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Submodular Function Minimization
Assumption: f(¢) =0

Minimization > Evaluation

Algorithm Oracle
T (X)

v

Minimizer min{f(Y)|Y cV}?



Submodular Function Minimization

Grotschel, Lovasz, Schrijver (1981, 1988)
Ellipsoid Method

Cunningham (1985)
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O((n°»+n")logn) O(n°y +n°)




Base Polyhedra
RY ={x|V - R} N
X(Y) = x(v) \\

T(¢)=0

Submodular Polyhedron
P(f)={x|xeRY,VY cV,x(Y)< f(Y)}

Base Polyhedron

B(T)=1x[xeP(1),x(V)=1(V)}



Min-Max Theorem

Theorem Edmonds (1970)

min f (Y) = max{z(V)|ze P(f),z <0}
—max{x (V) |xeB(f)}

X~ (V) =min{0, x(v)}

7(V)<z(Y) < f(Y) N
x"(V) < x(Y) < f(Y)




Min-Max Theorem

min f (Y) = max{z(V)|ze P(f),z <0}
—max{x (V) |xeB(f)}

f°(X)=min{f(Y)|Y < X} Submodular
P(f") < P(f)
zeB(f°) = z(V)=1°"(V)=min f(Y)

YV



Combinatorial Approach

Extreme Base Y. € B(f)

Convex Combination

X:ZAM

el .X
Cunningham (1985)
O(n°My lognM) Gaussian Elimination

M =max| f(X)]

XcVv



Schrijver’'s Algorithm
"= Z/ly, L Vv u

G (\/A) |

A. ={(u,v)|diel,v <. u} d(v): distancefrom S
U d(t) :maximuninT

z d(u)=d(t)-1
S
. X(U) =x(U)+

X(t) =x(t)—

S={v|x(v)<0} T=4{v|x(v)>0}



Schrijver’s Algorithm
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Schrijver’s Algorithm

W

No Path from Sto T

W :={v|v:Reachable from S} y. (W)= f(W), Viel

> x_(V) )

= X(W
= Ay, W) = fW)

W

S —{v| X(v) < O} T —{u | x(v) > O} o(ny+n)



IFF Scaling Algorithm

O~ M — < 3 rﬁ(&X)J: Submodular

f.(X)=f(X)+o| X|-[V\X] Cut Function

@ . Flow In the Complete Digraph ¢(u,v) <o

X= Zli Yi _
icl o - Augmenting P
S

Z=X+0¢

Increase z~ (V)
S=qv|z(v)<-6}y T ={v|z(v)>J}



IFF Scaling Algorithm

No Path from Sto T Double-Exchange
Vi =Y+ B — 1)

X=X+a(y,—x,)
a '=min{o, 4. f}
J V a=ALp a<Ap

W ={v|v:Reachable from S}

' Saturating Nonsaturating



IFF Scaling Algorithm

No Path from S to T yW)=fW), Viel
No Active Triple(i,u,v) | x(W)=> Ay,W)=f (W)

N

W z(V)ztW)-no
. . x (V) > f(W)-n2s
o < LZ —> (W) :Min
L

i O(n°y logM)
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Open Problems

* A Fully Combinatorial SFM Algorithm
without Scaling.

e A Lower Bound on the Number of
Oracle Calls for General SFM.



Fully Combinatorial Algorithm

Addition, Subtraction, Comparison
Oracle Call (Function Evaluation)

Multiplication ¢ € R,ueZ —— Compute U
Division ae€R,feR —— Compute = |_05/,B_\

* Neglect the Gaussian Elimination Step.

 Use Nonnegative Integer Combination
Instead of Convex Combination.

 Choose a Step Length Appropriately.



Pointers

e S. Fujishige: Submodular Functions and
Optimization, North-Holland, 2005.

e« S. T. McCormick: Submodular Function
Minimization, Discrete Optimization,
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