS,a3,1,a2,1 )→ V(JS,a3,1 ).

where

V(JS,a3,1 ) = {(0, 1), (0, 2), (2, 2)}
V(JS,a3,1,a2,1 ) = {(0, 1, 0), (0, 2, 1), (2, 2, 2)}.

Then

2,1∑
1

= {(0, 1), (0, 2), (2, 2)} and η(2, 1) = 1.
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Example (L = 3,m = 1)

Let us consider the projection

π1 : V(JS,a3,1,a2,1,a1,1 )→ V(JS,a3,1,a2,1 ).

where

V(J(2,1)) = {(0, 1, 0), (0, 2, 1), (2, 2, 2)},
V(J(1,1)) = {(0, 1, 0, 0), (0, 2, 1, 1), (2, 2, 2, 0)}.

Then

1,1∑
1

= {(0, 1, 0), (0, 2, 1), (2, 2, 2)} and η(1, 1) = 1.

So J is a weakly stratified.
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Stuffed ideal

Let R = K[S,AL, . . . ,Aj+1,aj,1, . . . ,aj,i−1]. Let K ⊂ R[aj,i ] be a
zero-dimensional ideal and let Ph ∈ Σj,i

h where 1 ≤ h ≤ δ − 1, then
exist g ∈ G = GB(K ) such that

g(Ph,aj,i ) = aδj,i + αδ−1aδ−1
j,i + . . .+ α0 ∈ K[aj,i ]

where αi ∈ K and δ = η(j , i).

Definition

We say that K is stuffed if for any 1 ≤ h ≤ δ − 1 and for any Ph ∈ Σj,i
h ,

the equation
g(Ph,aj,i ) = 0

has h distinct solutions in K.
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Multi-dimensional general error locator polynomials

Let C = C⊥(I,L) be an affine-variety code.
Let P0 be a ghost point and let ti = min{t , |{πi (P)|P ∈ V(I) ∪ P0}|}
where πi (x̄1, . . . , x̄m) = x̄i .
We consider

Li (S, x1, . . . , xi ) = x ti
i + ati−1x ti−1

i + . . .+ a0,

where S = {s1, . . . , sr} and aj ∈ Fq[S, x1, . . . , xi−1].
Let e be an error s.t. w(e) = µ ≤ t, s ∈ (Fq)r is the corresponding
syndrome and (x̄1,1, . . . , x̄1,m) , . . . , (x̄µ,1, . . . , x̄µ,m) are error locations.
Let xj = (x̄j,1, . . . , x̄j,i−1). Then, if the roots of

Li (s,xj , xi )

are {x̄h,i | xh = xj , 1 ≤ h ≤ µ, when µ = t or 0 ≤ h ≤ µ, when µ ≤ t − 1},
then {Li}1≤i≤m is a set of multi-dimensional general error locator
polynomials for C.
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points . The syndrome is .
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Px (S, x) = x2 + f (S) x
Pxy (S, x , y) = y2 + f1(S) y + f2(S) x + f3(S)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Px (s, x) = x2 + x = x(x − 1)
Pxy (s,1, y) = y2 + y = y(y − 1)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Px (s, x) = x2 + x = x(x − 1) =⇒ (1,0) 6∈ χ
Pxy (s,1, y) = y2 + y = y(y − 1)

Chiara Marcolla, Emmanuela Orsini, Massimiliano Sala: Improved decoding of affine-variety codes



Affine-variety codes Decoding of affine-variety codes

Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Px (s, x) = x2 + x = x(x − 1) =⇒ (1,0) 6∈ χ
Pxy (s,1, y) = y2 + y = y(y − 1) =⇒ (1,1) 6∈ χ
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Px (S, x) = x2 + f (S) x
Pxy (S, x , y) = y2 + f1(S) y + f2(S) x + f3(S)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the polynomials in the
Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Px (s, x) = x2 + x + 1 = (x −α)(x −α2)
Pxy (S, x , y) = y2 + f1(S) y + f2(S) x + f3(S)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
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Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Px (s, x) = x2 + x + 1 = (x − α)(x −α2)
Pxy (s, α, y) = y2 + y + 1 = (y −α)(y −α2)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Px (s1, . . . , s5, x) and Pxy (s1, . . . , s5, x , y) be the weakly locators in
the Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Px (s, x) = x2 + x + 1 = (x − α)(x − α2)
Pxy (s, α2, y)= y2 + y + 1 = (y − α)(y − α2)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Lx (s1, . . . , s5, x) and Lxy (s1, . . . , s5, x , y) be the locators in the
Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Lx (S, x) = x2 + a(S) x + b(S)
Lxy (S, x , y) = y2 + A(S) y + B(S) x + C(S)

We stuff the ideal I.
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Lx (s1, . . . , s5, x) and Lxy (s1, . . . , s5, x , y) be the locators in the
Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Lx (s, x) = x2 + x + 1 = (x − α)(x −α2)
Lxy (s, α, y) = y2 + α = (y − α2)2
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Lx (s1, . . . , s5, x) and Lxy (s1, . . . , s5, x , y) be the locators in the
Gröbner basis G.

Two errors occur at the points P6 and P7 . The syndrome is
s = (α + 1,0, α, 0,0).

Lx (s, x) = x2 + x + 1 = (x − α)(x − α2)
Lxy (s, α2, y)= y2 + α2 = (y − α)2
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Lx (s1, . . . , s5, x) and Lxy (s1, . . . , s5, x , y) be the locators in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Lx (s, x) = x2

Lxy (S, x , y) = y2 + A(S) y + B(S) x + C(S)
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Example (Hermitian code q = 2)

Let x3 = y2 + y be the Hermitian curve over F4.

The P0 = (1,1) is the ghost point and Hermitian points are
P1 = (0, 0), P2 = (0, 1), P3 = (1, α), P4 = (1, α2),
P5 = (α, α), P6 = (α, α2), P7 = (α2, α), P8 = (α2, α2).

Let C be the Hermitian code with Bm,2 = {1, x , y , x2, xy}.
Let Lx (s1, . . . , s5, x) and Lxy (s1, . . . , s5, x , y) be the locators in the
Gröbner basis G.

Two errors occur at the points P1 and P2. The syndrome is
s = (0,1,1,1,0).

Lx (s, x) = x2

Lxy (s,0, y) = y2 + y = y(y − 1)
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Thank you for your attention!
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