
NOTES FOR TRENTO SUMMER SCHOOL

J.M. LANDSBERG

These notes are meant as a supplement to my lecture series. I will cover part of them in
detail, other parts are more background material that will be covered only briefly, and further
parts consist of supplementary material that I probably will not have time to touch upon. In
addition to these notes, the lectures will include basics on the representation theory of GLn. I
suggest reading sections 3 and 4 before you arrive and doing the exercises there.

1. Tensor decompositions arising in numerical analysis

1.1. Motivation. For a proper introduction to the uses of tensors in numerical analysis, I
suggest [9]. There are good techniques for approximating linear maps between vector spaces
equipped with inner products by linear maps of low rank. (Take the singular value decompo-
sition and truncate.) One would like to do something similar for tensors. A central issue for
applications is storage of information, and if we are in A1⊗⋯⊗ Ad, even if dimAi = 2, there is
an exponential growth in storage costs with the number of factors. One wants to approximate
tensors in a way that the cost grows slower than exponentially with the number of factors. A
first idea, to use tensors of low tensor rank has two drawbacks: first, we do not know how to
find low rank approximations, and more seriously, tensor rank is not semi-continuous, so it gives
rise to instability. In physics one often uses tensor network states. I will use a modified version
of W. Hackbusch’s notation to describe these in the binary tree case. I restrict to the tree case
because other cases also suffer from not being closed, see [16]. I restrict further to the binary tree
case because they are most amenable to adopting approximation methods from linear algebra,
and the main purpose of these notes is to present a question of Hackbusch and some auxiliary
geometric questions.

1.2. Tree tensor network states. Take a binary tree Γ where we write the root at the top, call
it vf , and the vertices with a single edge (called the offspring) at the bottom, which we assume
are d in number, denoted v1,⋯, vd and we associate the vector spaces Ai to these vertices. To all
other vertices vα we associate a natural number rα, and let r = (r1,⋯, rf ) be the vector of these
natural numbers. Then define TNSΓ,r ⊂ A1⊗⋯⊗ Ad to be the set of tensors T ∈ A1⊗⋯⊗ Ad such
that there exists subspaces, Uj ⊂ Aj of dimension rj, and for all other vertices, there exist Uv

of dimension rv where Uv is a subspace of the tensor product of the U ’s associated to its two
children, and such that T ∈ Uf .

For example, if d = 3 and Γ is
Then TNSΓ,(r1,r2,r3,r23,r1,23) consists of tensors T such that there exist Uj ⊂ Aj of dimension

rj , U23 ⊂ U2⊗U3 of dimension r23 and U ⊂ U1⊗U23 of dimension r1,23 such that T ∈ U .
Among these there are two cases that appear frequently in the literature, the tensor train or

matrix product states, denoted TT, where the graph is:
and the hierarchical format, denoted HF, where the graph is a binary tree:
When we are in one of the above formats I write TTr or HFr instead. Note that I should

really include an ordering of the offspring vertices, but I suppress that in the notation.
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A_1 A_2 A_3

...

A_1 A_2 A_d

A_1 A_2 A_3 A_4 A_5 A_6 A_7 A_8

Exercise 1.1: Write down parametrizations of TTr and HFr.

Proposition 1.2. For all trees Γ, the set TNSΓ,r ⊂ A1⊗⋯⊗ Ad is an algebraic variety, which is
irreducible for any fixed ordering of the roots.

Exercise 1.3: Prove Proposition 1.2. Hint: consider bundles over Grassmannians.

Problem 1.4. Give a nice presentation of generators of the ideal, especially in the TT and HF
cases. What are the dimensions of these varieties?

Exercise 1.5: [9, Prop 12.5] Let T ∈ TTr with rj ≤ r for all j, then T ∈HFr with rs ≤ r2.
Conjecture 1.6 (Hackbusch). For all d = 2k with k ≥ 3, there exists T ∈ HFr with rs ≤ r and

T /∈ TTr with rj < d 1

2
log2 r for any ordering of the vector spaces.

2. Matrix multiplication

The workhorse of scientific computation is matrix multiplication. The standard algorithm for
multiplying n × n matrices uses on the order of n3 arithmetic operations, whereas addition of
matrices only uses n2. For a 10,000 × 10,000 matrix this means 1012 arithmetic operations for
multiplication compared with 108 for addition. Wouldn’t it be great if all matrix operations were
as easy as addition? As “pie in the sky” as this wish sounds, it might not be far from reality. In
1969 Strassen discovered an algorithm for multiplying 2×2 matrices using seven multiplications
and more generally n×n matrices using on the order of n2.81 arithmetic operations. More recent
advances have brought the number of operations needed even closer to the n2 of addition, and
it is generally conjectured in the computer science community that asymptotically one can get
arbitrarily close to n2.

2.1. The standard algorithm. Let A,B be 2 × 2 matrices

A = (a11 a12
a21 a22

) , B = (b11 b12
b21 b22

) .
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The usual algorithm to calculate the matrix product C = AB is

c11 = a11b11 + a12b21,
c12 = a11b12 + a12b22,
c21 = a21b11 + a22b21,
c22 = a21b12 + a22b22.

It requires 8 multiplications and 4 additions to execute, and applied to n × n matrices, it uses
n3 multiplications and n3 − n2 additions.

2.2. Strassen’s algorithm for multiplying 2 × 2 matrices using only seven scalar mul-

tiplications [22]. Set

I = (a11 + a22)(b11 + b22),(1)

II = (a21 + a22)b11,
III = a11(b12 − b22)
IV = a22(−b11 + b21)
V = (a11 + a12)b22
V I = (−a11 + a21)(b11 + b12),
V II = (a12 − a22)(b21 + b22),

Exercise 2.1: Show that if C = AB, then

c11 = I + IV − V + V II,
c21 = II + IV,
c12 = III + V,
c22 = I + III − II + V I.

2.3. Fast multiplication of n×nmatrices. In Strassen’s algorithm, the entries of the matrices
need not be scalars - they could themselves be matrices. Let A,B be 4 × 4 matrices, and write

A = (a11 a12
a21 a22

) , B = (b11 b12
b21 b22

) .
where aij, b

i
j are 2×2 matrices. One may apply Strassen’s algorithm to get the blocks of C = AB

in terms of the blocks of A,B performing 7 multiplications of 2×2 matrices. Since one can apply
Strassen’s algorithm to each block, one can multiply 4× 4 matrices using 72 = 49 multiplications
instead of the usual 43 = 64. If A,B are 2k × 2k matrices, one may multiply them using 7k

multiplications instead of the usual 8k. If n is not a power of two, enlarge the matrices with
blocks of zeros to obtain matrices whose size is a power of two. Asymptotically, one can multiply
n ×n matrices using approximately nlog2(7) ≃ n2.81 arithmetic operations. To see this, let n = 2k
and write 7k = (2k)a so k log2 7 = ak log2 2 so a = log2 7.
Definition 2.2. The exponent ω of matrix multiplication is

ω ∶= inf{h ∈ R ∣Matn×n may be multiplied using O(nh) arithmetic operations}
Strassen’s algorithm shows ω ≤ log2(7) < 2.81. Determining ω is a central open problem in

complexity theory. The current “world record” is ω < 2.373, see [24, 7, 20].
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2.4. Geometry and the complexity of matrix multiplication. Had someone asked him,
Terracini, in 1913 would have been able to predict the existence of something like Strassen’s
algorithm from geometric considerations alone. He would have been able to tell you that even a
generic bilinear map C

4 ×C4 → C
4 can be executed using seven multiplications and thus, fixing

any ǫ > 0, one can perform any bilinear map C
4×C4 → C

4 “within ǫ” using seven multiplications.
We will see how to prove this.

We will work with two different ways of counting arithmetic operations, (tensor) rank and
border rank, that are particularly well suited to be studied using geometry. In particular we
will derive lower bounds for the complexity of matrix multiplication and see how to arrive at
Strassen’s algorithm from purely geometric considerations.

We will define a sequence of nested subsets of the space of bilinear maps CN×CN → C
N (where

for matrix multiplication we will take N = n2). These subsets will be algebraic varieties, that is
they will be defined by polynomial equations. (They go under the name secant varieties of Segre
varieties.) To prove a bilinear map T has “complexity” at least r, we will find a polynomial that
vanishes on the r-th subset, such that the polynomial does not vanish on T .

The matrix multiplication operator has considerable symmetry. For example, M(X,Y ) =
M(XA,A−1Y ) for any invertible matrix A. Notice that this already gives us an n2 parameter
family of ways of writing down M as a bilinear map. In fact we will see there is considerably
more symmetry.

Exploiting symmetry will be critical to this and every problem we discuss in this class. The
systematic way to exploit symmetry goes under the name representation theory, and I will
introduce different aspects of it as we need them.

3. Matrix multiplication and multi-linear algebra

3.1. Matrix multiplication as a bilinear map. Let’s study rectangular matrix multiplica-
tion:

M =M⟨n,m,l⟩ ∶Matn×m ×Matm×l →Matn×l.

Note that matrix multiplication is a bilinear map, i.e., for all Xj ,X ∈Matn×m, Yj , Y ∈MatM×k
and aj, bj ∈ C,

M(a1X1 + a2X2, Y ) = a1M(X1, Y ) + a2M(X2, Y ), and

M(X,b1Y1 + b2Y2) = b1M(X,Y1) + b2M(X,Y2).
Our first task will be to describe matrix multiplication without reference to coordinates - this
will reveal extra symmetry that we missed in the last lecture.

To do this I will review basic facts from linear and multi-linear algebra. For more details on
this topic, see [12, Chap. 2].

3.2. Linear maps. In what follows it will be essential to work without bases, so instead of
writing C

v I will work with a complex vector space V of dimension v. Given V , one can form
a second vector space, called the dual space to V , whose elements are linear maps from V to C:

V ∗ ∶= {α ∶ V → C ∣ α is linear}
If one is working in bases and represents elements of V by column vectors, then elements of
V ∗ are naturally represented by row vectors and the map v ↦ α(v) is just row-column matrix
multiplication. Given a basis v1,⋯, vv of V , it determines a basis α1,⋯, αv of V ∗ by αi(vj) = δij .
Exercise 3.1: Assuming V is finite dimensional, write down a canonical isomorphism V →(V ∗)∗. ⊚
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Let V ∗⊗W denote the space of all linear maps V → W . Given α ∈ V ∗ and w ∈ W define a
linear map α⊗w ∶ V →W by α⊗w(v) ∶= α(v)w. Such a linear map is said to have rank one.

Define the rank of an element f ∈ V ∗⊗W is the smallest r such f may be expressed as a sum
of r rank one linear maps.

Given a linear map f ∶ V →W we also have a linear map fT ∶W ∗ → V ∗ defined by fT (β)(v) ∶=
β(f(v)) for all v ∈ V and β ∈W ∗. Note that this is consistent with the notation V ∗⊗W ≃W⊗V ∗,
being interpreted as the space of all linear maps (W ∗)∗ → V ∗, that is, the order we write the
factors does not matter. If we work in bases and insist that all vectors are column vectors, the
matrix of fT is just the transpose of the matrix of f .

Exercise 3.2: Show that we may also consider an element f ∈ V ∗⊗W as a bilinear map bf ∶
V ×W ∗ → C defined by bf(β, v) ∶= β(f(v)).
Exercise 3.3: Show that (V ∗⊗W )∗ ≃ V ⊗W ∗ where α⊗w(v⊗β) ∶= α(w)β(v). Now let V = W
and let IdV ∈ V ∗⊗V ≃ (V ∗⊗V )∗ denote the identity map. What is IdV (f) for f ∈ V ∗⊗V ? ⊚
Theorem 3.4 (Fundamental theorem of linear algebra). Let V,W be finite dimensional vector
spaces and let f ∶ V →W be a linear map. Then

(1) rank(f) = dimf(V ) = dimfT (W ∗), in particular rank(f) ≤min{dimV,dimW}.
(2) For generic f , rank(f) =min{dimV,dimW}.
(3) If a sequence of linear maps ft of rank r has a limit f0, then rank(f0) ≤ r.
(4) rank(f) ≤ r if and only if, in any choice of bases, the determinants of all size r+1 minors

of the matrix representing f are all zero.

Exercise 3.5: Prove the last assertion. ⊚
3.3. Basic definitions from representation theory. Let GL(V ) denote the group of invert-
ible linear maps V → V . If we have chosen a basis, this is the set of invertible v × v matrices.
We will say GL(V ) acts on V and that V is a G-module. Write v ↦ g ⋅ v for the action. Then
GL(V ) also acts on V ∗ where we define g ⋅ α by (g ⋅ α)(v) ∶= α(g−1v). The reason we take the
inverse is to have g1 ⋅ (g2 ⋅ α) = (g1g2) ⋅ α.

More generally, for any group G, given a group homomorphism µ ∶ G→ GL(V ), we will say G
acts on V . We will say the action is irreducible if there does not exist a proper subspace U ⊂ V
such that µ(g) ⋅ u ∈ U for all u ∈ U , g ∈ G, and otherwise we say the action is decomposable. The
word reducible is used for the action when there exists both a subspace U that and a comple-
mentary subspace U c both of which are preserved by G. For example GL(V ) acts irreducibly
on V and GL(V ) ×GL(W ) acts irreducibly on V ∗⊗W .

Definition 3.6. IfW1 andW2 areG-modules, i.e., if ρj ∶ G→ GL(Wj) are linear representations,
a G-module homomorphism, or G-module map, is a linear map f ∶W1 →W2 such that f(ρ1(g) ⋅
v) = ρ2(g) ⋅ f(v) for all v ∈W1 and g ∈ G.

One says W1 and W2 are isomorphic G-modules if there exists a G-module homomorphism
W1 →W2 that is a linear isomorphism. A module W is trivial if for all g ∈ G, ρ(g) = IdW .

For a group G and G-modules V and W , let HomG(V,W ) ⊂ V ∗⊗W denote the vector space
of G-module homomorphisms V →W .

Exercise 3.7: Show that the image and kernel of a G-module homomorphism are G-modules.

Lemma 3.8 (Schur’s Lemma). Let G be a group, let V and W be irreducible G-modules and
let f ∶ V → W be a G-module homomorphism. Then either f = 0 or f is an isomorphism. If
further V =W , then f = λ Id for some constant λ.

Exercise 3.9: Prove Schur’s Lemma.
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Example 3.10. The permutation groupSd acts on C
d equipped with its standard basis e1,⋯, ed

by σ(ej) = eσ(j) and extending linearly. This action is reducible, it decomposes into the direct
sum of the trivial representation, given by the span of e1 + ⋯ + ed, and a second irreducible
representation which has basis e1−e2,⋯, e1 −ed. The first is usually denoted [d], and the second
is denoted [d − 1,1]. (These notations are explained in §??.)

There is a second one-dimensional reprsentation of Sd, denoted [1d], namely, letting v ∈ C1,
define σ ⋅ v = sgn(σ)v. This is called the sign reprsentation.

Exercise 3.11: Let ρ ∶ G → GL(V ) be a representation. Define a function χρ ∶ G → C by
χρ(g) = trace(ρ(g)). The function χρ is called the character of ρ. Show that χρ is constant
on conjugacy classes of G. (In general, a function f ∶ G → C such that f(hgh−1) = f(g) for
all g,h ∈ G is called a class function.) Show that for representations ρj ∶ G → GL(Vj), that
χρ1⊕ρ2 = χρ1 + χρ2 .

3.4. Multi-linear maps and tensors. We are interested in properties of linear and multi-
linear maps that are invariant under changes of bases.

Proposition 3.12. f ∈ V ∗⊗W is completely determined up to GL(V )×GL(W )-equivalence by
its rank. In other words, there is a choice of bases such that the matrix representing f has r 1’s
along the diagonal and is zero elsewhere.

If one considers linear maps V → V under changes of bases in V the situation is quite different.
There are continuous parameters of invariants (the eigenvalues), and even these do not tell the
whole story. We’ll return to such issues later in the course. For now, we observe the following:

Proposition 3.13. The action of GL(V ) on V ∗⊗V is reducible. It decomposes as V ∗⊗V =
C{IdV } ⊕ sl(V ), where IdV is the identity map and sl(V ) are the linear maps f ∶ V → V such
that, IdV ∗(f) = 0, where we consider IdV ∗ ∈ V ⊗V ∗ ≃ (V ∗⊗V )∗.
Remark 3.14. Note that in any choice of basis, sl(V ) will be identified with the traceless matrices,
and by Exercise 3.3, the map f ↦ IdV ∗(f) is just f ↦ trace(f), i.e., f maps to the sum of its
eigenvalues. For more details see [12, §2.3,§2.5].

Exercise 3.15: Prove the decomposition. ⊚ Show that moreover C{Id} is a trivial GL(V )-
module.

We say V ⊗W is the tensor product of V with W . More generally, for vector spaces A1,⋯,An

define their tensor product A1⊗⋯⊗ An to be the space of n-linear maps A∗1 × ⋯ × A
∗

n → C,
equivalently the space of (n − 1)-linear maps A∗1 ×⋯ ×A

∗

n−1 → An etc..
Give V ⊗d the structure of a GL(V )-module by g ⋅ (v1⊗⋯⊗ vd) ∶= (g ⋅ v1)⊗⋯⊗ (g ⋅ vd) and

extending linearly.

Remark 3.16. I may (and will) identify A1⊗⋯⊗ An with any re-ordering of the factors. When I
need to be explicit about this, I will call this the re-ordering isomorphism.

Exercise 3.17: Give V ⊗d the structure of aSd-module by defining σ⋅(v1⊗⋯⊗ vd) = vσ(1)⊗⋯⊗ vσ(d).
Show that the actions of Sd and GL(V ) on V ⊗d commute with each other.

Definition 3.18. A tensor T ∈ V ⊗d is said to be symmetric if T (α1,⋯, αd) = T (ασ(1),⋯, ασ(d))
for all σ ∈ Sd, and skew-symmetric if T (α1,⋯, αd) = sgn(σ)T (ασ(1),⋯, ασ(d)) for all σ ∈ Sd. Let

SdV ⊂ V ⊗d (resp. ΛdV ⊂ V ⊗d) denote the space of symmetric (resp. skew-symmetric) tensors.

Definition 3.19. If l > k, define a contraction map V ⊗k × V ∗⊗l → V ∗⊗l−k by

(X,φ) = (x1⊗⋯⊗ xk, φ1⊗⋯⊗ φl)↦ φ X ∶= φ1(x1)⋯φk(xk)φk+1⊗⋯⊗ φl.
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3.5. Exercises.

(1) If dimAi = ai, show that dim(A1⊗⋯⊗ An) = a1⋯an.
(2) Show that the action of GL(V ) on V ⊗d is well-defined.
(3) Show that IdV ⊗IdW = IdV ⊗W ∈ (V ∗⊗V )⊗(W ∗⊗W ) ≃ (V ⊗W )∗⊗(V ⊗W ).
(4) Show that the S2-module V ⊗2 is reducible. Show that in matrices, this decomposition

corresponds to writing an v × v matrix as the direct sum of a symmetric matrix and
a skew-symmetric matrix. Show that the action of GL(V ) on V ⊗V also preserves this
decomposition.

(5) Given T ∈ SdV , show that T defines a homogeneous polynomial of degree d on V ∗, which,
for the purposes of this exercise, denote it by PT , via PT (α) = T (α,⋯, α). Similarly, given
a homogeneous polynomial P of degree d on V ∗, define a tensor TP by TP (α1,⋯, αd) is
the coefficient of t1⋯td in the polynomial P (t1α1 + ⋯ + tdαd) **check coefficients ok**.
The latter process is often called the polarization of P . Because of this I will use the the
same notation for symmetric tensors and homogenous polynomials in these notes.

(6) Let P ∈ S2
C
2. If P (α

β
) = aα2

+ bαβ + cβ2, what is P ((α1

β1
) ,(α1

β1
))?

(7) Given a linear map f ∶ V → W , one obtains linear maps f⊗k ∶ V ⊗k → W⊗k defined
by f(v1⊗⋯⊗ vk) = f(v1)⊗⋯⊗ f(vk). Verify that this is well defined. Show that it
descends to give linear maps f ○k ∶ SkV → SkW and f∧k ∶ ΛkV → ΛkW . Show that if
dimV = dimW = v, the map f∧v ∶ ΛvV → ΛvW is multiplication by a scalar. If V =W ,
show that the scalar is the determinant of the matrix of f with respect to any choices
of basis.

(8) Let χρ be as in Exercise 3.11, show that χρ1⊗ρ2 = χρ1χρ2 .

3.6. Matrix multiplication. By the discussion above, we may view matrix multiplication

M⟨U,V,W ⟩ ∶ (U∗⊗V ) × (V ∗⊗W )→ U∗⊗W

as a trilinear map which I will still denote by M⟨U,V,W ⟩:

M⟨U,V,W ⟩ ∶ (U∗⊗V ) × (V ∗⊗W ) × (U⊗W ∗)→ C.

Exercise 3.20: Show that in bases this map is (X,Y,Z) ↦ trace(XY Z).
We have M⟨U,V,W ⟩ ∈ (U⊗V ∗)⊗(V ⊗W ∗)⊗(U∗⊗W ) ≃ (U⊗U∗)⊗(V ⊗V ∗)⊗(W⊗W ∗).

Exercise 3.21: Show that as a tensor M⟨U,V,W ⟩ = IdU⊗IdV ⊗IdW .

Thanks to Exercises 3.21 and 3.15, we conclude

Proposition 3.22. Matrix multiplicationM⟨U,V,W ⟩ is invariant underGL(U)×GL(V )×GL(W ).
Exercise 3.23: Let U = V =W so we are dealing with multiplication of square matrices. Show
that M⟨n,n,n⟩ is also invariant under the group Z3 of cyclic permutations of the three matrices.

Since traceXT = traceX show that there is also a Z2-invariance, but note that this Z2 is not
contained in the S3 permuting the factors.

We conclude there is a map ρ ∶ GL×3n ⋉Z3⋉Z2 → GM⟨n,n,n⟩
, where GM⟨n,n,n⟩

⊂ GL(A)×GL(B)×
GL(C) denotes the subgroup preserving the tensor M⟨n,n,n⟩.

Exercise 3.24: Determine ker(ρ). ⊚
3.7. Complexity of bilinear maps. An element T ∈ A1⊗⋯⊗ An is said to have rank one if
there exist aj ∈ Aj such that T = a1⊗⋯⊗ an, i.e., considering T ∶ A∗1 × ⋯ × A∗n → C, we have
T (α1,⋯, αn) = α1(a1)⋯αn(an).
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We will use the following measure of complexity:

Definition 3.25. Let T ∈ A1⊗⋯⊗ An. Define the rank (or tensor rank) of T to be the smallest
r such that T may be written as the sum of r rank one tensors. We write R(T ) = r. Let
σ̂0r = σ̂0r,A1⊗⋯⊗ An

⊂ A1⊗⋯⊗ An denote the set of tensors of rank at most r.

The rank of T ∈ A⊗B⊗C is comparable to all other standard measures of complexity on the
space of bilinear maps, see, e.g., [3, §14.1]. It is roughly the number of multiplications required to
compute T on a triple of vectors, and is comparable to the total number of arithmetic operations
needed to compute T .

For example, letting xiα, y
α
u , z

u
i respectively be bases of A = Cnm, B = Cml, C = Cln, then the

standard expression of matrix multiplication is

M⟨l,m,n⟩ = n

∑
i=1

m

∑
α=1

l

∑
u=1

xiα⊗y
α
u⊗z

u
i

so we conclude R(M⟨n,m,l⟩) ≤ nml and Strassen’s algorithm shows R(M⟨2,2,2⟩) ≤ 7.
Exercise 3.26: Write Strassen’s algorithm out as a tensor. ⊚

Here is the plan:

To prove lower complexity bounds for matrix multiplication, find a polynomial on A⊗B⊗C

that
(i) vanishes on all tensors of rank at most r, and
(ii) does not vanish on M⟨U,V,W ⟩.
Then one can conclude R(M⟨U,V,W ⟩) ≥ r + 1.

3.8. Caution: The Fundamental theorem of linear algebra is false for tensors.

Theorem 3.27. Let n ≥ 3.
(1) If T ∈ A1⊗⋯⊗ An is outside the zero set of a finite collection of polynomials (in particular

outside a certain set of measure zero), then R(T ) ∼ a1⋯an

a1+⋯+an
>> ai.

(2) Rank can jump up (or down) under limits, i.e., σ̂0r is not closed when r > 1.
For the proof, see [12, §2.4,§5.5].
To envision why rank can jump up while taking limits, consider the following picture, where

the curve represents the points of σ̂01 . The points of σ̂
0
2 are those on a secant line to σ̂01 , and the

points where the rank jumps up are those that lie on a tangent line to σ̂01 . (This phenomena fails
to occur for matrices because for matrices, every point on a tangent line is also on an honest
secant line.)

a1 c1b1

T
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To see this explicitly, consider

T (t) ∶= 1

t
[a1⊗b1⊗c1 − (a1 + ta2)⊗(b1 + tb2)⊗(c1 + tc2)]

and note that

lim
t→0

T (t) = a1⊗b1⊗c2 + a1⊗b2⊗c1 + α2⊗b1⊗c1

which does not have rank two (exercise).

I should make more precise what I mean by “closed”, since a priori there could be two possible
meanings: a set is closed in the Zariski topology if it is the zero set of a collection of polynomials.
A set is closed in the Euclidean topology if it is closed under taking limits. In Theorem 3.27 both
notions coincide:

Proposition 3.28. Let U ⊂ PV or V . Then the Euclidean closure of U is contained in the
Zariski closure of U . If U is a Zariski open subset of its Zariski closure and the closure is
irreducible, then the two closures coincide.

For the proof, see, e.g. [19, Thm. 2.33].

3.9. Border rank. To “fix” this problem, we let σ̂r denote the closure of σ̂0r , and define the
border rank of T ∈ A1⊗⋯⊗ An, denoted R(T ), to be the smallest r such that T ∈ σ̂r.

By definition, border rank is semi-continuous. Border rank is easier to work with than rank
for several reasons. For example, the maximal rank of a tensor in C

m⊗Cm⊗Cm is not known in
general, we only know it is at most twice the border rank [5]. In contrast, the maximal border

rank is known in many cases. For example, in C
m
⊗C

m
⊗C

m, it is known to be ⌈m3
−1

3m−2
⌉ for all

m ≠ 3, and is 5 when m = 3 [18]. The method of proof is a differential-geometric calculation that
dates back to Terracini [23].

So our lower bounds obtained from polynomials will actually be lower bounds on border rank.
Both rank and border rank give rise to the same exponent of matrix muliplication, see §??.

3.10. Our first lower bound. Given T ∈ A⊗B⊗C, write T ∈ A⊗(B⊗C) and think of T as a
linear map TA ∶ A

∗ → B⊗C.

Proposition 3.29. R(T ) ≥ rank(TA).
Exercise 3.30: Prove Proposition 3.29. ⊚

Exercise 3.31: Find a choice of bases such that

M⟨n,n,n⟩(A∗) = ⎛⎜⎝
x

⋱

x

⎞⎟⎠
where x = (xij) is n × n.
Exercise 3.32: Show that R(M⟨n,n,n⟩) ≥ n2.

Exercise 3.33: Let b = c. Show that if T (A) is a diagonalizable subspace, then R(T ) ≤ b.
This implies that if T (A) is a limit of diagonalizable subspaces then R(T ) ≤ b.
Exercise 3.34: Assume b = c. Show that if T (A) is (simultaneously) diagonalizable, then
R(T ) ≤ b. Thus if it is a limit of diagonalizable subspaces, then R(T ) ≤ b.
Exercise 3.35: Show R(M⟨m,n,1⟩) =mn and R(M⟨m,1,1⟩) =m.
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4. Definitions and examples from algebraic geometry

We will need language from algebraic geometry to describe the “space” of decompositions of
a tensor. In this section I establish that language as well as additional language that we will
need later.

4.1. Varieties. Let X̂ ⊂ V be the common zero set of a collection of homogeneous polynomials.
Provisionally we will call such a set an algebraic variety. Since we only deal with homogeneous
polynomials, the zero set will be invariant under re-scaling. For this, and other reasons, it will
be convenient to work in projective space PV ∶= (V /0)/ ∼ where v ∼ w iff v = λw for some λ ∈ C∗.
Write π ∶ V /0 → PV for the projection map. For X ⊂ PV , write π−1(X) ∪ {0} = X̂ ⊂ V , and

π(y) = [y]. If X̂ ⊂ V is a variety, I will also refer to X ⊂ PV as a variety.

4.2. First examples of varieties.

(1) Projective space
(2) The Veronese variety

vd(PV ) = P{P ∈ SdV ∣ P = xdfor some x ∈ V } ⊂ PSdV.

(3) The Segre variety

Seg(PA1 ×⋯× PAn) ∶= P{T ∈ A1⊗⋯⊗ An ∣ ∃aj ∈ Aj such that T = a1⊗⋯⊗ an} ⊂ P(A1⊗⋯⊗ An).
(4) The Grassmannian

G(k,V ) ∶= P{T ∈ ΛkV ∣ ∃v1,⋯, vk ∈ V such that T = v1 ∧⋯∧ vk} ⊂ PΛkV.

(5) The Chow variety

Chd(V ) ∶= P{P ∈ SdV ∣ ∃v1,⋯, vd ∈ V such that P = v1⋯vd} ⊂ PSdV.

By definition, projective space is a variety (the zero set of no equations) and the Chow variety
is a variety, as the overline denotes Zariski closure.

Exercise 4.1: Show that the other three are varieties. Explicitly:

(1) Show that the Veronese is the zero set of the 2×2 minors of the linear map, for P ∈ SdV ,
P1,d−1 ∶ V

∗ → Sd−1V , where the map is contraction. (V ∗ may also be thought of as the

space of first order homogeneous linear differential operators on SdV .)
(2) Show that the Segre is the common zero set of the two by two minors of the linear maps,

given T ∈ A1⊗⋯⊗ An, define Tj ∶ A
∗

j → A1⊗⋯⊗ Aj−1⊗Aj+1⊗⋯⊗ An.

(3) Show that the Grassmannian is the zero set of the equations spanned by Λk−2jV ∗⊗Λk+2jV ∗

for 1 ≤ j ≤ min{⌊v−k
2
⌋, ⌊k

2
⌋} as follows: for Y ∈ Λk−2jV ∗ and Z ∈ Λk+2jV ∗, recalling Defi-

nition 3.19, define PY ⊗Z(T ) ∶= (T Z)(Y T ) (the evaluation of an element of Λ2jV ∗ on
an element of Λ2jV ). Note that these are quadratic equations in the coefficients of T .

In each of the above cases, the equations are the minors of some matrix and are naturally
expressed as such. Most varieties do not admit such natural determinental equations, and it will
be a re-occuring theme to determine which varieties do.

While by definition, the Chow variety is a variety, one would like to have its equations.
Equations for the Chow are known, see [12, §8.6.2]. However (for those familiar with the
terminology), generators of the ideal of the Chow variety are not known explicitly.

For each complexity problem I will discuss, the problem could be solved by finding a set of
defining equations for a variety associated to the problem and testing the equations on certain
points.
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4.3. Secant Varieties. Given a variety X ⊂ PV , define the X-rank of p ∈ V , RX(p), to be the

smallest r such that there exist x1,⋯, xr ∈ X̂ such that p is in the span of of x1,⋯, xr , and the X-
border rank RX(p) is defined to be the smallest r such that there exist curves x1(t),⋯, xr(t) ∈ X̂
such that p is in the span of the limiting plane limt→0⟨x1(t),⋯, xr(t)⟩. I will use the same terms
and notation for points in projective space.

Let σr(X) ⊂ PV denote the set of points of X-border rank at most r, called the r-th secant
variety of X.

When X = σ1 = Seg(PA1 ×⋯ × PAn) is the set of rank one tensors, σr(X) = σr.
One could determine the complexity of matrix multiplication by finding a set of defining

equations for σr(Seg(PCn
2

× PC
n
2

× PC
n
2)) and testing those equations on M⟨n,n,n⟩.

4.4. G-varieties. The Segre, Veronese and Grassmannian are examples of homogeneous vari-
eties G/P ⊂ PV , which by definition are varieties consisting of the orbit of some point x ∈ PV
under the action of some group G ⊂ GL(V ). In this case P = Gx, the subgroup of G fixing x.
Most orbits are not varieties, so one takes their orbit closures to obtain a variety. When d ≤ v
the Chow variety is an orbit closure, and when r = ai for 1 ≤ i ≤ n, σr(Seg(PA1 ×⋯ × PAn)) is
an orbit closure. Higher secant varieties of the Segre are not orbit closures in general, but they
are invariant under the action of G ∶= GL(A1) × ⋯ ×GL(An) ⊂ GL(A1⊗⋯⊗ An), in the sense
that if x ∈ σr(Seg(PA1 × ⋯ × PAn)) and g ∈ G, then g ⋅ x ∈ σr(Seg(PA1 ×⋯ × PAn)). A variety
invariant under the action of a group is called a G-variety.

4.5. Dimension. See e.g. [12, §4.9.4] or any standard algebraic geometry text for the definition
of the dimension of a variety - for now one could take it to be the number of parameters needed
to describe a variety locally. A näıve parameter count gives that if dimX = n, one expects
dimσr(X) = min{rn + r − 1,v − 1}, because to locate a point on σr(X), one gets to pick r

points on x and then a point on the P
r−1 that they span. We will call this number the expected

dimension of σr(X).
4.6. The abstract secant variety. We are now in a position to construct a space correspond-
ing to the set of decompositions of a tensor. We make the construction in the more general
context of secant varieties.

Let X ⊂ PV be a variety. Consider the set

Sr(X)0 ∶= {(x1,⋯, xr , z) ∈X×r × PV ∣ z ∈ span{x1,⋯, xr}} ⊂ Seg(X×r × PV ) ⊂ PV ⊗3
and let Sr(X) ∶= Sr(X)0 denote its Zariski closure. (For those familiar with quotients, it would

be better to deal with X(×r) ∶= X×r/Sr.) We have a map π ∶ Sr(X) → PV , given by projection
onto the third factor and the image is σr(X). We will call Sr(X) the abstract r-th secant variety
of X. Its main use for us will be to study decompositions of a point on σr(X). This is because,
if σr(X) is of the expected dimension and z ∈ σr(X) is a general point, π−1(z) will consist of
a finite number of points and each point will correspond to a decomposition z = x1 + ⋯ + xr
for xj ∈ x̂j , z ∈ ẑ. If the fiber of z is k-dimensional, then there is a k-parameter family of
decompositions of z as a sum of r rank one tensors. This occurs, for example if z ∈ σr−1(X),
but it can also occur for points in σr(X)/σr−1(X). We will show this is indeed the case for
M⟨2,2,2⟩ ∈ σ7(Seg(P3

× P
3
× P

3)).
First observe that if X is a G-variety, so σr(X) is also a G-variety, and if z ∈ σ0r(X) is fixed

by Gz ⊂ G, then Gz will act (possibly trivially) on π−1(z), and every distinct (up to trivialities)
point in its orbit will correspond to a distinct decomposition of z. Letting q ∈ π−1(X), if
dim(Gz ⋅ q) = dz, then there is at least a dz parameter family of decompositions of z as a sum of
r elements of X.
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4.7. Decompositions of M⟨n,n,n⟩. Let A = C
n
2

. The variety σr(Seg(PA × PA × PA)) ⊂
P(A⊗A⊗A) is a G = GL(A) × GL(A) × GL(A) ⋉ S3-variety. The tensor M⟨n,n,n⟩ ∈ A⊗A⊗A
is invariant under SLn × SLn × SLn ⋉ Z3 ⋉ Z2. Thus there is potentially (3n2

− 3)-parameters
worth of decompositions for M⟨n,n,n⟩ in its minimal decomposition.

Remark 4.2. This potentially huge family of optimal decompositions illustrates again just how
special matrix multiplication is. Note that dimSr−1(Seg(PA×PA×PA)) = (r−1)(3n2

−3)+r−2 =
3n2(r − 1) − 2r + 1 while dimGM⟨n,n,n⟩

= 3n2
− 3, so dimSr−1(Seg(PA × PA × PA)) + dimGM⟨2⟩ =

3n2r − 2r − 2 whereas dimSr(Seg(PA ×PA×PA)) = 3n2r − 2r − 1, so if the stabilizer of M⟨n,n,n⟩
in GM⟨n,n,n⟩

is finite the dimensions fall just one short of one expecting an intersection with

dimSr−1(Seg(PA × PA × PA)), and this is independent of r. Note however since the ambient
space is of Sr(Seg(PA × PA × PA)) is not projective space, we would not be guaranteed an
intersection even if the dimensions did match up.

5. Decompositions of tensors, especially M⟨n,n,n⟩

Unfortunately we only know which σr it sits in optimally when n = 2, so we now restrict to
that case. We expect similar results for all n. Before continuing, I would like to discuss the
discrete part of the symmetry. For this we will have to take a short detour.

5.1. The generalized Comon conjecture. In 2008 there was an AIM workshop that brought
together a very diverse group of researchers. Among them was Pierre Comon, an engineer
working in signal processing. In signal processing (at least practiced by Comon), one wants
to decompose tensors presumed to be of rank r explicitly into a sum of r rank one tensors.
Sometimes the relevant tensors are symmetric. At the workshop Comon presented the conjecture
that if a tensor happens to be symmetric and of rank r (as a tensor), then it will admit a
decomposition as a sum of r rank one symmetric tensors. The algebraic geometers in the
audience reacted to the conjecture with, to put it mildly, skepticism. The conjecture is still
open, see [2] for a discussion. Here is a generalization:

Conjecture 5.1 (Generalized Comon Conjecture). [4] Let T ∈ A⊗d and say R(T ) = r and T is
invariant under some Γ ⊆ Sd. Then T admits a Γ-invariant decomposition as a sum of r rank
one tensors.

In particular, one expects an optimal decomposition of matrix multiplication to be Z3-
invariant.

5.2. Z3 invariant tensors in V ⊗3. To understand Z3-invariant decompositions, we need to
decompose V ⊗3 under the action of S3 ×GL(V ). First let’s review the decomposition of V ⊗2

under S2 ×GL(V ). If one likes to think in bases, the action on V ⊗2 considered as the space of
v × v matrices X (thought of as the space of bilinear forms on V ∗, where X(v,w) = vTXw) by
g ∈ GL(V ) is g ⋅X = gXgT , and the action by the nontrivial element of S2 is X ↦ XT . So the
decomposition is into symmetric and skew-symmetric matrices, invariantly, is V ⊗2 = S2V ⊕Λ2V

where both S2V and Λ2V are irreducible S2 × GL(V )-modules. As an S2-module, S2V is(v+1
2
) copies of the trivial representation and Λ2V is (v

2
) copies of the sign representation. As a

GL(V )-module, both S2V and Λ2V are irreducible. (To see this note that the GL(V )-orbit of
any non-zero vector will never lie in a proper subspace.)

There are three irreducible representations of S3, the trivial [3], the sign [1,1,1], and the
complement of the trivial for the action of S3 on C

3, [2,1] (see Example 3.10).
In analogy with the d = 2 case, one sees S3V,Λ3V are both irreducible for GL(V ), and are

the isotypic components respectively of the trivial representation and the sign representation.
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By counting dimensions, we see we have not accounted for everything. Thus there must be
a subspace corresponding to the isotypic component of [2,1], of dimension v3

− (v+2
3
) − (v

3
) =

2
3
(n3−n). To get something complementary to S3V and Λ3V , consider the symmetrization map

V ⊗S2V → S3V . It is a GL(V )-map, so its kernel must be a GL(V )-module. Since the map is

surjective, the dimension of the kernel is v(v+1
2
) − (v+2

3
) = 2

6
(n3 −n), exactly half of what we are

missing. To get the other half we could take, e.g., the kernel of the map S2V ⊗V → S3V . Both
of these kernels are irreducible GL(V )-modules and they are isomorphic. We’ll see a proof of
this later, for now I record that, labeling the irreducible module S21V , we have

(2) V ⊗3 = (S3V ⊗[3]) ⊕ (S21V ⊗[2,1]) ⊕ (Λ3V ⊗[1,1,1])
as an irreducible GL(V ) ×S3-module.

We now consider how Z3 ⊂S3 acts on each factor. It is generated by a cyclic permutation.

Exercise 5.2: Show that (1,2,3) acts trivially on S3V ⊕Λ3V (i.e., these are the +1 eigenspaces

for (1,2,3), and S21V ⊗[2,1] splits into a direct sum of eigenspaces for ω and ω2 where ω = e 2πi
3 .

For more details on this decomposition, see [12, §2.7,2.8].
We now have enough representation theory to study decompositions of M⟨2⟩.

5.3. The decompositions of M⟨2⟩. We are looking for a nine-parameter family of Z3-invariant
decompositions of M⟨2⟩, parametrized by SL2 × SL2 × SL2. To keep better track of this, we

return to our invariant description of M⟨2⟩: let U,V,W = C2, and write M⟨2⟩ = IdU⊗IdV ⊗IdW ∈(U∗⊗V )⊗(V ∗⊗W )⊗(W ∗
⊗U) = A⊗B⊗C. To take advantage of Z3, we will need to identify

A,B,C, which we may do by identifying U,V,W . Explicitly, choose a0 ∶ U → V identifying
U ≃ V and b0 ∶ V → W , which determines c0 = a0−1b0−1 ∶ W → U . These elements, in bases for
V,W induced from those of U , will correspond to identity matrices. The choices have already
killed off two of our SL2’s and we are only left with one, say SL(U).

Now observe that the first term in Strassen’s algorithm, when it is expressed as a tensor (see
[12, eqn. 2.4.5]), is Id2⊗Id2⊗Id2, indicating our first term in the expression should be a0⊗b0⊗c0.
We now need to exactly use up SL(U)’s worth of freedom to get the rest of the expression. Now
SL2 acts three-transitively on CP

1, that is, given any three distinct points in CP
1 ≃ S2, there

exists exactly one element of SL2 that will move them to e.g., 0,1,∞, i.e., [1,0], [1,1], [0,1].
So we think of our algorithm as being obtained from three distinct points [u1], [u2], [u3] ∈ PU .
Together with the choice of a0, b0, this should uniquely determine the algorithm. Notice that
our choices also give us three points [u1⊥], [u2⊥], [u3⊥] ∈ PU∗, as the annihilator of a line in C

2

is a line in C
2∗. Applying a0 etc.. gives us triples of points in each of PV,PV ∗,PW,PW ∗ as well.

Examining Strassen’s algorithm, notice that all terms in it except the first are represented by
a triple of rank one matrices, and we now have a collection of rank one matrices up to scale:
ui
⊥
⊗vj ∈ U∗⊗V , vi

⊥
⊗wj ∈ V ∗⊗W , wi

⊥
⊗uj ∈ W ∗

⊗U . Set λ = u1⊥(v2)v3⊥(w1)w2
⊥(u3) *need to

check normalization***

Theorem 5.3. [4] The following is a 9 parameter family, parameterized by SL(U) × SL(V ) ×
SL(W ), of Z3-invariant rank seven expressions for M⟨2⟩:

M⟨2⟩ =a0⊗b0⊗c0(3)

+
1

λ
⟨(u1⊥⊗v3)⊗(v2⊥⊗w1)⊗(w3

⊥
⊗u2)⟩Z3

+
1

λ
⟨(u1⊥⊗v2)⊗(v3⊥⊗w1)⊗(w2

⊥
⊗u3)⟩Z3
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where, using our identifications U ≃ V ≃W , ⟨α⊗β⊗γ⟩Z3
∶= α⊗β⊗γ + β⊗γ⊗α + γ⊗α⊗β.

To prove this is indeed matrix multiplication, of course one could check it directly, e.g., taking

u1 = (1,0), u2 = (0,1), u3 = (1,1), u1⊥ = (01), u2⊥ = (10), u3⊥ = ( 1−1), and a0 = b0 = (1 0
0 1
).

However instead I will give a geometric proof.

Proof. In §*** we will prove that the matrix multiplication tensor is characterized by its sym-

metry group, in the sense that no other tensor in C
n
2

⊗C
n
2

⊗C
n
2

is preserved by a group that
contains SLn×SLn×SLn. Thus to prove we have equality it is sufficient to show the right hand
side is, preserved by SL(U) ×SL(V ) × SL(W ), or equivalently (via differentiation) annihilated
by sl(U) + sl(V ) + sl(W ).

By Z3-invariance it is sufficient to show the right hand side is annihilated by sl(U), which has
basis u1

⊥
⊗u1, u2

⊥
⊗u2, u3

⊥
⊗u3.

By the symmetry of the algorithm it is sufficient to show it is annihilated by u1
⊥
⊗u1, which

is easy to check.
�

Exercise 5.4: Verify that u1
⊥⊗u1, u2

⊥⊗u2, u3
⊥⊗u3 is a basis of s(U).

Exercise 5.5: Verify that the right hand side of (3) is annhilated by u1
⊥
⊗u1 to complete the

proof.
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6. Strassen’s equations and generalizations

6.1. Our first equations revisited. Recall that our lower bound R(M⟨n,n,n⟩) ≥ n2 was ob-
tained from the following equations: for T ∈ A⊗B⊗C, the maximal minors of the linear map
TA ∶ A

∗ → B⊗C (and the two similar maps which I suppress reference to in what follows). To
extract more information, we should examine what the image of this map looks like for a tensor
of border rank a little larger than the dimensions of A,B,C. Assume b = c so the image is a
space of linear maps C

b → C
b. First say R(T ) = b. Then TA(A∗) will be spanned by b rank

one linear maps.

Exercise 6.1: Show that, R(T ) = b if and only if TA(A∗) is spanned by b rank one linear maps.

Assume for the moment furthermore that a = b. If T = a1⊗b1⊗c1 + ⋯aa⊗ba⊗ca with each
set of vectors a basis, then TA(A∗) will be diagonalizable. Being diagonalizable is not stable
under degenerations of linear maps. In other words, the set of diagonalizable matrices is not an
algebraic variety. However being an abelian subspace of linear maps is stable. Namely a space
of linear maps U ∈ End(V ) is abelian iff [ui, uj] = 0 for u1,⋯, uu a basis of U . These quadratic
equations on U would give us additional equations for σa, except that our family of linear maps
is between two different vector spaces, so we cannot compose them or take their commutators. If
we pick one invertible map and use it to identify B with C, we could then test the commutators
of the remaining maps, using this identification. However this causes a problem if no linear map
in TA(A∗) is invertible.
6.2. A substitute for the inverse of a linear map. We can avoid this problem as follows:
Recall a linear map f ∶ V →W induces linear maps f∧k ∶ ΛkV → ΛkW . Assume v = w. Fixing
a volume form on V , i.e., a nonzero element of Ω ∈ ΛvV ∗, we may identify Λv−1V ≃ V ∗ by the
map

Λv−1V → V ∗

α ↦ α Ω.

Fixing volume elements, we may consider f∧v−1 ∶ V ∗ → W ∗, or, taking transpose, as a map
W → V .

Exercise 6.2: What is the relationship between f∧v−1 and f−1 when f is invertible?

6.3. Additional equations for σb. Combining the discussions of the previous two subsections,
we obtain:

Proposition 6.3. Let T ∈ A⊗B⊗C and assume b = c. Then R(T ) ≤ b implies that for all
α,α1, α2 ∈ A∗, the size two minors of the linear map [(T (α)∧a−1)TT (α1), (T (α)∧a−1)TT (α2)]
are all zero. Here T (α) ∶= TA(α), and the bracket denotes the commutator of linear maps.

Note that in bases, these equations are of degree two in the entries of the commutator, the
entries of T (αj) are linear in the entries of T , and the entries of (T (α)∧a−1)T are of degree a−1
in the entries of T , so the polynomials are of degree 2((a−1)+1) = 4a. We can lower the degree
in two ways. First note that we have

[(T (α)∧a−1)TT (α1),(T (α)∧a−1)TT (α2)]
= (T (α)∧a−1)TT (α1)(T (α)∧a−1)TT (α2) − T (α2)(T (α)∧a−1)TT (α1)

we can work instead with minors of

T (α1)(T (α)∧a−1)TT (α2) − T (α2)(T (α)∧a−1)TT (α1),
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dropping the degree by 2(a − 1). (This could potentially enlarge the zero set if T (α) is not
invertible.) More significantly, both for dropping the degree and for later generalizations, the
border rank of T cannot increase if we restrict to subspaces.

Exercise 6.4: Prove that if T ∈ A⊗B⊗C and T ′ ∶= T ∣A′⊗B′⊗C′ for some A′ ⊆ A∗, B′ ⊆ B∗,
C ′ ⊆ C∗, then R(T ) ≥R(T ′). ⊚

Thus we have:

Proposition 6.5 (Strassen). Let T ∈ A⊗B⊗C. ThenR(T ) ≤ a implies that for all α,α1, α2 ∈ A∗,
if one constructs the linear maps T (αj) ∶ A∗ → C and (T (α)∧a−1)T ∶ C∗ → A∗, that the size two
minors of the linear map

T (α1)(T (α)∧a−1)TT (α2) − T (α2)(T (α)∧a−1)TT (α1)
are all zero. These equations are of degree a + 1. As one ranges over all possible choices of
subspaces, elements and bases, one spans a module of polynomials for σa.

6.4. Strassen’s equations. If T is “close to” having rank a, one expects that TA(A∗) will be
“close to” being abelian. The following theorem makes this precise:

Theorem 6.6 (Strassen). [21] Let T ∈ A⊗B⊗C. Then R(T ) ≤ r implies that for all α,α1, α2 ∈
A∗, the size r(a − 1) + 1 minors of the linear map

T (α1)(T (α)∧2)TT (α2) − T (α2)(T (α)∧2)TT (α1)
are all zero.

So we now have potential tests for border rank for tensors in C
N
⊗C

N
⊗C

N up to r = 3
2
N .

A natural question arises: we actually have three sets of such equations - are the three sets
of equations the same or different. We should have already asked this question for the three
types of usual flattenings: are the equations coming from the minors of TA, TB , TC the same or
different?

Representation theory will enable us to answer these questions.

6.5. Exercises.

(1) Write out Strassen’s equations for σ3(Seg(P2 × P2 × P2)) in bases.
(2) Write out the proof of Theorem 6.6.
(3) Show that R(M⟨n,n,n⟩) ≥ 3

2
n2. ⊚

(4) Show that when r = 1, any two of the sets are not completely redundant, but the third
set is contained in the span of the other two. ⊚

(5) Show that if T ∈ σr then for all α1,⋯, α4 ∈ A∗,
rank[(T (α1)∧a−1)TT (α2), (T (α3)∧a−1)TT (α4)] ≤ 3(r − a).

6.6. Reformulation of Strassen’s equations. Let dimA = 3 and dimB = dimC = b. We
augment the linear map TB ∶ B

∗ → A⊗C by tensoring it with IdA, to get a linear map

TB⊗IdA ∶ B
∗ → A → A⊗A⊗C.

So far we have done nothing, but the target of this map decomposes as (Λ2A⊗C)⊕ (S2A⊗C),
so we may consider the two linear maps, which I will denote

(4) T ∧A ∶ A⊗B
∗ → Λ2A⊗C and T ○A ∶ A⊗B

∗ → S2A⊗C.

Exercise 6.7: Show that if T = a⊗b⊗c is a rank one tensor, then rank(T ∧A) = 2 and rank(T ○A) = 3.
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Thus, if T has rank r, rank(T ∧A) ≤ 2r and rank(T ○A) ≤ 3r. Since the dimension of the sources

are 3b, by this method one respectively gets potential equations for σr up to r = 3
2
b − 1 and

r = b− 1. Thus only the first gives interesting bounds. In fact the first set has the same zero set
as Strassen’s equations, as I now show in coordinates.

Remark 6.8. As presented, this derivation of the equations seems a bit “rabbit out of the hat”.
However it comes from a long tradition of finding determinantal equations for algebraic varieties
that is out of the scope of this course. For the experts, given a variety X and a subvariety
Y ⊂ X, one way to find defining equations for Y is to find vector bundles E,F over X and a
vector bundle map φ ∶ E → F such that Y is realized as the degeneracy locus of φ, that is, the
set of points x ∈ X such that φx drops rank. Strassen’s equations had been discoved by Barth
in this context. Variants of Strassen’s equations had been discovered previous to Strassen by
Frahm-Toeplitz and Aronhold. See [12, §3.8.5] for precise statements.

Let a1, a2, a3 be a basis of A, choose bases of B,C so for any T ∈ A⊗B⊗C we may write
T = a1⊗X1 + a2⊗X2 + a3⊗X3. Then T ∧1A will be expressed by a 3b × 3b matrix. Ordering the

basis of A⊗B∗ by a1⊗β
1,⋯, a1⊗β

b, a2⊗β
1,⋯, a1⊗β

b, a3⊗β
1,⋯, a1⊗β

b, and that of Λ2A⊗C by(a2∧a3)⊗c1,⋯, (a2∧a3)⊗cb, (a1∧a3)⊗c1,⋯, (a1∧a3)⊗cb, (a1∧a2)⊗c1,⋯, (a1∧a2)⊗cb, we obtain
the block matrix

(5) T ∧A = ⎛⎜⎝
0 X1 −X2

−X1 0 X3

X2 −X3 0

⎞⎟⎠
Now recall the basic identity about determinants, assuming W is invertible:

(6) det(X Y

Z W
) = det(W )det(X − YW −1Z),

Now assume X3 is invertible and change bases such that it is the identity matrix. Using the(b,2b) × (b,2b) blocking (so X = 0 in (6))

detMat(T ∧A) = det(X1X2 −X2X1) = det([X1,X2]).
Now observe that if T (α1) is of full rank and normalized to be the identity in the previous
presentation of Strassen’s equations, we obtain the same equation.

6.7. A generalization. The reformulation of Strassen’s equations suggests the following gen-
eralization: let dimA = 2p + 1, and consider

(7) T
∧p
A ∶ B

∗
⊗ΛpA→ Λp+1A⊗C

obtained by first taking TB⊗IdΛpA ∶ B∗⊗ΛpA → ΛpA⊗A⊗C, and then projecting to Λp+1A⊗C.
Call the map T ∧p

A
aKoszul flattening. Note that if T = a⊗b⊗c has rank one, then rank(T ∧p

A
) = (2p

p
)

as the image is a ∧ΛpA⊗c. In summary:

Proposition 6.9. If rank(T ∧p
A
) ≥ r, then

R(T ) ≥ r

(2p
p
) .

Since both source and target have dimension (2p+1
p
)b, we potentially obtain equations up to

border rank (2p+1
p
)b

(2p
p
) − 1 = 2p + 1

p − 1
b − 1.
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Just as with Strassen’s equations (case p = 1), if dimA > 2p + 1, one obtains the best bound for
these equations by restricting to subspaces of A of dimension 2p + 1.

6.8. Exercises.

(1) Consider the symmetric cousins of Koszul flattenings: for P ∈ SdV , first take the map
Pd−k,k ∶ S

d−kV ∗ → SkV , tensor it with IdΛpV , and project to get a map P
∧p
d−k,k

∶

Sd−kV ∗⊗ΛpV → Sk−1V ⊗Λp+1V . What is best the potential lower bound on symmet-
ric border rank that one could attain this way? For those familiar with the rudiments
of differential geometry, note that the map SkV ⊗ΛpV → Sk−1V ⊗Λp+1V is just the ex-
terior derivative. We will see later that SkV ⊗ΛpV decomposes into the direct sum of
two irreducible modules, called Sk,1pV and Sk+1,1p−1V , so P∧p

d−k,k
can at best surject onto

Sk,1pV .

(2) For those handy with computers: determine the rank of (M⟨3⟩)∧4A . What lower bound
does this give on the border rank?

Answer for those not handy: 13, the same as Strassen.
(3) For those handy with computers: determine the rank of (M⟨4⟩)∧7A restricting to a 15-

dimensional subspace of C16. What lower bound does this give on the border rank?
This beats Strassen by one. For those familiar with Lickteig’s bound [17]: R(M⟨n,n,n⟩) ≥

3n2

2
+

n
2
− 1, you may now be thinking this is going to lead to Lickteig’s bound.

(4) For those handy with computers: determine the rank of (M⟨5⟩)∧12A . What lower bound
does this give on the border rank?

Even more evidence for this being Lickteig’s bound.
(5) For those handy with computers: determine the rank of (M⟨6⟩)∧17A . What lower bound

does this give on the border rank?

Now it looks like something interesting, as 58 > 56 = 3(62)
2
+

6
2
− 1 .

How would one possibly determine the rank for arbitrary n?
For any tensor T = tijkai⊗bj⊗ck, where ai, bj , ck are bases of A,B,C and I use the summation

convention, and any f1,⋯, fp ∈ A and β ∈ B∗,
(8) T

∧p
A (β⊗f1 ∧⋯∧ fp) = tijkβ(bj)ai ∧ f1 ∧⋯∧ fp⊗ck

Consider the skew-symmetrization map A⊗ΛpA → Λp+1A. It is a surjective GL(A)-module
map, so its kernel is a GL(A)-module generalizing S21A that we saw in §5.2. Its isomorphism
class as a GL(A)-module is denoted S2,1p−1A. We will prove later that it is irreducible and

distinct from the irreducible module Λp+1A =∶ S1p+1A.
Thus the projection map, since it is a GL(A)×GL(C)-module map, A⊗ΛpA⊗C → Λp+1A⊗C

has kernel isomorphic to S2,1p−1A⊗C, so if we had a way to compute the dimension of S2,1p−1A⊗C∩(TB(B∗)⊗ΛpA), we would be able to solve our problem.
Recall the invariant description of matrix multiplication,

M = IdU⊗IdV ⊗IdW ∈ (U∗⊗V )⊗(V ∗⊗W )⊗(W ∗
⊗U).

Our map is (M ⟨U,V,W ⟩)∧p
A
∶ V ⊗W ∗

⊗Λp(U∗⊗V ) → Λp+1(U∗⊗V )⊗(W ∗
⊗U). The presence of

IdW = IdW ∗ means the map factors as M∧p
A
= (M⟨u,v,1⟩)∧pA ⊗IdW ∗ , where

(9) (M⟨u,v,1⟩)∧pA ∶ V ⊗Λp(U∗⊗V )→ Λp+1(U∗⊗V )⊗U.
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Equation (8), when T =M⟨u,v,1⟩ becomes, for v, ej ∈ V and ξj ∈ U , letting u1,⋯, uu be a basis

of u with dual basis γ1,⋯, γu of U∗, so IdU = ∑n
s=1 γ

s
⊗us,

v⊗(ξ1⊗e1) ∧⋯∧ (ξp⊗ep)↦ u

∑
s=1

us⊗(γs⊗v) ∧ (ξ1⊗e1) ∧⋯∧ (ξp⊗ep).
To compute the kernel of (M⟨u,v,1⟩)∧pA , and more generally any G-module map, one can exploit

representation theory as follows: one decomposes the source and target as G-modules in its
isotypic decomposition (in our case this will be a decomposition into irreducible modules, which
makes the task much easier). Then, thanks to Schur’s lemma, the map decomposes into a
direct sum of maps between distinct spaces. In particular, any module appearing in the source
that does not appear in the target must be in the kernel. Then, in the case where all isotypic
components are irreducible, for each irreducible module appearing in the source and target, we
will simply check the map on a single vector. Moreover, representation theory will distinguish
an “easiest” vector to compute with (called a highest weight vector). So our immediate goals
are to develop enough representation theory to decompose V ⊗Λp(U∗⊗V ) and Λp+1(U∗⊗V )⊗U ,
and to be able to write down a vector from each irreducible component.

6.9. Koszul flattenings in coordinates. It will be useful to view T
∧p
A

in coordinates. Let

dimA = 2p + 1. Write T = a0⊗X0 + ⋯ + a2p⊗X2p. The expression of T ∧p
A

in bases is as follows:

write aI ∶= ai1 ∧ ⋯ ∧ aip for ΛpA, require that the first ( 2p
p−1
) basis vectors have i1 = 0, that the

second (2p
p
) do not, and call these multi-indices 0J and K. Order the bases of Λp+1A such that

the first ( 2p
p+1
) multi-indices do not have 0, and the second (2p

p
) do, and furthermore that the

second set of indices is ordered the same way as K, only we write 0K since a zero index is
included. Then the resulting matrix is of the form

(10) (0 Q

Q̃ R
)

where this matrix is blocked (( 2p
p+1
)b, (2p

p
)b) × (( 2p

p+1
)b, (2p

p
)b),

R = ⎛⎜⎝
X0

⋱

X0

⎞⎟⎠ ,
and Q, Q̃ have entries in blocks consisting of X1,⋯,X2p and zero. Thus if X0 is of full rank and
we change coordinates such that it is the identity matrix, so is R and the determinant equals
the determinant of QQ̃ by (6). If X0 is the identity matrix, when p = 1 we have QQ̃ = [X1,X2]
and when p = 2

(11) QQ̃ =
⎛⎜⎜⎜⎝

0 [X1,X2] [X1,X3] [X1,X4][X2,X1] 0 [X2,X3] [X2,X4][X3,X1] [X3,X2] 0 [X3,X4][X4,X1] [X4,X2] [X4,X3] 0

⎞⎟⎟⎟⎠
.

In general, when X0 is the identity matrix, QQ̃ is a block ( 2p
p−1
)b× ( 2p

p−1
)b matrix whose block

entries are either zero or commutators [Xi,Xj].
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6.10. The kernel as a module.

Remark 6.10. Before covering this section, in lecture I will present an introduction to elementary
representation theory of the general linear group.

Assume b ≤ c, so n ≤ m. Let M,N,L be vector spaces of dimensions m,n, l. Write A =
M⊗N∗, B = N⊗L∗, C = L⊗M∗, so a =mn, b = nl, c =ml. Recall that the matrix multiplication
operator M<m,n,l> is M<m,n,l> = IdM⊗IdN⊗IdL ∈ A⊗B⊗C. Let U = N∗.

Recall the map M∧p

⟨m,n,l⟩ factors as M
∧p

⟨1,m,n⟩⊗IdL, so rank(M∧p

⟨m,n,l⟩) = lrank(M∧p

⟨1,m,n⟩).
Example 6.11. Consider the case m = n = 3, take p = 4, so

M∧4
⟨1,3,3⟩ ∶ Λ

4(M⊗U)⊗M → Λ5(M⊗U)⊗U∗
Since m = u = 3, by Exercise ??, Λ4(M⊗U) = S211M⊗S31U ⊕ S22M⊗S22U ⊕ S31M⊗S211U , and
decomposing the GL(M) factors in Λ4(M⊗U)⊗M gives, by the Pieri rule (see Theorem ?? and
the pictures below it),

Λ4(M⊗U)⊗M = (S211M⊗S31U ⊕ S22M⊗S22U ⊕ S31M⊗S211U)⊗M
= (S311M ⊕ S221M)⊗S31U ⊕ (S32M ⊕ S221M)⊗S22U ⊕ (S41M ⊕ S32M ⊕ S311M)⊗S211U.

The kernel must contain all modules that do not appear in

Λ5(M⊗U)⊗U∗ = (S32M⊗S221U ⊕ S221M⊗S32U)⊗U∗
= S32M⊗S221U ⊕ S32M⊗S22U ⊕ S221M⊗S31U ⊕⊕S221M⊗S22U)

So S41M⊗S211U must be in the kernel.
Hence the rank ofM∧4

⟨1,3,3⟩ is at most 3 ⋅(9
4
)−24 which would give the lower boundR(M⟨3,3,l⟩) ≥

⌈306l
(8
4
)
⌉ = ⌈306l

70
⌉ which is 14 when l = 3. By Exercise 6.8.2, the rank of M∧4

⟨1,3,3⟩ is 102, so all other

modules map injectively.

More generally one can show:

Proposition 6.12. [15] ker(M⟨m,n,l⟩)∧pA = ⊕πSπ′M⊗Sπ+(1)U⊗L where the summation is over
partitions π = (m, ν1,⋯, νn−1) where ν = (ν1,⋯, νn−1) is a partition of p −m, ν1 ≤ m and
π + (1) = (m + 1, ν1,⋯, νn−1).

Proposition 6.12 can be used to prove a lower bound R(M⟨n,n,n⟩) ≥ 2n2
−O(n), but a better

bound can be obtained by the choice of a good subspace of A, as I explain in the next section.

6.11. A 2n2
− n lower bound for the border rank of matrix multiplication.

Theorem 6.13. [15] Let n ≤m. Then

R(M⟨m,n,l⟩) ≥ nl(n +m − 1)
m

.

In particular R(M⟨n,n,n⟩) ≥ 2n2 −n.

Proof. The essential idea is to choose a subspace A′ ⊂ M⊗U on which the “restriction” of
M
∧p

⟨1,m,n⟩ becomes injective for p = n − 1. Take a vector space W of dimension 2, and fix

isomorphisms U ≃ Sn−1W ∗,M ≃ Sm−1W ∗ . Let A′ be the SL(W )-direct summand Sm+n−2W ∗ ⊂
Sn−1W ∗

⊗Sn−1W ∗ =M⊗U .
If f ∈ SαW and g ∈ SβW ∗ (with β ≤ α) then we can perform the contraction g f ∈ Sα−βW

(see Definition 3.19). In the case f = lα is the power of a linear form l, then g lα = g(l)lα−β (in
writing g(l), g is being considered as a polynomial of degree β on W ∗), so that g lα = 0 if and
only if l is a root of g.
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Since SL(W ) is reductive, there is a unique SL(W )-complement A′′ to A′ in A, so the
projection M⊗U → A′ is well defined as is π ∶ A⊗B⊗C → A′⊗B⊗C. Let T ′ = π(M⟨m,n,l⟩). Write

T
′
∧4

A′ = T̃⊗IdL, where
(12) T̃ ∶ U ⊗Λn−1A′Ð→M∗

⊗ΛnA′

is the factored map. I claim (12) is injective. (Note that when n = m the source and target
space of (12) are dual to each other.)

Consider the transposed map Sm−1W ∗
⊗ΛnSm+n−2W → Sn−1W⊗Λn−1Sm+n−2W . It is defined

as follows on decomposable elements (and then extended by linearity):

g⊗(f1 ∧⋯∧ fn)↦ n

∑
i=1

(−1)i−1g(fi)⊗f1 ∧⋯f̂i⋯∧ fn
This dual map is surjective: Let ln−1⊗(lm+n−21 ∧ ⋯ ∧ lm+n−2

n−1 ) ∈ Sn−1W⊗Λn−1Sm+n−2W with
li ∈ W . Such elements span the target so it will be sufficient to show any such element is in
the image. Assume first that l is distinct from the li. Since n ≤ m, there is a polynomial
g ∈ Sm−1W ∗ which vanishes on l1, . . . , ln−1 and is nonzero on l. Then, up to a nonzero scalar,
g⊗(lm+n−21 ∧⋯∧ lm+n−2

n−1 ∧ lm+n−2) maps to our element.
Since the image is closed (being a linear space), the condition that l is distinct from the li

may be removed by taking limits.
Observe that an element of rank one in A′⊗B⊗C induces a map B∗⊗Λn−1A′ → C⊗ΛnA′ of

rank (n+m−2
n−1
).

By Exercise 6.4, the border rank ofM⟨m,n,l⟩ must be at least the border rank of T ′ ∈ A′⊗B⊗C,
and by Exercise 6.4 we conclude

R(T ′) ≥ dim B∗ ⊗Λn−1A′

(n+m−2
n−1
) = nl(n+m−1n−1

)
(n+m−2

n−1
) =

nl (n +m − 1)
m

.

�

Remark 6.14. The Koszul flattenings potentially give equations for border rank in C
N
⊗C

N
⊗C

N

up to 2N − 1. In fact the equations are indeed nontrivial in this range (see [11]). This shows
that there are nontrivial equations for border rank ≤ 2n2 − 1 that are satisfied by M⟨n,n,n⟩. This
result had the effect of changing my perspective on the conjecture that the exponent of matrix
multiplication is two. (I had previously thought the conjecture was ridiculous.)

At this writing, the 2N − 1 bound for equations for border rank is a wall for future progress.
There are other equations in this range - defined first in [8] and later proved nontrivial in [11].
I am aware of many conjectural modules of equations in the ranges up to 2N − 1 (conjectural
in the sense that they have not yet been proven to be not identically zero, which is usually
the hardest part), but I am not aware of even any conjectural equations for border rank 2N or
above. In the next section, I describe some of these equations.
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7. The equations of [8]

Given T = ∑a−1
j=0 aj⊗Xj with aj a basis of A, Xj ∈ B⊗C, dimA = a and dimB = dimC = m,

assume X0 is of full rank and use it to identify C with B∗. The equations defined by B. Griesser
in [8] are stated as: if the border rank of T is at most r, with m+1 ≤ r ≤ 2m−1, then the space of
endomorphisms ⟨[X1,X2],⋯, [X1,Xa−1]⟩ ⊂ sl(B) is such that there exists E ∈ G(2m−r,B), with
dim(⟨[X1,X2],⋯, [X1,Xa−1]⟩(E)) ≤ r −m. Here ⟨....⟩ denotes the linear span and G(k,B) the
Grassmannian of k planes in B. Compared with the minors of T ∧p

A
, here one is just examining

the last block column of the matrix appearing in its coordinate expression, but one is apparently
extracting more refined information from it.

Assuming T is sufficiently generic, we may choose X1 to be diagonal with distinct entries on
the diagonal (a general element of sl(B), the space of traceless endomorphisms, is diagonalizable
with distinct eigenvalues), and this is a generic choice of X1. Let sl(B)R denote the matrices
with zero on the diagonal (the sum of the root spaces). Then

ad(X1) ∶ sl(B)R → sl(B)R,
Y ↦ [X,Y ],

is a linear isomorphism, and ad(X1) kills the diagonal matrices. Write Uj = [X1,Xj], so the
Uj will be matrices with zero on the diagonal, and by picking T generically we can have any
such matrices, and this is the most general choice of T possible, so if the equations vanish for a
generic choice of Uj , they vanish identically.

Because of their indirect nature, it is difficult to write down these equations as polynomials.

Proposition 7.1. Let dimA = a, dimB = dimC =m. Then B. Griesser’s equations of [8] for σ̂r
have the following properties:

(1) They are trivial for r = 2m − 1 and all a.
(2) They are trivial for r = 2m − 2, a =m and m ≤ 4.
(3) Settingm = n2, matrix multiplicationM⟨n,n,n⟩ fails to satisfy the equations for r ≤ 3

2
n2
−1

when n is even and r ≤ 3
2
n2 +

n

2
− 2 when n is odd, and satisfies the equations for all

larger r.

I was unable to determine whether or not the equations are trivial for r = 2m − 2, a =m and
m > 4. If they are nontrivial for even m, they would give equations beyond the maximal minors
of T ∧p

A
.

Proof. Proof of (1): In the case r = 2m−1, so r−m =m−1 and a ≤m+1 the equations are trivial as
we only have a−2 ≤m−1 linear maps. When a ≥m+2 a näıve dimension count makes it possible
for the equations to be non-trivial, the equations are that dim⟨U2v,⋯,Ua−1v⟩ ≤m− 1. However,
with our normalizations of X0 = Id and X1 diagonal with distinct entries on the diagonal,
taking v = (1,0,⋯,0)T (the superscript T denotes transpose), the Ujv will be contained in the
hyperplane of vectors with their first entry zero. Since we only made genericity assumptions,
we conclude.

Proof of (2): In the case r = 2m − 2, the equations will be nontrivial if and only if there exist
U2,⋯,Ua−1 such that for all linearly independent v,w dim⟨U2v,⋯,Ua−1v,U2w,⋯,Ua−1w⟩ ≥m−1.
For a = m, we saw we could have U2v,⋯,Um−1v linearly independent, so the nontriviality
condition is that for some j, Ujw /∈ ⟨U2v,⋯,Um−1v⟩.

First observe that Ujw ∈ ⟨U2v,⋯,Um−1v⟩modUj v̂ (where v̂ is the line determined by v) means
w = ∑k≠j aj,kUj

−1Ukv for some constants aj,k. (We are working with generic Uj so we may assume

they are invertible.) Thus we must have v and constants si,j, ti,j, such that si,j∑k≠j aj,kUj
−1Ukv =
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ti,j∑l≠i al,iUl
−1Uiv, i.e., U2,⋯,Um−1 must be such that there exist constants si,j, ti,j for i < j,

and aj,k for j ≠ k such that

det(si,j∑
k≠j

aj,kUj
−1Uk − ti,j∑

l≠i

al,iUl
−1Ui) = 0.

When m = 4, the s, t are irrelevant and we need a2,3U2
−1U3v = a3,2U3

−1U2v, i.e., that for some
choice of [a2,3, a3,2] ∈ P1, the linear map a2,3U2

−1U3 − a3,2U3
−1U2 has a kernel. But every P

1 of
matrices intersects the hypersurface detm = 0 so we conclude.

Remark 7.2. I expect the equations are non-trivial for m ≥ 5 but I was unable to show this,
even for m = 5. The r = 2m − 1 case shows that one should be cautious. Consider the
m = 5 case. The equations would be trivial if for all U2,U3,U4 ∈ sl(B)R, one could choose([a2,3, a2,4], [a2,3, a2,4], [s2,3, t2,3], [s2,4, t2,4]) ∈ P1

×P
1
×P

1
×P

1 such that the linear maps s2,3(a2,3U2
−1U3+

a2,4U2
−1U4)−t2,3(a3,2U3

−1U2+a3,4U3
−1U4) and s2,4(a2,3U2

−1U3+a2,4U2
−1U4)−t2,4((a4,2U4

−1U2+

a4,3U4
−1U3)) have a common kernel. If we consider the variety Σm ⊂ G(m − 3,Cm2) defined by

Σm ∶= {E ∈ G(m − 3,Cm2) ∣ ∃v ∈ V /0 such that e.v = 0∀e ∈ E},
then dimΣm = (m − 1) + (m − 3)(m2

−m− (m − 3)) (as for each point in PV there is an m2
−m

dimensional space of endomorphisms with the line in the kernel, and we have the Grasssmannian
of m−3 planes in that space of endomorphisms). So in the m = 5 case a general four dimensional
subvariety of the Grassmanian will fail to intersect Σ5, but our four dimensional subvariety is
not general.

Problem 7.3. Determine if Griesser’s equations are non-trivial in this range.

Proof of (3): Consider matrix multiplication M⟨n,n,n⟩ ∈ Cn
2

⊗C
n
2

⊗C
n
2 = A⊗B⊗C. With a

judicious choice of bases, M⟨n,n,n⟩(A) is block diagonal

(13)
⎛⎜⎝
x

⋱

x

⎞⎟⎠
where x = (xij) is n × n. In particular, the image is closed under brackets. Choose X0 so it is
the identity. We may not have X1 diagonal with distinct entries on the diagonal, the best we
can do is for X1 to be block diagonal with each block having the same n distinct entries. For
a subspace E of dimension 2m − r = dn + e (recall m = n2) with 0 ≤ e ≤ n − 1, the image of a
generic choice of [X1,X2],⋯, [X1,Xn2−1] applied to E is of dimension at least (d + 1)n if e ≥ 2,
at least (d+ 1)n − 1 if e = 1 and dn if e = 0, and equality will hold if we choose E to be, e.g., the
span of the first 2m − r basis vectors of B. (This is because the [X1,Xj] will span the entries

of type (13) with zeros on the diagonal.) If n is even, taking 2m − r = n2

2
+ 1, so r = 3n2

2
− 1,

the image occupies a space of dimension n
2

2
+ n − 1 > n

2

2
− 1 = r −m. If one takes 2m − r = n

2

2
,

so r = 3n2

2
, the image occupies a space of dimension n

2

2
= r −m, showing Griesser’s equations

cannot do better for n even. If n is odd, taking 2m− r = n
2

2
−

n

2
+ 2, so r = 3n2

2
+

n

2
− 2, the image

will have dimension n
2

2
+

n

2
> r −m = n

2

2
+

n

2
− 1, and taking 2m − r = n

2

2
−

n

2
+ 1 the image can

have dimension n2

2
−

n
2
+ (n − 1) = r −m, so the equations vanish for this and all larger r. Thus

Griesser’s equations for n odd give Lickteig’s bound R(M⟨n,n,n⟩) ≥ 3n2

2
+

n

2
− 1. �
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8. Equations via representation theory alone

8.1. The brute force method. One can simply write down the decomposition of Sd(A⊗B⊗C)
and test highest weight vectors on a general (i.e. sufficiently general) point of σr. This method
is limited to small r and small dimension. Nevertheless, one can recover Strassen’s degree 4
modules this way. Rather than studying all modules, one can combine this method with others,
such as J. Hauenstein’s method to determine the degrees and number of generators of ideals of
varieties given parametrically.

The following modules were found in this way, the first three by a systematic search, and the
last two in combination with Hauenstein’s methods.

module degree in ideal of where appeared
S222C

3
⊗S222C

3
⊗S3111C

4 6 σ4(Seg(P2
× P

2
× P

3)) [13]
S5111C

3
⊗S2222C

3
⊗S2222C

4 8 σ5(Seg(P3
× P

3
× P

3)) [13]
S3311C

3
⊗S2222C

3
⊗S2222C

4 8 σ5(Seg(P3
× P

3
× P

3)) [13]
S5554C

4
⊗S5554C

4
⊗S5554C

4 19 σ6(Seg(P3
× P

3
× P

3)) [10]
S5555C

4
⊗S5555C

4
⊗S5555C

4 20 σ6(Seg(P3
× P

3
× P

3)) [10]
The degree 19 module was only shown to be in the ideal “with extremely high probability”

as it was verified by choosing “random” points on the secant variety σ6(Seg(P3
× P

3
× P

3)) and
checking vanishing on them.

***add modules found by Ikenmeyer, especially occurance obstruction hook****
The modules S5111C

3
⊗S2222C

3
⊗S2222C

4 and S3311C
3
⊗S2222C

3
⊗S2222C

4 were proven in the
ideal of σ5(Seg(P3 × P3 × P3)) by graph-theoretic methods. These methods were substantially
generalized by Ikenmeyer in his PhD thesis, using hypergraphs and what he calls “obstruction
designs”, to show ******* are in the ideal.

9. Friedland’s degree 16 equations

Secant varieties of Segre varieties appear in the study of algebraic statistical models corre-
sponding to bifurcating phylogenetic trees, see [1], in particular σ4(Seg(P3

× P
3
× P

3)) plays a
central role. In 2008, equations for this variety were just beyond the state of the art, so E.
Allmann, who resides in Alaska, offered to hand-catch, smoke and send an Alaskan salmon to
anyone who could find the generators of the ideal of this variety. In [14] the problem was reduced
to finding generators of the ideal for σ4(Seg(P2

× P
2
× P

3)). The first major breakthrough to
this conjecture was by S. Friedland [6]. The breakthrough had two essential steps: finding new
equations and proving the known equations plus the new ones were sufficient to cut out the
variety set-theoretically. I explain the new equations in this section. For a proof of the second
step, see [6] or [?, §7.7.3].

Let T ∈ A⊗B⊗C and assume T ∧1A and T ∧1B have nontrivial kernels. Let ψAB ∈ ker(T ∧1A ∶

A⊗B∗ → Λ2A⊗C) and ψBA ∈ ker(T ∧1B ∶ B⊗A
∗ → Λ2B⊗C).

Proposition 9.1. If a = b and ψAB ∈ ker(T ∧1AB) is of maximal rank, then T is equivalent to a
tensor in S2A⊗C and if furthermore c = a and there exists ψAC ∈ ker(T ∧1AC) of maximal rank,
then T is equivalent to a tensor in S3A.

Proof. Consider (IdA⊗ψAB⊗IdC)(T ) ∈ A⊗A⊗C. Since ψAB ∈ ker(T ∧1A ), we actually have(IdA⊗ψAB⊗IdC)(T ) ∈ S2A⊗C, and since ψAB is injective, it is GL(A) × GL(B) × GL(C)-
equivalent to T . The second assertion is similar. �

Proposition 9.2. If T ∈ C4
⊗C

4
⊗C

4 satisfies Strassen’s equations for border rank 4 (resp. 5),
and T ∧1AB and T ∧1AC both contain elements of maximal rank, then R(T ) ≤ 4 (resp. R(T ) ≤ 5).
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Proof. We have σ4(v3(P3)) = PS3
C
4. �

If T satisfies the degree nine Strassen equations (i.e., T ∧1A has a kernel) and rank(ψAB) =
rank(ψBA) = 3, then ψABψBA = λId. To see this, use the normal form for a general point of σ̂4,
namely, T = a1⊗b1⊗c1 + a2⊗b2⊗c2 + a3⊗b3⊗c3 + (a1 + a2 + a3)⊗(b1 + b2 + b3)⊗c4.

Thus if T ∈ σ̂4,
(14) projsl(A)(ψABψBA) = 0, projsl(B)(ψBAψAB) = 0.
These are equations of degree 16 for σ4(Seg(P2

× P
2
× P

3)). I do not know what they are as a
module.

****this paragraph needs fixing**** These can be generalized to equations for σ5(Seg(P5
×

P
3
× P

3)). If T ∈ σ5(Seg(P5
× P

3
× P

3)) is a general point, we can write it in the normal form
T = a1⊗b1⊗c1+⋯+a4⊗b4⊗c4+(a1+a2+a3+a4)⊗(b1+b2+b3+b4)⊗(c1+c2+c3+c4), where the aj are
a basis of A with dual basis αj etc. Then ψAB ∶= a1⊗β1+⋯+a4⊗β4 ∈ ker(T ∧1AB ∶ A⊗B

∗ → Λ2A⊗C)
and ψBA ∶= b1⊗α1

+ ⋯ + b4⊗α
4 ∈ ker(TBA), and [ψABψBA] = [IdA]. (This is the same proof as

for the smaller dimensional case.)

10. Ideas for new equations

10.1. The image of T ∶ B∗ → A⊗C. The following is classical:

Theorem 10.1. Let T ∈ A⊗B⊗C. Then R(T ) equals the numberof rank one matrices needed
to span a space containing T (A∗) ⊂ B⊗C (and similarly for permuted statements).

Theorem 10.2. Let T ∈ A⊗B⊗C, Then R(T ) equals the number of rank one matrices needed
to span (a space containing) T (A∗) ⊂ B⊗C (and similarly for the permuted statements).

Proof. Let T have rank r so there is an expression T = ∑r
i=1 ai⊗bi⊗ci. (I remind the reader that

the vectors ai need not be linearly independent, and similarly for the bi and ci.) Then T (A∗) ⊆⟨b1⊗c1,⋯, br⊗cr⟩ shows that the number of rank one matrices needed to span T (A∗) ⊂ B⊗C is
at most R(T ).

On the other hand, say T (A∗) is spanned by rank one elements b1⊗c1,⋯, br⊗cr. Let a
1,⋯, aa

be a basis of A∗, with dual basis a1,⋯, aa of A. Then T (ai) = ∑r
s=1 x

i
sbs⊗cs for some constants

xis. But then T = ∑s,i ai⊗(xisbs⊗cs) = ∑r
s=1(∑i x

i
sai)⊗bs⊗cs proving R(T ) is at most the number

of rank one matrices needed to span T (A∗) ⊂ B⊗C. �

Exercise 10.3: State and prove a border rank version of Theorem 10.2.

Thus if R(T ) is small, then T (B∗) is a “non-generic” linear subspace of A⊗C. To find new
equations, one could fine ways of testing for this non-genericity. One could also study the non-
genericity of the kernel of T ∶ A∗⊗C∗ → B, or the non-genericity of the images and kernels of
the Koszul flattenings. What follows are a few ideas in this direction that have not yet borne
fruit.

Assume a = c =m. The onlyGL(A)×GL(C)-orbit closures inside P(A⊗C) are the σm−q(Seg(PA×
PC)) which has codimension q2. In particular, if q2 ≤ b − 1, the intersection with σq(Seg(PA ×
PC)) will be non-empty for any T , assuming, which we do, that T ∶ B∗ → A⊗C is injective.

If T = ∑r
j=1 aj⊗bj⊗cj and we take β ∈ b1⊥ ∩⋯∩ bb−1⊥, then T (β) ∈ σr−b+1(Seg(PA × PC)).

10.1.1. Darboux-Luroth type equations. Giorgio and I discussed these around 2011. For simplic-
ity assume b =m. Say R(T ) = 2m − 1. Then there exists a configuration of 2m − 1 hyperplanes

such PT (B∗) ∩ {det = 0} contains the (2m−1
m−1
) points of intersection of subsets of m − 1 of them.

The existence of such for sufficiently large m is easily seen to be a non-generic condition (and
Lüroth even showed that when m = 3 and it näıvely looks generic, it is still non-generic). The
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difficulty here is that we do not know how to test for the condition. One gets similar conditions
for all m+ 1 ≤ r ≤ 2m− 1. In particular, I don’t know how to check if matrix multiplication is or
is not in the zero set of these equations.

10.1.2. Equations via intersections with orbit closures. We saw above that if T ∈ σr, then
PT (B∗) ∩ σr−b−1(Seg(PA ×PC)) ≠ ∅. This is a non-trivial condition if (m +b− r − 1)2 >m− 1,
i.e., if r < m + b −√m − 1 − 1. For example, when b = m = 4, we get nontrivial equations if
r < 7 −√3 i.e., if r ≤ 5.

Note also that when m = n2 and T = M⟨n⟩, we have PT (B∗) ∩ σn(Seg(PA × PC)) ≠ ∅, so
matrix multiplication tends to satisfy these equations.

In summary:

Proposition 10.4. Let a = c =m. There are non-trivial equations for σr(Seg(PA × PB × PC))
for r <m +b −√m − 1 − 1 obtained by requiring that PT (B∗) ∩ σr−b−1(Seg(PA × PC)) ≠ ∅.

When m = n2 and T = M⟨n⟩ is matrix multiplication, these equations are satisfied for all

r ≥ n2 + n + 1, despite the fact that R(M⟨n⟩) ≥ 2n2 − n.
10.1.3. Combining the two above.

Theorem 10.5. Let b ≤ a = c =m and let r ≤ 2m−1. Then if T ∈ σr(Seg(PA×PB ×PC)general,
then there exists a configuration of r hyperplanesH1,⋯,Hr ⊂ PB, such that for all q ≤m−1+b−r,
the configuration of Pq−1’s obtained by intersecting subsets of b − q of the hyperplanes in the
configuration is contained in σr−b+q(Seg(PA × PC)) ∩ PT (B∗). In general, T ∈ σr(Seg(PA ×
PB × PC)) lies in the variety defined by taking the closure of such configurations.

In particular, for every point of σr(Seg(PA × PB × PC)), there exist P
q−1’s in PT (B∗) ∩

σr−b+q(Seg(PA × PC)).
Remark 10.6. For all these equations, the way matrix multiplication satisfies them is very dif-
ferent from the way a general element of σr satisfies them. For example, when considering the
kernel of T ∧p

A
∶ ΛpA⊗B∗ → Λp+1A⊗C, I expect the kernel to be a general linear subspace of

ΛpA⊗B∗, but for matrix multiplication, it is spanned by elements of Seg(G(p,A) × PB∗). The
hope is to do a Friedland type trick to gain additional equations. In order to do this, we’ll need
a better understanding of the “shape” of a general element of the kernel.

10.2. Equations via the kernel of (T ∧p
A
)T ∶ Λp+1A∗⊗C∗ → ΛpA∗⊗B. The idea here is to

get new equations by requiring Pker(T ∧p
A
)T ∩ Seg(G(p + 1,A∗) × C∗) ≠ ∅. Let A,B,C ≃ C

m

and let e1,⋯, em, f1,⋯, fm, g1,⋯, gm be bases of A,B,C with dual bases es, f s, gs. Write T =
T stues⊗ft⊗gu (summation convention in force!). Write α̂σ = (−1)σ−1α1∧⋯∧ασ−1∧ασ+1∧⋯∧αp+1.
We have

(15) (T ∧p
A
)T (α1

∧⋯∧ αp+1
⊗γ) = T stuγ(gu)(p+1∑

σ=1

ασ(es)α̂σ)⊗ft
If we want (15) to be zero, for each t we must have T stuγ(gu)(∑p+1

σ=1 α
σ(es)α̂σ) = 0. Since the

vectors α̂σ are all linearly independent, we see (15) can be zero if and only if the system of
equations

⎛⎜⎝
T 11uγ(gu) ⋯ T n1uγ(gu)

⋮

T 1nuγ(gu) ⋯ T nnuγ(gu)
⎞⎟⎠
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has a (p + 1)-dimensional space of solutions for some choice of γ. (In this case, if the solutions
are zσ, we take

⎛⎜⎝
ασ(e1)
⋮

ασ(em)
⎞⎟⎠ = zσ

But this is just the condition of §10.1.2, with the roles of B and C exchanged!
If we look at more complicated elements in the kernel, we recover other parts of the config-

uration discussed above, e.g., general points of τ(Seg(G(p + 1,A∗) × PC∗)) are of the form
α1 ∧ α2⊗γ3 + α

1 ∧ α3⊗γ2 + α
2 ∧ α3⊗γ1, and to have one of these in the kernel reproduces

the configuration of 3 P
1’s in σm−2(Seg(PA × PB)), each of which contains two points in

σm−3(Seg(PA × PB)), and these points are the points of intersection of the 3 P
1’s (all of which

lie in a plane).
This should not come as a surprise, as after all, T (B∗) contains all the information of T

(modulo the action of GL(B) which we don’t care about). However looking at things from
different perspectives will give rise to different insights - at the end of the day we might want
to translate back to T (B∗) to facilitate comparisions of potential methods.

We can see from this perspective that matrix multiplication does satisfy these equations: fix
µ ∈ U∗, u ∈ µ⊥ ⊂ U , v1, v2 ∈ V , and ω ∈W ∗, then

(µ⊗v1) ∧ (µ⊗v2)⊗(ω⊗u)↦ 0.

Thus we have a copy of Flag1,n−1(U)×G(2, V )×PW ∗ mapping to zero, which is very pathological.

Even for larger p there are elements of the Segre mapping to zero. Take the other extreme, p = n−1
2

(assume for simplicity that n = 2q + 1 is odd), then taking u1,⋯, uq ∈ U independent, ν1,⋯, νn a
basis of V and µ ∈ {u1,⋯, uq}⊥ ⊂ U∗ and ω ∈W ∗, we see

[(u1⊗ν1) ∧⋯∧ (u1⊗νn) ∧ (u2⊗ν1) ∧⋯∧ (u2⊗νn) ∧⋯(uq⊗ν1) ∧⋯∧ (uq⊗νn)]⊗(ω⊗u)↦ 0.

So there is at least a Flagq,n−1(U) × PW ’s worth of points on the Segre mapping to zero.

10.3. Duality. In fact, we do not need to consider (T ∧p
A
)T . Write T ∧p

AB
∶ ΛpA⊗B∗ → Λp+1A⊗C

to be more precise.

Proposition 10.7. If we choose a volume element for A, then

T
∧p
AB
= (T ∧a−p−1

AC
)T .

Proof. We have (T ∧a−p−1
AC

)T ∶ Λa−pA∗⊗B∗ → Λa−p−1A∗⊗C, but using the volume form, we may

identify Λa−pA∗ ≃ ΛpA and Λa−p−1A∗ ≃ Λp+1A. To see that the maps are the same up to scale one
can argue via Schur’s lemma applied to the module maps A⊗B⊗C×Λa−pA∗⊗B∗ → Λa−p−1A∗⊗C,
or write T = ∑j aj⊗bj⊗cj and compute with basis vectors. �

10.4. Equations via T
∧p
A
(G(p + 1,A) × PB∗) being in special position. Let

Σp,q ∶ = {[E1⊗c1 +⋯Eq⊗cq] ∣ cu ∈ C, Eu ∈ Ĝ(p + 1,A),∃F ∈ G(p,A) such that F ⊂ Eu ∀u}
⊂ σq(Seg(G(p + 1,A) × PC))).

Then for all tensors T , (T ∧p
A
)(G(p,A) × PC) ⊂ Σp,c.

Note

dimΣp,q = dimG(p,A) + dimσq(Seg(P(A/F ) × PC))
= p(a − p) + q(a − p +m − q) − 1.
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Let’s specialize to p = 1 and a = b = c for the moment. If R(T ) = r, then PT ∧1A (A⊗B∗) ∩
Σ1,r−m ≠ ∅. To test if we actually have an intersection, we need equations for Σ1,r−m. By
Weyman’s method (thanks to help from Jerzy), the ideal of Σ1,m is generated in degrees 2 and 3
respectively by the modules Λ4A∗⊗S4B and S222A

∗
⊗Λ3B. Then the ideal of Σ1,q is generated

by these equations plus Λq+1(Λ2A∗)⊗Λq+1B (possibly with redundancy).
The situation is nontrivial only if r−m <m−1, so at best we can get equations up to r = 2m−2.
Now consider the general case. If R(T ) = r, then PT

∧p
A
(G(p,A)⊗B∗) ∩ Σp,r−m−p+1 ≠ ∅. To

test if we actually have an intersection, we would need equations for Σp,r−m−p+1. The situation
is nontrivial only if r −m − p + 1 < m − p, so at best we can get equations up to r = 2m − 2 in
general. So if we do examine these equations further, we should just stick to the p = 1 case (at
least initially).

Note that matrix multiplication is extremely degenerate for these equations as well: take
v1,⋯, vq ∈ V and ν ∈ {v1,⋯, vq}⊥, and w ∈W . Then

[(µ1⊗v1) ∧ (µ2⊗v1) ∧⋯(µn⊗v1) ∧⋯∧ (µn⊗vq)]⊗(ν⊗w)↦ 0.

So we have at least a Flag(q,n − 1)(V ) × PW in the Segre that maps to zero.
If we do not restrict to G(p,A)×PB∗, then we can look for degenerate images subject to less

restrictions. Still need to work out the numbers.

11. Barriers

We seem to have the 2m barrier for even conjectural equations for border rank. Similarly, the
computer scientists (especially Wigderson) see a big barrier to prove lower bounds given by the
“input size” which in our case is 3m. (In fact they were initially suprised by the Mignon-Ressayre
result because it appeared to cross the input size, until they “realized” that the information of
the determinant hypersurface could be stored in its dual variety, which has dimension 2n − 2,
which resolved their apparent paradox.)
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