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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
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where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|

2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Nu
max

(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

Nu
MAX

(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �
opt

(Pe) gives

�
opt

(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1

⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

Nu
MAX

(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Nu

max

(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger

1 
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Figure 5. The numerically obtained Nu
max

as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Nu

max

(2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained Nu

MAX

(2.93). The thin black dashed line indicates the Pe2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce Nu

MAX

. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠
x

= 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 
x

= 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)

26 P. Hassanzadeh, G. P. Chini and C. R. Doering

where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields
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|rv|
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+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Nu
max

(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

Nu
MAX

(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �
opt

(Pe) gives

�
opt

(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1

⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

Nu
MAX

(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Nu

max

(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
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and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1 

? 
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where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|

2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Nu
max

(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

Nu
MAX

(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �
opt

(Pe) gives

�
opt

(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1

⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

Nu
MAX

(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Nu

max

(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
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We investigate the structure of strongly nonlinear Rayleigh–Bénard convection cells in the
asymptotic limit of large Rayleigh number and fixed, moderate Prandtl number. Unlike the flows
analyzed in prior theoretical studies of infinite Prandtl number convection, our cellular solutions
exhibit dynamically inviscid constant-vorticity cores. By solving an integral equation for the
cell-edge temperature distribution, we are able to predict, as a function of cell aspect ratio, the value
of the core vorticity, details of the flow within the thin boundary layers and rising/falling plumes
adjacent to the edges of the convection cell, and, in particular, the bulk heat flux through the layer.
The results of our asymptotic analysis are corroborated using full pseudospectral numerical
simulations and confirm that the heat flux is maximized for convection cells that are roughly square
in cross section. © 2009 American Institute of Physics. #DOI: 10.1063/1.3210777$

I. INTRODUCTION

Boussinesq thermal convection in a horizontal layer be-
tween isothermal stress-free boundaries is the archetypal
convection problem and has served as a prime testing ground
for the development of new theoretical understanding. In
both natural and technological applications, the Rayleigh
number !Ra" generally exceeds the threshold for linear insta-
bility of the conduction state by orders of magnitude, so the
high-Ra limit of the governing equations is of particular in-
terest. It is therefore remarkable that the asymptotic structure
of steady-state convection cells has not yet been established,
except in the further limiting case of infinite Prandtl number1

!Pr". This situation is rectified in the present paper: we pro-
vide the first large-Ra asymptotic analysis of the classical
Rayleigh–Bénard convection problem with Pr=O!1" in
which both details of the flow and a corresponding bulk heat
transport coefficient, as a function of the cell aspect ratio, are
systematically derived.

At high Rayleigh number, observed convective motions
are, of course, turbulent, so the practical, rather than aca-
demic, interest of the present study warrants further discus-
sion. To this end, we note that there is growing evidence
from numerical simulations and laboratory experiments of
the intermittent occurrence of spatially coherent states in a
range of canonical turbulent flows !including free convection
and channel and pipe flows2". These coherent states appear to
correspond to saddles in phase space; although they are un-
stable, their attracting directions lead to their recurring pres-
ence in observations. Furthermore, the coherent flow patterns
often can be identified with simple exact solutions of the
governing equations possessing a high degree of symmetry.
For instance, in simulations3,4 and experiments5 of !even

weakly" sheared convection, coherent roll vortices arise in-
termittently which resemble the two-dimensional !2D" con-
vection cells analyzed in this work. Although detailed con-
nections are not made here, we believe that our analysis of
laminar but strongly nonlinear convection ultimately may
play a role in shedding light on turbulent heat transport in
high-Ra flows.

Significant progress has been made in prior large-Ra
asymptotic analyses of Rayleigh–Bénard convection cells by
restricting attention to the infinite-Pr limit, which is often
motivated by reference to the exceedingly high Prandtl num-
bers #e.g., Pr=O!1023"$ in mantle convection. Busse et al.,6

for example, have recently analyzed mantle convection be-
tween two low-viscosity layers, but they do not explicitly
treat the vertical plumes and thermal boundary layers of in-
terest here. Of particular relevance to the present investiga-
tion is the analysis of Jimenez and Zufiria,1 who considered
infinite-Pr convection between isothermal stress-free hori-
zontal boundaries. Building on the earlier efforts by Roberts7

and Olson and Corcos,8 Jimenez and Zufiria proceeded1 by
demonstrating that the core of the convection cell is to a
good approximation isothermal !see, e.g., Ref. 9"; they then
examine in detail the thermal boundary layers adjacent to the
edges of the cell. In particular, they resolve the solution near
the corners where the thin rising and falling plumes along the
vertical edges of the cell join to the boundary layer flows
along the horizontal walls and confirm that these corner re-
gions are dynamically passive. This conclusion enables them
to formulate an integral equation for the temperature distri-
bution around the perimeter of the cell. By solving the inte-
gral equation, Jimenez and Zufiria are able to explicitly com-
pute the proportionality coefficient !as a function of cell
aspect ratio" in the asymptotic relationship between Nusselt
and Rayleigh numbers—by construction, the Nusselt number
associated with their cellular solutions scales in proportion to
the Rayleigh number to the one-third power. The correspond-
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Steady but generally unstable solutions of the 2D Boussinesq equations are ob-
tained for no-slip boundary conditions and Prandtl number 7. The primary solution
that bifurcates from the conduction state at Rayleigh number Ra ⇡ 1708 has been
calculated up to Ra ⇡ 5.106 and its Nusselt number is Nu ⇠ 0.143 Ra0.28 with a
delicate spiral structure in the temperature field. Another solution that maximizes Nu
over the horizontal wavenumber has been calculated up to Ra = 109 and scales as
Nu ⇠ 0.115 Ra0.31 for 107 < Ra  109, quite similar to 3D turbulent data that show
Nu ⇠ 0.105 Ra0.31 in that range. The optimum solution is a simple yet multi-scale
coherent solution whose horizontal wavenumber scales as 0.133 Ra0.217. That solu-
tion is unstable to larger scale perturbations and in particular to mean shear flows,
yet it appears to be relevant as a backbone for turbulent solutions, possibly setting
the scale, strength, and spacing of elemental plumes. C 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4919930]

Rayleigh-Bénard convection is the buoyancy-driven motion of a fluid contained between two
horizontal plates and heated from below. It is a paradigmatic problem with a rich array of nonlinear
physics from deterministic chaos1 and period doubling2 to pattern formation3 and turbulence.4 A
fundamental issue is to determine how the heat flux H scales with the temperature di↵erence �T
between the bottom and top plates. There is a critical �Tc such that heat transport is by conduction
with H ⇠ �T for �T < �Tc but macroscopic fluid motion develops for �T > �Tc and enhances
heat transport. Bifurcations take place as �T is increased, leading to turbulent flow andH ⇠ (�T)4/3

and perhaps even as high as H ⇠ (�T)3/2. Understanding these bifurcations and the actual asymp-
totic scaling of H have been the subjects of many experimental, theoretical, and numerical studies
focusing on turbulent convection. Here, we consider coherent convection—steady flows that may
be the permanent form of the coherent structures (“plumes,” “thermals,” and large scale “winds”)
permeating turbulent convection.

In Rayleigh-Bénard convection, the fluid is contained between two infinite horizontal plates
and the Boussinesq approximation is made so the governing equations are

@v

@t
+ (v · r)v + rp = g↵VT ŷ + ⌫r2

v, (1)

@T
@t
+ (v · r)T = r2 T, (2)

for the velocity v and the temperature T . Incompressibility r · v = 0 is maintained by the kinematic
pressure p and �gŷ is the constant acceleration of gravity. The fluid density is ⇢ ⇡ ⇢0 (1 � ↵VT),
with ↵V � 0 the volumetric thermal expansion coe�cient and ⇢0 a constant reference density, ⌫ > 0
is the kinematic viscosity, and  > 0 is the thermal di↵usivity. The bottom plate temperature is fixed
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FIG. 2. Nu�1 vs. Ra for primary branch (↵ = ⇡/2, red �’s) with Nu�1⇠ 0.143 Ra0.28 (red dashed line) and optimum
branch (red ⇤’s) with Nu�1⇠ 0.115 Ra0.31 (least square fit in 107 < Ra  109, red solid). Lower (green) dashed line is the 3D
turbulent data fit18 Nu⇠ 0.088 Ra0.32 and (green) dashed-dotted line is the 3D turbulent data fit16 Nu⇠ 0.105 Ra0.312, both for
domain aspect ratio 1/2. The blue ⇤’s for Ra > 108 is the aspect ratio 4 data18 (Table 1, Nucorr). Line “fs” is the best free-slip
upper bound29 Nu�1 . 0.106 Ra5/12. Line “ns” is the best no-slip upper bound23 Nu�1 . 0.026 34 Ra1/2.

is stable up to Ra ⇡ 53 000 where it spawns a time-periodic solution. The maximum and mini-
mum Nu achieved by that periodic solution are shown in Fig. 1; that time periodic solution was
computed with the time-accurate code 1. The unstable steady state was continued with code 2 up to
Ra = 5. 106 (symbols � in Fig. 2). Mirror symmetry (11) su�ces to stabilize the optimum solution
in its fundamental periodic domain. That optimum solution was calculated up to Ra = 1.4 106 with
code 1 and Ra = 109 with code 2 (symbols ⇤ in Fig. 2). The optimum solution at Ra = 109 is
well-resolved with 200 Chebyshev polynomials in y and 200 Fourier modes in x, after dealiasing.

The heat flux for the unstable primary solution scales as Nu � 1 ⇡ 0.143 Ra0.28 according to
a least square fit in 5.105  Ra  5.106. That solution develops a delicate spiral structure in the
temperature field but not in the velocity (Fig. 4). The winding of these temperature spirals contin-
uously increases with Rayleigh number. Convergence of our algorithm to that unstable steady
solution becomes quite slow for increasing Ra, apparently because of the center region of these
spiral structures where v,T ⇡ 0.

The optimum solution increases wavenumber ↵ with Ra as ↵ ⇡ 0.133 Ra0.217 (Fig. 3) to
achieve an optimum heat flux Nu � 1 ⇡ 0.115 Ra0.31 (Fig. 2), from a least square fit in 107 < Ra
 109. This optimum heat flux scaling is quite similar to the heat flux observed in 3D turbulent

FIG. 3. Horizontal wavenumber ↵ =↵opt(Ra) that maximizes heat flux Nu, ↵opt⇡ 0.133 Ra0.217 (least square fit in 107 <
Ra  109).
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The calculus of variations is employed to find steady divergence-free velocity fields that
maximize transport of a passive tracer between two parallel walls of fixed concentration
for one of these two constraints on flow strength: a fixed value of the kinetic energy or
a fixed value of the enstrophy. The optimizing flows consist of an array of (convection)
cells of a particular aspect ratio � . We solve the nonlinear Euler-Lagrange equations
analytically for weak flows and numerically (and via matched asymptotic analysis in the
fixed energy case) for strong flows. We report the results in terms of the Nusselt number
Nu, a dimensionless measure of the tracer transport, as a function of the Péclect number
Pe, a dimensionless measure of the energy or enstrophy in the flow. For both constraints
the maximum transportNu

MAX

(Pe) is realized in cells of decreasing aspect ratio �
opt

(Pe)

as Pe increases. For the fixed energy problem, Nu
MAX

⇠ Pe and �
opt

⇠ Pe�1/2 while

when the enstrophy is fixed, Nu
MAX

⇠ Pe10/17 and �
opt

⇠ Pe�0.36. We also consider the
buoyancy-driven Rayleigh-Bénard convection problems that satisfy related flow intensity
constraints to investigate how the transport scalings compare with upper bounds on Nu in
terms of the Rayleigh number Ra. For steady convection in porous media, corresponding
to the fixed energy problem, we find Nu

MAX

⇠ Ra and �
opt

⇠ Ra�1/2 while for steady
convection in a fluid layer, corresponding to fixed enstrophy transport between free-slip
isothermal walls, Nu

MAX

⇠ Ra5/12 and �
opt

⇠ Ra�1/4.

Key words:

1. Introduction

Transport and mixing are crucial processes in science and engineering. In some applica-
tions, e.g., cooling or heating, the aim is to maximize transport of an advected quantity.
In other problems, such as pollutant spills, the goal may be to move a quantity from
one point in space to another as quickly as possible while minimizing mixing. For many
problems arising in natural flows, the focus is often on understanding the physical mech-
anisms of nonlinear transport or mixing processes and estimating their magnitude or
e�ciency as a function of initial and/or boundary conditions, source and sink distribu-
tions, and/or buoyancy or other body forces. Among the fundamental theoretical issues
these problems raise are those of optimal transport and optimal mixing by incompressible
fluid flows (see, for example, Shaw et al. (2007); Lin et al. (2011); Gubanov & Cortelezzi
(2012)).
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1. Introduction

Few mathematical models have had as profound an influence 
on the development of nonlinear science over the last half century 
as the Lorenz equations [1]

Ẋ = −σ X + σ Y (1)

Ẏ = r X − Y − X Z (2)

Ż = XY − b Z . (3)

This system arises as a severe modal truncation of Rayleigh’s 1916 
model of two-dimensional buoyancy-driven flow between paral-
lel isothermal plates with stress-free boundaries [2]. In modern 
nondimensional variables Rayleigh’s model is the Boussinesq ap-
proximation to the Navier–Stokes equations,

ω̇ + J (ψ,ω) = σ$ω + σ Raθx (4)

θ̇ + J (ψ, θ) = $θ + ψx (5)

where the J (α, β) = αxβy − αyβx , ω(x, y, t) = $ψ(x, y, t) is the 
vorticity associated with steam function ψ , and θ(x, y, t) is the 
deviation of temperature from the steady linear conduction pro-
file. The boundary conditions are ψ = ψyy = θ = 0 at y = 0
and y = 1 with everything L-periodic in x. The dimensionless 
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parameters of the problem are the Prandtl number σ , the ra-
tio of diffusion of momentum to diffusion of heat in the fluid, 
and the Rayleigh number Ra, a ratio of the driving due to the 
temperature-drop-induced buoyancy force to the damping diffu-
sion coefficients. Rayleigh proved that the steady conduction solu-
tion ψ = 0 = θ is linearly unstable to perturbations ∼ eikx sinπ y
when Ra > Rac(k) = (k2 + π2)3/k2. The smallest critical Rayleigh 
number, 27

4 π4, is achieved in domains of width L = integer × 2
√

2.
Lorenz’s variables are modal amplitudes in the Galerkin trunca-

tion approximation

ψ(x, y, t) =
√

2
π

!
k2 + π2

k

"
X(t) sin kx sinπ y

θ(x, y, t) =
√

2
πr

Y (t) cos kx sinπ y − Z(t)
1
πr

sin 2π y (6)

where the ‘reduced’ Rayleigh number r = Ra/Rac and the domain-
shape parameter b = 4π2

k2+π2 . The time variable is also rescaled ac-

cording to t → (k2 +π2)t . Solutions of Rayleigh’s continuum model 
are reasonably well approximated by Lorenz’s truncation only near 
the primary bifurcation, i.e., for r = O(1), but the differential equa-
tions are nevertheless of theoretical (and historical) interest even 
for r ≫ 1 due to the appearance of chaos in the solutions.

The bulk heat transport is gauged by the Nusselt number Nu, 
the ratio of the sum of the total (conductive plus convective) heat 
flux to the flow-independent conductive flux. The convective heat 
flux is proportional to the correlation between the vertical velocity 
ψx and the temperature θ , which reduces to Nu − 1 = k2+π2

2π2r
⟨XY ⟩
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Theorem: Steady flow produces 
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Ẋ = −σ X + σ Y (1)
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A method is presented for making finite Fourier mode truncations of the Rayleigh–Bénard
convection system that preserve invariants of the full partial differential equations in the
dissipationless limit. These truncations are shown to have no unbounded solutions and provide a
description of the thermal flux that has the correct limiting behavior in a steady-state. A particular
low-order truncation ~containing 7 modes! is selected and compared with the 6-mode truncation of
Howard and Krishnamurti @J. Fluid Mech. 170, 385 ~1986!#, which does not conserve the total
energy in the dissipationless limit. A numerical example is presented to compare the two truncations
and study the effect of shear flow on thermal transport. © 1996 American Institute of Physics.
@S1070-6631~96!02107-1#

I. INTRODUCTION

In a horizontal layer of fluid with fixed higher tempera-
ture on the bottom boundary and fixed lower temperature on
the top boundary, cellular convective flow occurs for a cer-
tain range of Rayleigh number R and Prandtl number s.1
Such states of thermal convection are ubiquitous in nature,
occurring in slightly modified form in the atmosphere, the
ocean, the earth’s mantle, and in the convection zone of the
interior of stars. It was originally believed that flows in a
finite container should scale as its vertical dimension. How-
ever, experiments have shown that thermal convection in a
horizontal layer of fluid heated from below can show mo-
tions spanning the largest horizontal dimension of the
container,2 known as shear flows. Since the experimental set-
ting precluded any externally imposed shear forces, it is con-
cluded that these shear flows are driven by a Reynolds stress
tensor with non-vanishing horizontal average. This behavior
is also seen in numerical experiments.3

In this paper we make truncations of the Rayleigh–
Bénard system using the Galerkin ~or spectral! method.4 The
chosen basis is the standard Fourier one, because of its great
simplicity and the fact that it is especially well-suited to the
stress-free boundary conditions. One of the major points to
be addressed is how to make a truncation that retains the
truncated invariants of the full partial differential equations
~PDE’s! in the dissipationless limit, and whether or not this
has any effect on simulations in the dissipative case. We will
show that energy-conserving truncations have several advan-
tages over their non-energy-conserving counterpart.

Section II is devoted to a presentation of the equations
governing the system and the preserved quantities of the
equations of motion in the dissipationless limit are displayed.
In Section III we use the Galerkin method to expand the
stream function and temperature field into a complete set of
modes, deriving a set of coupled ordinary differential equa-
tions ~ODE’s!. The condition under which a mode truncation
preserves the invariants of the dissipationless PDE’s is ob-
tained. Section IV presents a low-order model for shear flow

generation, which is an extension of a model presented in
Ref. 5. The model is compared with its predecessor and the
advantages are explicitly shown. Finally, Section V is a sum-
mary of the main arguments of the paper.

II. MODEL EQUATIONS

The two-dimensional Rayleigh–Bénard problem for an
incompressible fluid is governed in the Boussinesq approxi-
mation by

]π2c

]t 1@c ,π2c#5
]T
]x 1nπ4c , ~1a!

]T
]t 1@c ,T#5

]c

]x 1kπ2T , ~1b!

where c is the stream function, T is the deviation of the
temperature from a linear conduction profile, n is the kine-
matic viscosity, and k is the thermal conductivity. All the
quantities are dimensionless, the Prandtl number s is n/k,
and the Rayleigh number R is 1/nk. The horizontal coordi-
nate is x and the vertical one is y , with (x ,y)P[0,2pL]
3[0,p]. ~The choice yP[0,p], as opposed to yP[0,1],
leads to a Rayleigh number smaller by a factor of p4.! The
Poisson bracket used is defined as [A ,B]5]xA]yB
2]yA]xB , and the velocity field is given in terms of the
stream function by v5ẑ3πc5~2]yc,]xc!. We assume the
fluid is periodic in x and has stress-free boundary conditions
at the top and bottom walls:

c5π2c5]xc5T50, for y50 or p . ~2!

In the dissipationless limit, n5k50, Eqs. ~1! admit an
infinite number of conserved quantities ~this is a general fea-
ture of noncanonical infinite-dimensional Hamiltonian
systems—for a discussion of the invariants of an analogous
set of equations, see Ref. 6!. Here we shall concern ourselves
with the total energy, E , given by

E5 1
2^~πc!2&2^yT&5K1U , ~3!

where K is the kinetic energy, U is the potential energy, and
the angle brackets denote the integral over the fluid domain.
In the dissipationless limit, the time derivative of E is
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the angle brackets denote the integral over the fluid domain.
In the dissipationless limit, the time derivative of E is
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ABSTRACT

The development of physically sound low-order models (LOMs) of convective flow is discussed. LOMs are
constructed in the form of coupled three-mode systems known in mechanics as Volterra gyrostats. This structure
ensures energy conservation, a property of fundamental importance sometimes missing in atmospheric LOMs.
In addition, the gyrostatic form makes it possible to reduce an LOM to one with the minimal number of modes
that still describes the effect of interest. The approach is illustrated with two important LOMs. One is the
modification of the Howard–Krishnamurti model of convection with shear that restores conservation of both
energy and total vorticity to the original model. The other is the Charney–DeVore model of a barotropic
atmosphere over topography. In each case, the ‘‘minimal’’ LOM is extracted that possesses conservation prop-
erties and demonstrates the effect of interest: tilting of convection cells and vacillation between high-index and
low-index regimes, respectively.

1. Introduction

The term low-order models (LOMs) designates low-
order systems of nonlinear ordinary differential equa-
tions (ODEs) derived from the basic equations of at-
mospheric dynamics (Lorenz 1982). Unlike other types
of atmospheric models (general circulation models,
large numerical models used in operational forecasting,
direct numerical simulation and large eddy simulation
models) that necessarily concentrate on accuracy and
detail, LOMs contribute to the understanding of basic
mechanisms and their interplay through focus on key
elements and retaining only a minimal number of de-
grees of freedom. For example, developed turbulence
involves interactions of an immense number of degrees
of freedom that grows as a 9/4 power of the Reynolds
number. However, as noted by Bohr et al. (1998), ‘‘if
the interest is focused only on the scaling laws and on
the basic mechanism of the energy cascade at small
scales, it is possible to reproduce the main features by
a limited number of ODEs (the so-called shell models).’’
One such model (Gluhovsky and Tong 1999) exhibits
Kolmogorov spectral behavior with only nine modes.
After pioneering papers by Lorenz (1960, 1963), Saltz-
man (1962), and Obukhov (1969), LOMs have been
widely used in studies of complex atmospheric pro-
cesses (e.g., Charney and DeVore 1979; Kallen and
Wiin-Nielsen 1980; Van Delden 1984; Shirer 1987;

Corresponding author address: Alexander Gluhovsky, Dept. of
Earth and Atmospheric Sciences, Purdue University, West Lafayette,
IN 47907.
E-mail: aglu@purdue.edu

Gledzer et al. 1988; De Swart 1989b; Wiin-Nielsen
1992; Bokhove and Shepherd 1996).
LOMs are commonly developed by employing the

Galerkin technique: fluid dynamical fields are expanded
into finite sets of time-independent modes satisfying the
boundary conditions. Then for the coefficients in these
expansions, a finite system of ODEs (the LOM) is de-
rived from the original equations. Unfortunately, as dis-
cussed by Treve and Manley (1982), despite a number
of highly attractive features, the method does not pro-
vide criteria for selecting modes, nor a guarantee that
a model based on a particular set of modes will behave
anything like the original system. Moreover, fundamen-
tal conservation properties of the fluid dynamical equa-
tions are sometimes violated in LOMs, which may result
in unphysical behavior (throughout the paper ‘‘conser-
vation’’ means ‘‘conservation in the absence of forcing
and dissipation’’).
One important example is provided by the well-

known Howard–Krishnamurti (1986) model of convec-
tion with shear. The model was the first to demonstrate
tilting of convection cells giving rise to large-scale hor-
izontal motions. Howard and Krishnamurti themselves
noticed in the model trajectories going to infinity that
they rightly attributed to deficiencies of the Galerkin
truncation. Thiffeault and Horton (1996) found that the
model lacked energy conservation and inadequately rep-
resented the heat flux. Their remedy was to add a term
to the Galerkin temperature expansion, which thus end-
ed unphysical behavior. Another modification of the
Howard–Krishnamurti (1986) model, adding a term into
the streamfunction expansion, was proposed by Hermiz
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responding to A). The Lorenz gyrostat is coupled with
two Euler gyroscopes, each involving streamfunction
modes X3, X4 (corresponding to A, C) and one shearing
streamfunction mode: X5 (B) or X6 (G).
Figure 2 demonstrates that the tilting of convection

cells is preserved in LOM (10). Its subsystem composed
of modes X1, . . . , X5 (shown within brackets) was stud-
ied by Aoyagi et al. (1997). Their model, however, does
not conserve the total vorticity. In contrast, LOM (10)
does conserve total vorticity, thanks to the linear integral
I 5 RX5 2 rX6 [similar to the linear integral in LOM
(8)]. As a system of coupled gyrostats, LOM (10) also
conserves energy. Thus, LOM (10) is the smallest LOM
(among quadratically nonlinear Galerkin approxima-
tions) exhibiting spontaneous vertical shear while re-
specting all conservation laws. However, the more com-
plete system (8) also reproduces the proper linear be-
havior of the original equations, which system (10)
lacks.

4. An LOM for the quasigeostrophic potential
vorticity equation
In this section, the LOM for quasigeostrophic at-

mospheric circulation developed by Charney and
DeVore (1979) and extended by De Swart (1988,
1989a,b) is shown to have the modular structure of cou-
pled gyrostats. In his system, De Swart discovered cha-
otic vacillations between two distinct regions in the
phase space that he identified as high-index and low-
index regimes. Once again, the gyrostatic structure of
the model makes clear how to identify the smallest sub-
system displaying chaotic vacillations between two dis-
tinct regimes.

Consider, following De Swart (1989a,b), the quasi-
geostrophic potential vorticity equation

] ]c
2 2π c 1 J(c, π c) 1 gJ(c, h) 1 b

]t ]x
21 Cπ (c 2 c*) 5 0, (11a)

nondimensionalized using k21, s21, H, respectively, the
length, time-, and height scales of a large-scale atmo-
spheric flow. In Eq. (11a), c(x, y, t) is the stream func-
tion, h(x, y) describes the topography with characteristic
amplitude h0, g 5 (2V sinf0h0)/sH, b 5 [(2V/r)
cosf0]/sk, V is the angular speed of the earth’s rotation,
f0 a central latitude, r the radius of the earth, C 5
(gdE)/2h0, and dE is the depth of the Ekman layer. Equa-
tion (11a), describing the motion of a flow on a beta
plane centered at latitude f0, is considered in a rect-
angular channel with the following boundary condi-
tions:

c(x, y, t) 5 c(x 1 2p, y, t);
2p]c ] ]c

5 0, and dx 5 0 (11b)E]x ]t ]y0

2pB
at y 5 0, y 5 5 pb,

L

where B and L are the width and length of the channel.
Applying the Galerkin technique to Eqs. (11), with 10
modes retained, resulted in the following LOM (De
Swart 1989b), where x1 and x4 correspond to two zonal
flow modes, while (x2, x3), (x5, x6), (x7, x8), and (x9,
x10) represent four Rossby waves:

 ẋ 5 g*x 2 C(x 2 x*),1 11 3 1 1

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 2 r (x x 2 x x ),2 11 1 11 3 2 11 4 6 11 5 8 6 7F G ẋ 5 (a x 2 b )x 2 g x 2 Cx 1 d x x 1 r (x x 2 x x ),3 11 1 11 2 11 1 3 11 4 5 11 5 7 6 8
 *ẋ 5 g x 2 C(x 2 x*), 1 ´ (x x 2 x x ) 1 ´ (x x 2 x x ),4 12 6 4 4 1 2 6 3 5 2 7 10 8 9

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 1 r (x x 1 x x ) 1 g9 x ,5 12 1 12 6 5 12 3 4 12 2 8 3 7 12 8 
ẋ 5 (a x 2 b )x 2 g x 2 Cx 1 d x x 2 r (x x 1 x x ) 2 g9 x ,6 12 1 12 5 12 4 6 12 2 4 12 2 7 3 8 12 7 
ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 2 r (x x 1 x x ) 1 g9 x ,7 21 1 21 8 7 21 4 10 21 2 6 3 5 21 6

ẋ 5 (a x 2 b )x 2 Cx 1 d x x 1 r (x x 2 x x ) 1 g9 x ,8 21 1 21 7 8 21 4 9 21 2 5 3 6 21 5

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x ,9 22 1 22 10 9 22 4 8

ẋ 5 (a x 2 b )x 2 Cx 1 d x x .10 22 1 22 9 10 22 4 7 (12)

In Eqs. (12), anm 5 (8 /p) [m2/(4m2 2 1)] [(n2b2 1œ2
m2 2 1)/(n2b2 1 m2)], bnm 5 bnb2/(n2b2 1 m2), 5g*nm
[4m/(4m2 2 1)] ( nbg/p,) gnm 5 [4m3/(4m2 2 1)]œ2
{ nbg/[p(n2b2 1 m2)]}, 5 3bg/[4(n2b2 1 m2)],œ2 g9nm
dnm 5 (64 /15p) {(n2b2 2 m2 1 1)/(n2b2 1 m2)}, ´nœ2

5 16 /5p, and rnm 5 (9/2) {[(n 2 2)2b2 2 (m 2 2)2]/œ2
[(n2b2 1 m2)]}.
The three-component subsystem in the inner brackets

and the six-component subsystem in the outer brackets
in Eqs. (12) are the two Galerkin approximations orig-

7-mode model … 

8-mode model … 
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ABSTRACT

The development of physically sound low-order models (LOMs) of convective flow is discussed. LOMs are
constructed in the form of coupled three-mode systems known in mechanics as Volterra gyrostats. This structure
ensures energy conservation, a property of fundamental importance sometimes missing in atmospheric LOMs.
In addition, the gyrostatic form makes it possible to reduce an LOM to one with the minimal number of modes
that still describes the effect of interest. The approach is illustrated with two important LOMs. One is the
modification of the Howard–Krishnamurti model of convection with shear that restores conservation of both
energy and total vorticity to the original model. The other is the Charney–DeVore model of a barotropic
atmosphere over topography. In each case, the ‘‘minimal’’ LOM is extracted that possesses conservation prop-
erties and demonstrates the effect of interest: tilting of convection cells and vacillation between high-index and
low-index regimes, respectively.

1. Introduction

The term low-order models (LOMs) designates low-
order systems of nonlinear ordinary differential equa-
tions (ODEs) derived from the basic equations of at-
mospheric dynamics (Lorenz 1982). Unlike other types
of atmospheric models (general circulation models,
large numerical models used in operational forecasting,
direct numerical simulation and large eddy simulation
models) that necessarily concentrate on accuracy and
detail, LOMs contribute to the understanding of basic
mechanisms and their interplay through focus on key
elements and retaining only a minimal number of de-
grees of freedom. For example, developed turbulence
involves interactions of an immense number of degrees
of freedom that grows as a 9/4 power of the Reynolds
number. However, as noted by Bohr et al. (1998), ‘‘if
the interest is focused only on the scaling laws and on
the basic mechanism of the energy cascade at small
scales, it is possible to reproduce the main features by
a limited number of ODEs (the so-called shell models).’’
One such model (Gluhovsky and Tong 1999) exhibits
Kolmogorov spectral behavior with only nine modes.
After pioneering papers by Lorenz (1960, 1963), Saltz-
man (1962), and Obukhov (1969), LOMs have been
widely used in studies of complex atmospheric pro-
cesses (e.g., Charney and DeVore 1979; Kallen and
Wiin-Nielsen 1980; Van Delden 1984; Shirer 1987;
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Gledzer et al. 1988; De Swart 1989b; Wiin-Nielsen
1992; Bokhove and Shepherd 1996).
LOMs are commonly developed by employing the

Galerkin technique: fluid dynamical fields are expanded
into finite sets of time-independent modes satisfying the
boundary conditions. Then for the coefficients in these
expansions, a finite system of ODEs (the LOM) is de-
rived from the original equations. Unfortunately, as dis-
cussed by Treve and Manley (1982), despite a number
of highly attractive features, the method does not pro-
vide criteria for selecting modes, nor a guarantee that
a model based on a particular set of modes will behave
anything like the original system. Moreover, fundamen-
tal conservation properties of the fluid dynamical equa-
tions are sometimes violated in LOMs, which may result
in unphysical behavior (throughout the paper ‘‘conser-
vation’’ means ‘‘conservation in the absence of forcing
and dissipation’’).
One important example is provided by the well-

known Howard–Krishnamurti (1986) model of convec-
tion with shear. The model was the first to demonstrate
tilting of convection cells giving rise to large-scale hor-
izontal motions. Howard and Krishnamurti themselves
noticed in the model trajectories going to infinity that
they rightly attributed to deficiencies of the Galerkin
truncation. Thiffeault and Horton (1996) found that the
model lacked energy conservation and inadequately rep-
resented the heat flux. Their remedy was to add a term
to the Galerkin temperature expansion, which thus end-
ed unphysical behavior. Another modification of the
Howard–Krishnamurti (1986) model, adding a term into
the streamfunction expansion, was proposed by Hermiz
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responding to A). The Lorenz gyrostat is coupled with
two Euler gyroscopes, each involving streamfunction
modes X3, X4 (corresponding to A, C) and one shearing
streamfunction mode: X5 (B) or X6 (G).
Figure 2 demonstrates that the tilting of convection

cells is preserved in LOM (10). Its subsystem composed
of modes X1, . . . , X5 (shown within brackets) was stud-
ied by Aoyagi et al. (1997). Their model, however, does
not conserve the total vorticity. In contrast, LOM (10)
does conserve total vorticity, thanks to the linear integral
I 5 RX5 2 rX6 [similar to the linear integral in LOM
(8)]. As a system of coupled gyrostats, LOM (10) also
conserves energy. Thus, LOM (10) is the smallest LOM
(among quadratically nonlinear Galerkin approxima-
tions) exhibiting spontaneous vertical shear while re-
specting all conservation laws. However, the more com-
plete system (8) also reproduces the proper linear be-
havior of the original equations, which system (10)
lacks.

4. An LOM for the quasigeostrophic potential
vorticity equation
In this section, the LOM for quasigeostrophic at-

mospheric circulation developed by Charney and
DeVore (1979) and extended by De Swart (1988,
1989a,b) is shown to have the modular structure of cou-
pled gyrostats. In his system, De Swart discovered cha-
otic vacillations between two distinct regions in the
phase space that he identified as high-index and low-
index regimes. Once again, the gyrostatic structure of
the model makes clear how to identify the smallest sub-
system displaying chaotic vacillations between two dis-
tinct regimes.

Consider, following De Swart (1989a,b), the quasi-
geostrophic potential vorticity equation

] ]c
2 2π c 1 J(c, π c) 1 gJ(c, h) 1 b

]t ]x
21 Cπ (c 2 c*) 5 0, (11a)

nondimensionalized using k21, s21, H, respectively, the
length, time-, and height scales of a large-scale atmo-
spheric flow. In Eq. (11a), c(x, y, t) is the stream func-
tion, h(x, y) describes the topography with characteristic
amplitude h0, g 5 (2V sinf0h0)/sH, b 5 [(2V/r)
cosf0]/sk, V is the angular speed of the earth’s rotation,
f0 a central latitude, r the radius of the earth, C 5
(gdE)/2h0, and dE is the depth of the Ekman layer. Equa-
tion (11a), describing the motion of a flow on a beta
plane centered at latitude f0, is considered in a rect-
angular channel with the following boundary condi-
tions:

c(x, y, t) 5 c(x 1 2p, y, t);
2p]c ] ]c

5 0, and dx 5 0 (11b)E]x ]t ]y0

2pB
at y 5 0, y 5 5 pb,

L

where B and L are the width and length of the channel.
Applying the Galerkin technique to Eqs. (11), with 10
modes retained, resulted in the following LOM (De
Swart 1989b), where x1 and x4 correspond to two zonal
flow modes, while (x2, x3), (x5, x6), (x7, x8), and (x9,
x10) represent four Rossby waves:

 ẋ 5 g*x 2 C(x 2 x*),1 11 3 1 1

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 2 r (x x 2 x x ),2 11 1 11 3 2 11 4 6 11 5 8 6 7F G ẋ 5 (a x 2 b )x 2 g x 2 Cx 1 d x x 1 r (x x 2 x x ),3 11 1 11 2 11 1 3 11 4 5 11 5 7 6 8
 *ẋ 5 g x 2 C(x 2 x*), 1 ´ (x x 2 x x ) 1 ´ (x x 2 x x ),4 12 6 4 4 1 2 6 3 5 2 7 10 8 9

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 1 r (x x 1 x x ) 1 g9 x ,5 12 1 12 6 5 12 3 4 12 2 8 3 7 12 8 
ẋ 5 (a x 2 b )x 2 g x 2 Cx 1 d x x 2 r (x x 1 x x ) 2 g9 x ,6 12 1 12 5 12 4 6 12 2 4 12 2 7 3 8 12 7 
ẋ 5 2(a x 2 b )x 2 Cx 2 d x x 2 r (x x 1 x x ) 1 g9 x ,7 21 1 21 8 7 21 4 10 21 2 6 3 5 21 6

ẋ 5 (a x 2 b )x 2 Cx 1 d x x 1 r (x x 2 x x ) 1 g9 x ,8 21 1 21 7 8 21 4 9 21 2 5 3 6 21 5

ẋ 5 2(a x 2 b )x 2 Cx 2 d x x ,9 22 1 22 10 9 22 4 8

ẋ 5 (a x 2 b )x 2 Cx 1 d x x .10 22 1 22 9 10 22 4 7 (12)

In Eqs. (12), anm 5 (8 /p) [m2/(4m2 2 1)] [(n2b2 1œ2
m2 2 1)/(n2b2 1 m2)], bnm 5 bnb2/(n2b2 1 m2), 5g*nm
[4m/(4m2 2 1)] ( nbg/p,) gnm 5 [4m3/(4m2 2 1)]œ2
{ nbg/[p(n2b2 1 m2)]}, 5 3bg/[4(n2b2 1 m2)],œ2 g9nm
dnm 5 (64 /15p) {(n2b2 2 m2 1 1)/(n2b2 1 m2)}, ´nœ2

5 16 /5p, and rnm 5 (9/2) {[(n 2 2)2b2 2 (m 2 2)2]/œ2
[(n2b2 1 m2)]}.
The three-component subsystem in the inner brackets

and the six-component subsystem in the outer brackets
in Eqs. (12) are the two Galerkin approximations orig-
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• What are the next steps? 
 
•  Time dependent flows … 

• No-slip boundary conditions …   
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The calculus of variations is employed to find steady divergence-free velocity fields that
maximize transport of a passive tracer between two parallel walls of fixed concentration
for one of these two constraints on flow strength: a fixed value of the kinetic energy or
a fixed value of the enstrophy. The optimizing flows consist of an array of (convection)
cells of a particular aspect ratio � . We solve the nonlinear Euler-Lagrange equations
analytically for weak flows and numerically (and via matched asymptotic analysis in the
fixed energy case) for strong flows. We report the results in terms of the Nusselt number
Nu, a dimensionless measure of the tracer transport, as a function of the Péclect number
Pe, a dimensionless measure of the energy or enstrophy in the flow. For both constraints
the maximum transportNu

MAX

(Pe) is realized in cells of decreasing aspect ratio �
opt

(Pe)

as Pe increases. For the fixed energy problem, Nu
MAX

⇠ Pe and �
opt

⇠ Pe�1/2 while

when the enstrophy is fixed, Nu
MAX

⇠ Pe10/17 and �
opt

⇠ Pe�0.36. We also consider the
buoyancy-driven Rayleigh-Bénard convection problems that satisfy related flow intensity
constraints to investigate how the transport scalings compare with upper bounds on Nu in
terms of the Rayleigh number Ra. For steady convection in porous media, corresponding
to the fixed energy problem, we find Nu

MAX

⇠ Ra and �
opt

⇠ Ra�1/2 while for steady
convection in a fluid layer, corresponding to fixed enstrophy transport between free-slip
isothermal walls, Nu

MAX

⇠ Ra5/12 and �
opt

⇠ Ra�1/4.

Key words:

1. Introduction

Transport and mixing are crucial processes in science and engineering. In some applica-
tions, e.g., cooling or heating, the aim is to maximize transport of an advected quantity.
In other problems, such as pollutant spills, the goal may be to move a quantity from
one point in space to another as quickly as possible while minimizing mixing. For many
problems arising in natural flows, the focus is often on understanding the physical mech-
anisms of nonlinear transport or mixing processes and estimating their magnitude or
e�ciency as a function of initial and/or boundary conditions, source and sink distribu-
tions, and/or buoyancy or other body forces. Among the fundamental theoretical issues
these problems raise are those of optimal transport and optimal mixing by incompressible
fluid flows (see, for example, Shaw et al. (2007); Lin et al. (2011); Gubanov & Cortelezzi
(2012)).
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