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Submodular Functions
V : Finite Set

f:2Y >R VXY cV
F(X)+fF(Y)> T (XNY)+ T (XUY)

o Cut Capacity Functions

e Matroid Rank Functions
 Entropy Functions




Cut Capacity Function
Cut Capacity  «(X)=> {c(a)|a:leaving X}

c(a)>0

X

Max Flow Value = Min Cut Capacity



Matroids
M = (E, J) Whitney (1935)

peJ
lcJedS=1€3
VI,JeJ, |l |KJ|l=Fed-1,1u{j}eT

Rank Function

o(Y)=max{|J|:J cY,J €T}




Matroid Rank Functions

Matrix Rank Function
p(X)=rank AlU,X] | p:2" > Z,

VX <V, p(X) < X |.
[ X cY = p(X) < p(Y).
U 0 . Submodular.




Entropy Functions

Information

Sources h(¢) =0

h(X) : Entropy of the Joint Distribution

Y vyvyvyyvyvyy

h(X)+h(Y)>h(X AY)+h(X UY)

Conditional Mutual Information =0



Positive Definite Symmetric Matrices

— X

A[X]

f(g)=0
f(X)=logdet Al X]

Ky Fan’s Inequality
fFOX)+TY)>F(XNY)+ F(XUY)

Extension of the Hadamard Inequality

det A<] [ A
eV



Discrete Convexity

Convex Function f(X)+f(Y)=f(XNY)+ f(XUY)

- @




Discrete Convexity
Lovasz (1983)

V={ab,c} O.Cr f : Linear Interpolation
@b} (b} f : Convex
U
{c} f . Submodular
{a} &

Discrete Convex Analysis

Murota (2003)



Base Polyhedra
RY ={x|V - R} N
X(Y) = x(v) \\

T(¢)=0

Submodular Polyhedron
P(f)={x|xeR"Y,VY cV,x(Y)< f(Y)}

Base Polyhedron

B(T)=1x[xeP(1),x(V)=1(V)}



Greedy Algorithm oo oo
< L(V) >
Vp &) . . Vv * e Vi

y(v) = f(LW) - fF(LV)—{})  (veV)

Y . Extreme Base

1 0 - O y(v)] [f(L(v,))
11 -0 |lyiv,) | | f(L(v,))

L1 1)y | f)



Greedy Algorithm

yeB(f)? y(X)< f(X), VX<V

Induction on | X |

y(X v} < fF(X\{v'})

Submodularity

y(X) = y(X \{v'H+y(v)
< FOX\v P+ F(L(v)) - F(LOV)WV' D

Qf(X)




Linear Optimization

max{( p,x)|x € B(f)}? peRY

max{(p.x)|xeP(F)}?  (PX)= pWXW)
Greedy Algorithm with p(v,) > p(v,) == p(v,)

y(v) = f(L(V) - f(LV)-{}) (VeV)

Y . Optimal

f(p)=max{(p,x)|xeB(f)} — f:Convex




Linear Optimization

Dual LP
Minimize ) q, f(X)

XcV

subjectto > g, =p(v), WveV,

X>ov

qy, =0, VX cV.

q ::{p(vj)_ p(Vj+1) (X = L(Vj))

0 (otherwise)

2.0 F(X)= Z[D(V) p(v;. )1 (L(v;)) = T (p)

XcV



Graph Orientation

G=(V,E): Graph b:V > Z,
e(X): Number of Edges Incidentto X.
Hakimi [1965]

There exists an orientation G with
in-deg(v) =b(v) for every veV.

@& | h(X)<e(X), VXV,

(o

e : Submodular

b(V)=e(V).

b e B(e)




Connected Detachment

G =(V, E): Connected Graph b:V >2Z,

Detachment
G=(,E) —> G=(W,E):

2

1 1

Split each vertex V €V into b(V) vertices. Each edge
should be incident to some corresponding vertices.



Connected Detachment

Theorem (Nash-Williams [1985])
There exists a connected h-detachment of G.

<> b(X)<e(X)-c(X)+1, VX V.

c(X) : Number of Connected Components in G\ X.

I:> Consider an b-detachment.
Shrink each connected component in G\ X.

e

P—

)

e/

m\

|y

Number of vertices: b(X)+c(X).

Number of edges: e(X).
If the resulting graph is connected,

b(X)+c(X)<e(X)+1.



Connected Detachment
f(X)=e(X)-c(X)+1 Submodular
fV)=lE|+l f(4)=0.

3 beP(f) JheB(f), h>b.

seV fh(v) (V#S)

V)= 91 wos | YEBE

JO0rientation Gwith in-deg (V) = y(v), YveV.
R : Set of vertices reachable from S.
e(R)=y(R)=h(R)-1< f(R)-1 R=V




Connected Detachment

An orientation connected from a root S such that
In-deg (v) > b(v) for every vV # S and in-deg(s) > b(s) 1.




Intersecting Submodular Functions

Intersecting:
XNY #9, X\Y =g, Y\X #¢.

f:2¥ 5R
Intersecting Submodular:

F(X)+ F(Y)> F(XAY)+ f(XUY)

vX,Y cV : Intersecting



Intersecting Submodular Functions

f:2¥ > R Intersecting Submodular f(¢)=0

P(f)={x|xeRY,VY cV,x(Y) < f(Y)}

Theorem (Lovasz [1977])

There exists a fully submodular function

—~

f :2" - R such that P(f):P(F).

f~(X) = min{Zk: f (X)) {X,,..., X, }:partition of X}



Crossing Submodular Functions

p

A\

N

ap

4

f:2¥ 5 R

Crossing:
XNY #z¢9, XUY 2V,

X\Y #¢, Y\ X =4

Crossing Submodular:

F(X)+ F(Y)> F(XAY)+ f(XUY)

vX,Y cV : Crossing



Crossing Submodular Functions
f:2¥ >R Crossing Submodular f(p)=0
B(f)={x|xeRY,x(V)=f(V),¥VY cV,x(Y)< f(Y)}

Theorem (Frank [1982], Fujishige [1984]) -

There exists a fully submodular function

—~

f:2Y >R suchthat B(f)=B(f),
provided that B(f) Is nonempty.

Bi-truncation Algorithm Frank & Tardos [1988].



Graph Orientation
G=(,E): Graph b:V—>2Z,

beB(f)

e(X) : Number of Edges Incidentto X.

Tﬁhere exists an Kk-arc-connected orientation
G with in-deg(v) =b(v) for everyveV.

@& h(X)<e(X)-k, VX cV,
b(V) =e(V).




Graph Orientation
When is B(f) nonempty?

Theorem (Nash-Williams [1969])

There exists an K -arc-connected orientation of G.

|

G : 2k-edge-connected

)

X(v)=d(v)/2 (veV)

< Xe B(f)




Minimax Acyclic Orientation
G=(V,E): Graph

Find an acyclic orientation that
minimizes the maximum in-degree
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