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Submodular Functions and Polyhedra
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Combinatorial Approach
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Combinatorial Approach

)}(|)(max{)(min fBxVxYf
VY

∈= −

⊆

Convex Combination 

∑
∈

=
Ii

ii yx λ

iL

:)( fByi ∈

.V

Extreme Base Generated by 
the Greedy Algorithm with an 
Linear Ordering        in 



Submodular Function Minimization
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Finding All Minimizers
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The set of minimizers forms a distributive lattice.

[G.Birkhoff]
Any distributive lattice 
can be represented 
as the set of ideals of 
a partial ordered set. 



Partial Order of an Extreme Base
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Finding All Minimizers
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Applications
• Evacuation Problem
• Multi-terminal Source Coding 
• Multi-class Queueing System
• Constraint Satisfaction Problem
• Potts Model  (Anglès d’Auriac, Iglói, 

Preissmann,  Sebő [2002])    
• Testing Brach-width 

(Oum & Seymour [2007])



Evacuation Problem （Dynamic 
Flow）
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Multi-terminal Source Coding
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Multi-class Queueing Systems

Service TimeArrival Interval
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Performance Region
:js Expected Staying Time of a Job in j
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A Class of Submodular Functions
Itoko & Iwata (2005)Vzyx +∈R,,

:h Nonnegative, Nondecreasing, Convex
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Zonotope in 3D
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Remark: ),,(~ zyxf is NOT concave!



Line Arrangement
β
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Enumerating All the Cells 

Topological Sweeping Method
Edelsbrunner, Guibas (1989) )( 2nO
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