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Submodular Functions
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Cut Capacity Function
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Matroids
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Matroid Rank Functions 
Matrix Rank Function
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Entropy Functions

Information 
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Positive Definite Symmetric Matrices 
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Discrete Convexity
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Discrete Convexity
Lovász (1983)
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Discrete Convex Analysis
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Base Polyhedra

Submodular Polyhedron
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Edmonds (1970)
Shapley (1971)Greedy Algorithm
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Greedy Algorithm
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Linear Optimization
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Linear Optimization
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Graph Orientation
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Connected Detachment
:),( EVG = Connected Graph +→ ZVb :

Detachment
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Split each vertex            into          vertices. Each edge 
should be  incident to some corresponding vertices. 
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Connected Detachment
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Connected Detachment
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Connected Detachment
An orientation connected from a root     such that 
in-deg              for every          and in-deg 
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Intersecting Submodular Functions
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Intersecting Submodular Functions
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Crossing Submodular Functions
Crossing:
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Crossing Submodular Functions
0)( =φfCrossing SubmodularR→Vf 2:

)}()(,),()(,|{)( YfYxVYVfVxxxfB V ≤⊆∀=∈= R

Theorem (Frank [1982], Fujishige [1984])

R→Vf 2:~
There exists a fully submodular function  

),~()( fBfB =such that 

provided that            is nonempty.   )( fB

Bi-truncation Algorithm    Frank & Tardos [1988].



Graph Orientation
:),( EVG = Graph
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Graph Orientation
)( fBWhen is           nonempty?
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Minimax Acyclic Orientation
Graph:),( EVG =

Find an acyclic orientation that 
minimizes the maximum in-degree
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