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The goal

Find sufficient conditions in terms of secant loci for the vanishing of
syzygies of curves.
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Origins

Previous results
Green’s conjecture for tetragonal curves - F.-O. Schreyer, C. Voisin
A result of E. Arbarello and E. Sernesi
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Origins

Setup

C
|L|
↪→ Pr, L special over a field k = k of characteristic zero.

The multiplication map:

uL :
⊕

q

SqH0(L)⊗k H0(KC)
uL−→
⊕

q

H0(Lq ⊗ KC)

morphism of graded modules over S := Sym H0(L).

Theorem (Arbarello–Sernesi)
If r ≥ 3 then the map uL is surjective.
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Origins

Definition (Arbarello–Sernesi)
IK,L := ker(uL) graded module over S s.t.

IK,L,2 := ker{H0(L)⊗H0(KC)→ H0(L⊗ KC)}.

It is called the semi–canonical ideal.

The definition makes sense for any L.

The module
⊕

q H0(Lq ⊗ KC) is called the Arbarello–Sernesi module.
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Origins

Theorem (Arbarello–Sernesi, 1978)
Assume r ≥ 4. The module IK,L is generated in degree two unless C
lies on a surface of minimal degree in Pr.
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Origins

Arbarello–Sernesi’s Theorem
The proof is a fine analysis of the generators of the ideal (Petri).
It relies on the existence of an effective divisor D = x1 + · · ·+ xr s.t.
(1) h0(L(−D)) = 2,
(2) L(−D) is base–point–free,
(3) h0(L(−D + xi)) = 2 for any i.
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Origins

Translation
In terms of projective geometry,
(1) 〈D〉 = Pr−2,
(2) 〈D〉 ∩ C = supp(D),
(3) 〈D− xi〉 = 〈D〉 for any i i.e. x1, . . . , xr are in linearly general

position in 〈D〉.
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Origins

For L = KC

The three conditions give a primitive g1
g−1.

Brill-Noether theory: there exists always a primitive g1
g−1 except for

trigonal curves and plane quintics.

The homogeneous ideal of a non–hyperelliptic canonical curve is
generated by quadrics if and only if the curve is neither trigonal nor
plane quintic (K. Petri, 1922).
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The goal

Go one step further and analyse the module of syzygies of IK,L.
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The result

Theorem (A.–Sernesi, 2015)
Assume r ≥ 5. Suppose that the curve C is non-tetragonal and IK,L is
generated in degree two. The module of syzygies of IK,L is generated
in degree one if the dimension of the secant locus Vr−2

r−1(L) equals the
expected dimension and in any component of Vr−2

r−1(L) there exists an
effective divisor D = x1 + · · ·+ xr−1 s.t.
(1) h0(L(−D)) = 3,
(2) L(−D) is base–point–free,
(3) h0(L(−D + xi)) = 3 for any i.

Remark
If C carries a g1

4, say OC(η), and η imposes independent conditions on
|L| then the module of syzygies of IK,L cannot be generated in degree
one. (Green–Lazarsfeld, 1984.)
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Secant Loci
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Secant loci

Ξn ⊂ C× Cn the universal divisor on the n–th symmetric product Cn
of C, π : C× Cn → C, πn : C× Cn → Cn the projections.

The secant bundle of L is the rank–n vector bundle on Cn defined by:

EL,n := πn∗(π
∗L⊗OΞn).

For any ξ ∈ Cn, the fibre of EL,n over ξ is isomorphic to L|ξ.
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Secant loci

πn∗π
∗L ∼= H0(L)⊗OCn and hence we have a sheaf morphism

eL,n : H0(L)⊗OCn → EL,n.

eL,n is generically surjective for n ≤ r.

For any k ≤ n− 1, the secant locus Vk
n(L) is the closed subscheme

Vk
n(L) := Dk(eL,n) ⊂ Cn.

Vk
n(L) \ Vk−1

n (L) parametrizes the n–secant (k− 1)–planes in the
induced embedding.
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Secant loci

The expected dimension of Vk
n(L) is

expdim Vk
n(L) = n− (r + 1− k)(n− k)

If non–empty, then Vk
n(L) has dimension ≥ n− (r + 1− k)(n− k).

For k = n− 1:
expdim Vn−1

n (L) = 2n− r− 2.
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The result

Conditions
D ∈ Cr−1 with
(1) h0(L(−D)) = 3,
(2) L(−D) is base–point–free,
(3) h0(L(−D + xi)) = 3 for any i.

Translation
In terms of the geometry of secant loci,
(1) D ∈ Vr−2

r−1(L) \ Vr−3
r−1(L),

(2) {D}+ C ⊂ Vr−1
r (L) \ Vr−2

r (L),
(3) D 6∈ Im{Vr−3

r−2(L)× C→ Cr−1}.
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Syzygies
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Syzygies

James Joseph Sylvester (1814 – 1897)
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Syzygies
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Syzygies

P1, . . . ,Pm homogeneous polynomials in z0, . . . , zr over k

A syzygy between P1, . . . ,Pm is a relation

Q1P1 + · · ·+ QmPm = 0

with Q1, . . . ,Qm ∈ k[z0, . . . , zr] homogeneous.

Example
P2P1 − P1P2 = 0 is a syzygy between P1 and P2.
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Syzygies

David Hilbert (1862 – 1943)
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Syzygies
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Minimal resolutions

Setup
V is a k–vector space of dimension r + 1

z0, . . . , zr a basis in V

S := Sym V = k[z0, . . . , zr] =
⊕

d Sd the symmetric algebra of S

m = (z0, . . . , zr) ⊂ S the irrelevant ideal

M =
⊕

j Mj a finitely generated graded S-module.
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Minimal resolutions

Theorem (Hilbert, 1890)
There exists a free resolution of graded S–modules:

0←M← F0 ← · · · ← Fi−1
di← Fi ← · · · ← Fr+1 ← 0

with Fi = ⊕jS(−i− j)bij such that Im(di) ⊂ m · Fi−1. This is called the
minimal resolution of M and is unique up to automorphisms of its
factors.
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Minimal resolutions

Explanation
Minimality:

the matrix associated to di does not contain any non-zero
constant.
when reduced modulo m, all the differentials become zero.

Marian Aprodu (UB & IMAR) Secant Loci and Syzygies Edoardo Fest, Trento, June 2017 26 / 52



Minimal resolutions

The elements of Fi are the syzygies of M, the numbers bij = bij(M) are
the graded Betti numbers of M.

If we organise bij in a table, we obtain the Betti table of M.

i →
. . .

j bij
↓ . . .

0←M← ⊕jS(−j)b0j ← · · · ← ⊕jS(−i− j)bij ← · · · ← ⊕jS(−r− 1− j)br+1,j ← 0.
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Minimal resolutions

Example (Ulrich bundles)
X ⊂ Pr a smooth irreducible n–dimensional variety, E an Ulrich bundle
on X.

Betti table of the section module H0
∗(E) =

⊕
H0(E(i)):

0 · · · i · · · r− n

0 deg(E) · · · deg(E)
(r−n

i

)
· · · deg(E)
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Minimal resolutions

Example (Twisted cubic)
Equations: (2× 2)–minors of the matrix(

z0 z1 z2
z1 z2 z3

)
Relations: ∣∣∣∣∣∣

z0 z1 z2
z0 z1 z2
z1 z2 z3

∣∣∣∣∣∣ = 0 and

∣∣∣∣∣∣
z1 z2 z3
z0 z1 z2
z1 z2 z3

∣∣∣∣∣∣ = 0

Betti table of the coordinate ring:

0 1 2
0 1 – –
1 – 3 2
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Minimal resolutions

Example (Koszul resolution)
M = S/m the residual field.

0← S/m← S← V ⊗k S(−1)← . . .← ∧r+1V ⊗k S(−r− 1)← 0

the map ∧pV ⊗ S(−p)→ ∧p−1V ⊗ S(−p + 1) is given by

zi1 ∧ . . . ∧ zip ⊗ P 7→
∑
`

(−1)`zi1 ∧ . . . ̂̀. . . ∧ zip ⊗ zi`P.
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Minimal resolutions

Remark

0←M← ⊕jS(−j)b0j ← · · · ← ⊕jS(−i− j)bij ← · · · ← ⊕jS(−r− 1− j)br+1,j ← 0.

bij = dim Tori(M,S/m)i+j.
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Minimal resolutions

Moral
The Betti number bpq coincides with the dimension of the space
Kp,q(M), called Koszul cohomology space of M, and defined as the
cohomology at the middle of the induced complex (called the Koszul
complex)

∧p+1V ⊗Mq−1 → ∧pV ⊗Mq → ∧p−1V ⊗Mq+1

zi1 ∧ . . . ∧ zip ⊗ x 7→
∑
`

(−1)`zi1 ∧ . . . ̂̀. . . ∧ zip ⊗ zi`x.
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Minimal resolutions

Geometric cases
X ⊂ Pr a non-degenerate variety, M = SX.
X ⊂ Pr a non-degenerate variety, M = IX.
X ⊂ Pr a non-degenerate variety, L = OX(1),
M = R(X,L) := ⊕nH0(X,Ln).
X a projective variety, L ∈ Pic(X), V ⊂ H0(L), F a coherent sheaf,
M = R(X,F ,L) := ⊕nH0(X,F ⊗ Ln).
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Minimal resolutions

Notation:
For M = R(X,F ,L), we use the notation Ki,j(X,F ; L,V).
Further notation:
Ki,j(X,F ; L) if V = H0(X,L),
Ki,j(X; L,V) if F = OX,
Ki,j(X; L) if V = H0(X,L) and F = OX.
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Minimal resolutions

Important notice

X ⊂ Pr, V = H0(Pr,OPr(1)), and L = OX(1).

Then X is projectively normal if and only if K0,j(X; L) = 0 for all j ≥ 1.

If X is projectively normal, then to homogeneous ideal is generated by
quadrics if and only if K1,j(X; L) = 0 for all j ≥ 2.

Further, the module of relations between the quadrics is generated by
linear forms if and only if K2,j(X; L) = 0 for all j ≥ 2.
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Minimal resolutions

Definition (Green, 1984)
The property Ki,j(X; L) = 0 for all i ≤ p and j ≥ 2 is called the
property (Np).

Meaning. Purity of the minimal resolution up to the pth step.

0 1 . . . p p + 1 . . .
0 1 – . . . – – . . .
1 – b11 . . . bp1 bp+1,1 . . .
2 – – . . . – bp+1,2 . . .
3 – – . . . – bp+1,3 . . .
... – – . . . –

... . . .
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Minimal resolutions

Conjecture (Green, 1984)
If a canonical curve C fails property (Np) then Cliff(C) ≤ p.

The case p = 2 was solved by Voisin and Schreyer.
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Minimal resolutions

X ⊂ Pr curve, L = OX(1), can define the analogue of property (Np) for
the (shift of the) Arbarello-Sernesi module

R(X,KX,L)(−1) =
⊕

q

H0(Lq−1 ⊗ KX).

By duality, it amounts to the vanishing of Kp,1(X; L) for p large.

Theorem (Green–Lazarsfeld, 1984, Ein–Lazarsfeld, 2015)

If deg(L)� 0 then Kp,1(X; L) = 0 if and only if p ≥ h0(L)− gon(X).
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Syzygy varieties

M. Green, F.-O. Schreyer, S. Ehbauer, H.-C. Graf von Bothmer.

The idea
Produce geometry out of nontrivial linear syzygies.
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Syzygy varieties

Example (Seven points in P3)

X = {p1, . . . , p7} ⊂ P3 set of distinct points in linearly general position.

IX,2 generated by three quadrics.

The three quadrics have a linear syzygy if and only if X lies on a
twisted cubic. This twisted cubic is one example of a syzygy variety.
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Syzygy varieties

Example (Seven points in P3)
Moreover, the Betti tables in the two cases are the following

0 1 2 3
0 1 – – –
1 – 3 – –
2 – 1 6 3

0 1 2 3
0 1 – – –
1 – 3 2 –
2 – 3 6 3
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Syzygy varieties

Definition
X ⊂ Pr = PV∗ non–degenerate, p ≥ 2, 0 6= α ∈ Kp,1(SX).

Kp,1(SX) ∼= Kp−1,2(IX) = ker{∧p−1V ⊗ IX,2 → ∧p−2V ⊗ IX,3}

α =
∑
|I|=p−1

zI ⊗QI, QI ∈ IX,2.

Define the syzygy variety of α

Syz(α) = V
(
(QI)|I|=p−1

)
.

The syzygy variety of X is

Syzp(X) :=
⋂

06=α∈Kp−1,2(IX)

Syz(α).
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Syzygy varieties

Classification: large p.

Theorem (M. Green’s Kp,1 Theorem)

Assume X is of pure dimension n. Then
Kp,1(SX) = 0 for all p > r− n,
Kr−n,1(SX) 6= 0 if and only if X is a variety of minimal degree
(r− n + 1) and in this case X = Syzr−n(X),
If Kr−n,1(SX) = 0 and Kr−n−1,1(SX) 6= 0 then either
X = Syzr−n−1(X) and deg(X) = r− n + 2 or Syzr−n−1(X) is an
(n + 1)–fold of minimal degree (r− n).

X curve embedded by a complete linear system of degree ≥ 2g + 2,
third case: Kr−2,1(SX) 6= 0 then X is a normal elliptic curve or X lies on
a surface of minimal degree (r− 1) which induces a double cover of P1.
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Syzygy varieties

Theorem (S. Ehbauer)
Assume X is a curve. If Kr−3,1(SX) 6= 0, then Syzr−3(X) is either

a surface of minimal degree (r− 1), or
a surface of degree r, or
a threefold of minimal degree (r− 2).
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Syzygy varieties

Example
If X is a generic canonical curve of genus 6 then it is a quadratic
section of a del Pezzo surface in P5. This del Pezzo surface is a syzygy
variety Syz2(KX). The Betti table:

0 1 2 3 4
0 1 – – – –
1 – 6 5 – –
2 – – 5 6 –
3 – – – – 1
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Syzygy varieties

Theorem (A.–Bruno–Sernesi, work in progress)
If C is a canonical 4–gonal curve of genus ≥ 6 then Syz2(C) = C
unless C is either bielliptic or a quadric section of a del Pezzo surface.
In the bielliptic case, the second syzygy variety is a cone over the
elliptic curve. For quadric sections of del Pezzo’s the second syzygy
variety is the del Pezzo surface itself.

Syzygy varieties tend to have small degree.
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The result

Theorem
Suppose that the curve is non-tetragonal and IK,L is generated in
degree two. The module of syzygies of IK,L is generated in degree one
if the dimension of the secant locus Vr−2

r−1(L) equals the expected
dimension and in any component of Vr−2

r−1(L) there exists an effective
divisor D = x1 + · · ·+ xr−1 s.t.
(1) h0(L(−D)) = 3,
(2) L(−D) is base–point–free,
(3) h0(L(−D + xi)) = 3 for any i.
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Proof idea

Arbarello-Sernesi: the map uL is surjective.

Koszul cohomology: translate into

K1,j(IK,L) ∼= K2,j(C,KC ⊗ L−1; L) = 0 for j ≥ 2;

this is the analogue of the property (N2) for the graded module⊕
q

H0(C,Lq−1 ⊗ KC).

Duality for Koszul cohomology

Kr−3,1(C; L) = 0,

equivalently

Kr−4,2(IC) = ker{∧r−4V ⊗ IC,2 → ∧r−5V ⊗ IC,3} = 0
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Proof idea

Use the syzygy variety

Syzr−3(C) :=
⋂

06=α∈Kr−4,2(IC)

Syz(α).
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Proof idea

Theorem (Ehbauer)
If Kr−3,1(SC) 6= 0, then Syzr−3(C) is either

a surface of minimal degree (r− 1), or
a surface of degree r, or
a threefold of minimal degree (r− 2).
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Proof idea

1st Step. Prove that the hypotheses of the theorem are preserved
under generic inner projections; can assume r = 5 and hence

expdim V3
4(L) = 2× 4− 5− 2 = 1.

2nd Step. Prove that our hypotheses prevent the curve from lying on a
surface of minimal degree 4 in P5 or a smooth del Pezzo surface in P5

or a singular surface of degree 5 in P5 or on a threefold of degree 3
in P5.
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Many Happy Returns, Edoardo!
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