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Preface
This thesis summarizes the main topics of the research activity performed during
the three years of the Corso di Perfezionamento at the Scuola Normale Superiore in Pisa
under the supervision of prof. Giuseppe La Rocca: it has been my great pleasure to
have the possibility of exploring several different fields of physics and the main conclusion that I may be tempted to get from this experience is certainly that physics is
still much more unified than people generally say. Indeed, it seems to me still possible as well as very fascinating to try to keep track of the main ideas of neighboring
fields so as to mutually exchange techniques and physical pictures; in this way, all
fields can profit from a strong cross-fertilization effect.
Even if completely different physical systems have been examined during these
three years, most of the thesis can be considered as the discussion of a pair of different realizations of the same physical concept, the interacting bosonic field: both light
waves and bosonic atoms can be in fact described in terms of a quantum field with
Bose commutation relations. The different pictures that we generally have in mind
of the two systems derive not only from the different dispersion laws of the two
particles and, in particular, the massive nature of the atomic field with respect to the
massless electromagnetic field, but also from the much shorter wavelength of room
temperature matter waves with respect to visible light. Of course, the atom is here
considered as a single entity and its composite nature generally neglected: this simplified description is clearly correct only provided its internal degrees of freedom
are not involved in the dynamics.
The different historical development of human knowledge about the matter and
the light fields closely reflects these points: the relatively long wavelength of visible light has allowed a rather early observation of the interference and diffraction
effects typical of a wave, while the smallness of the single photon energy has hidden the quantum nature of the light field until the beginning of the century when
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the photoelectric effect was discovered. On the other hand, the discrete nature of
the matter field, already guessed by the ancient Greeks, has been the base of all
atomistic theories of matter, whereas the shortness of the atomic wavelength has
hidden the wavy character until the first atomic interference experiments in the late
twenties. Both the particle and the wave character of the quantum Bose field have
therefore been known for centuries, but only very recently it has been realized that
they are different aspects of the same entity; only the advent of modern quantum
mechanics and, in particular, of quantum field theory has led to the unification of
the wave and particle concepts into the unified concept of quantum field so that
matter and light have ceased to be considered completely distinct physical entities.
Very remarkably, the field-theoretical description of collisional atom-atom interactions is analogous to the description of optical nonlinearities in dielectric media with
an intensity dependent refraction index: in both cases, in fact, the Hamiltonian has
to include an interaction term quartic in the field operators. This means that any
physical consideration on an interacting atomic Bose gas is easily extended to an
interacting gas of photons which propagate in a nonlinear medium and vice versa.
Thanks to the recent progress in the realization of coherent sources of matter waves,
the analogy of atom optics with photon optics is now complete: such atom laser
beams are in fact the atomic analogs of optical laser beams and have very similar allorder coherence properties; for this reason, nonlinear atom optics with atom laser
beams is now the subject of a very intense research. In particular, the much stronger
atom-atom interaction strength with respect to the effective photon-photon one in
nonlinear media is expected to allow for appreciable nonlinear optical effects with
just a very small number of quanta, so that definitely quantum effects such as nonclassical beams and quantum entanglements should be more easily observed with
matter waves.
The first part of the thesis is devoted to a discussion of nonlinear optical effects in
the presence of dielectric systems which modify the mode structure of the electromagnetic field, in particular distributed Bragg reflector microcavities. In the presence of discrete states, the light field can be described in terms of a finite number of
harmonic oscillators and the nonlinearities are included as additional anharmonic
terms in the Hamiltonian; damping terms account for the coupling to the continuum
of propagating states external to the dielectric structure. At the classical level, the
description in terms of such discrete modes is shown to be equivalent to Maxwell’s
wave equations in a nonlinear dielectric medium but leads to much simpler calcu-
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lations; instead of working with nonlinear partial differential equations, a simple
system of a few ordinary differential equations is able to give accurate quantitative
predictions as well as a deeper insight in the physical behavior. In this approach,
all the details of the specific system under examination are summarized in a small
number of parameters governing the dynamics of the system. In particular, we shall
discuss two different kinds of optical nonlinearities: an intensity-dependent refraction index and resonant two-photon processes; in both cases, the transmission spectra of the microcavity are characterized for growing values of the incident intensity
and the possibility of observing optical bistability and optical limiting pointed out.
In addition, we shall study the linear optical response of the cavity to a weak probe
field when it is optically dressed by a strong pump beam: the control of the probe
transmission by the pump beam can be interpreted as an optical transistor behavior, while the shift and splitting of the excitonic spectral features which appear in
the case of two-photon absorption can be seen as a two-photon optical Stark effect.
Given the strict analogy between Maxwell’s equations for the electromagnetic field
in nonlinear materials and the Gross-Pitaevskii equation for the coherent interacting
matter waves of a Bose condensate or an atom laser, much of the results of the first
part are applied in the second part to the propagation of a coherent atomic beam
through an optical lattice; the periodic optical potential of the laser field is in fact
a sort of distributed Bragg reflector for matter waves and a microcavity can be obtained using a spatially modulated lattice. The discrete modes which appear in the
numerically predicted transmission spectra are interpreted in terms of an effective
mass approximation: since the atomic mass at the gap edge is much lighter than
the free-space mass, the mode spacing can be as large as one tenth of the atomic
recoil energy. This fact, together with the narrow linewidth of the modes, suggests
the use of such atomic Fabry-Perot cavities for nonlinear atom optics experiments:
collisional atom-atom interactions will be shown to allow for (atom) optical limiting
and (atom) optical bistability.
Since the strength of atom-atom interactions is generally orders of magnitude larger
than the effective strength of the photon-photon interactions induced by the nonlinear dielectric material, the mean-field approach underlying the Gross-Pitaevskii
equation for the atomic field is more likely to fail than Maxwell’s equation of classical electrodynamics. In other terms, the appearance of an appreciable nonlinear
optical effect generally requires a smaller number of quanta in the atomic case, so
that nonclassical effects should be better observed with matter waves rather than
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light waves.
The third part of the thesis is devoted to the exact study of a strongly interacting
Bose field beyond the mean field approximation and, in particular, of the quantum
coherence properties of the field. In the case of a single-mode cavity, such a calculation can be exactly performed in terms of the quantum master equation for the
field: for low values of the nonlinear coupling, the behavior is close to the one predicted by the mean-field theory: quantum effects are only a small correction and
can be treated in a perturbative way. For strong nonlinearities, definitely quantum
effects appear in the coherence properties of the transmitted beam: for the case of
an incident beam exactly on resonance with the empty cavity, a sort of atom blockade
effect will be discussed; for the case of a blue-detuned incident beam (and repulsive
interactions), a bimodal shape is found for the steady-state atom distribution in the
cavity mode, which is the quantum generalization of optical bistability.
While the simple structure of the Hilbert space of the single-mode system has allowed the quantum master equation to be numerically solved, an analogous task
becomes quickly unfeasible as soon as a few modes of the field have to be included:
as most relevant examples, the dynamics of an atomic cloud in a magnetic trap
as well as the coherence properties of light in a strongly nonlinear planar microcavity are very hardly determined unless we limit ourselves to a mean-field approximation. The thesis is concluded by the discussion of a novel reformulation of
the time-evolution of an interacting Bose gas in terms of the stochastic evolution
of Hartree states; this work has been mainly performed at the Laboratoire KastlerBrossel in Paris(a) during the first months of 1999 under the supervision of proff.
Jean Dalibard and Yvan Castin. Among the many possible implementations of the
method, schemes can be found, which are not subject to the divergences typical
of Positive-P calculations since they lead to stochastic differential equations with a
regular solution for all times; the stochastic scheme of Positive-P representation is
itself recovered as another specific scheme of our general framework. Although the
numerical calculations performed so far have dealt only with very simple systems,
the approach looks very promising for the numerical study of multimode systems
involving a relatively small number of strongly interacting particles.

(a)

Partial financial support from EC (TMR network ERB FMRX-CT96-0002) is acknowledged.
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Introduction
A substantial progress in the investigation of fundamental effects in light-matter interaction has followed the development of laser sources, which are able to generate
fields of remarkable monochromaticity and intensity. Most experiment were initially carried out on gaseous samples, which have optical transitions with a homogeneous linewidth very close to the natural radiative one.1, 2 In this way it is possible
to perform the experiments of interest without being disturbed by spurious damping effects which could hide the process under examination. Very recently, laser
cooling and trapping techniques have allowed to overcome even Doppler broadening effects: in this way it is now possible to cool the atoms down to temperatures for
which the Doppler linewidth is much smaller than the natural one.3 However, all
these experiments require an apparatus which is far from being simple and portable:
several laser sources are in fact needed to manipulate the atoms and the alignment
of the experimental setup can be problematic.
Since the recent progress in growing semiconductor samples with optical features
sufficiently sharp and free from unwanted damping effects, there has been much
interest in trying to export all the nonlinear and quantum optics formalism to the
description of optical processes in solid-state samples. From the experimental point
of view it is in fact much simpler to work with a solid-state sample than with an
atomic one: once the sample has been grown, there is no need for complicate manipulations but for its cooling down to a few Kelvin via conventional techniques.
From the point of view of applications, optical elements as small and as portable
as semiconductor ones have an enormous utility, since light-emitting diodes, harmonic generators and bistable elements are widely applied in all sorts of optical
setups. Also from a fundamental point of view the study of optical properties of
solid-state materials can bring to a deeper understanding of the dynamics of the
material excitations which are made to interact with the electromagnetic field, e.g.

8

Semiconductor optics
phonons, free electron-hole pairs, excitons and even biexcitons.
The recent developments in the controlled growth of heterostructures of different
semiconducting materials on the nanometer scale have opened the possibility of
having the carrier motion quantized in some spatial directions and hence of studying electronic systems with reduced dimensionalities such as quantum wells (2D),
quantum wires (1D) and even quantum dots (0D).4 Since the confinement of carriers
makes the excited electron-hole pairs to interact more strongly among them, such
systems are very interesting from the point of view of nonlinear optics: sharp excitonic resonances can be observed in the optical response even at room temperature
and the corresponding susceptibilities show a strong dependence on the excitation
level.5, 6
But semiconductor heterostructures not only can affect the carrier motion in the material, but can also modify the structure of photonic modes; in particular, it has been
shown as possible to have a photonic density of states which vanishes in a certain
window as well as a sharply peaked one. A vanishing density of states can be observed in a photonic band gap (PBG) crystal: thanks to the periodic modulation of
the refraction index, light is effectively forbidden from propagating at frequencies
comprised within the gap and spontaneous emission can not occur at such frequencies. Sharp peaks in the density of states can be observed in microcavity systems, in
which light is confined by a pair of distributed Bragg reflectors (DBR): the presence
of the cavity mode gives a sharply peaked density of states at the resonance frequency with a spatially localized photonic wavefunction. Provided the damping is
weak enough, the strong enhancement of the light-matter interaction which follows
the spatial localization of both the photonic and the excitonic modes can eventually
lead to a strong coupling regime in which the eigenmodes of the system are mixed
exciton-polariton modes.
Much of the published literature on semiconductor microcavities deals with linear
optical processes; only recently nonlinear and quantum effects in such structures
have been studied and observed. This field obviously deserves a greater attention,
both because it can provide new informations on the dynamics of carriers in heterostructures and because the specific nonlinear properties of the material may allow for new optical processes.
This first part of the thesis is devoted to the study of the optical properties of semiconductor DBR microcavities at both linear and nonlinear regime: in chap.1, we give
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a short and simple review of the linear regime behavior; the two following chaps.2
and 3 summarize our original results on the nonlinear response of semiconductor
microcavities in the presence of either an intensity-dependent refractive index or
resonant two-photon processes such as second-harmonic generation or two-photon
absorption.
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Chapter 1
Linear optics of semiconductor DBR
microcavities
This first chapter contains a short review of the linear optical properties of photonic
band gap (PBG) crystals, distributed Bragg reflectors (DBR) and finally DBR microcavities: in all these systems, a spatial modulation of the dielectric properties is
exploited in order to strongly modify the photonic mode structure with respect to
the free-space one.
Sec.1.1 discusses the photonic dispersion in systems in which the dielectric constant
has a periodic spatial modulation, such as PBG crystals: the typical features of wave
dispersion in periodic systems are recovered, such as allowed bands and forbidden
gaps.
Sec.1.2 applies these ideas to the so-called distributed Bragg reflectors (DBR): a light
beam which incides on the finite slab of PBG forming the DBR mirror is transmitted
if the frequency corresponds to a band while it is nearly totally reflected if the light
frequency corresponds to a forbidden gap in the photonic dispersion.
The two following sections introduce the concept of a DBR microcavity from two
different points of view: in sec.1.3 we shall consider the optical cavity formed by a
pair of DBR mirrors separated by a cavity layer of dielectric. As it is well-known
from classical electromagnetism, the mirrors impose boundary conditions to the
electromagnetic field in the cavity and the frequencies of the resulting localized
modes depend on the thickness of the cavity layer. From a different point of view
(sec.1.4), these same modes can be interpreted as defect states in an otherwise pe-
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riodic PBG crystal in exactly the same way as the bound states of the carriers in a
doped semiconducting material.
The localization of the photonic mode wavefunction can be used to enhance the
interaction of the light field with matter: as discussed in sec.1.5, if an excitonic transition is coupled to the cavity mode, a strong coupling regime can be achieved, in
which the eigenmodes of the coupled system are a pair of polaritonic mixed states,
i.e. linear superposition of matter and light excitations; in the transmission spectra,
the mixing reflects into a splitting of the cavity transmission peak into a doublet of
peaks.
In the case the excitonic linewidth is much smaller than the photonic one, quantum
coherence effects between the polaritons are predicted to give rise to peculiar sharp
features in the linear transmission spectrum in the weak-coupling regime (sec.1.6).
This effect can be interpreted as the microcavity analog of the Fano interference
profile of electromagnetically induced transparency.
Sec.1.7 completes the picture with a brief discussion of the properties of coupled
DBR microcavities, i.e. a pair of DBR microcavities sharing a (generally less reflecting) central mirror. Such a system is characterized by a pair of localized cavity
modes which are mutually coupled by the tunneling through the central mirror and
the eigenmodes consist of a doublet of delocalized modes over the two cavities.

1.1 The Photonic Band Gap (PBG) crystal
As it is well known for electrons in a crystalline solid,7–9 the dispersion of any particle or excitation in a system with a spatial periodicity is characterized by allowed
bands and forbidden gaps. In particular, this is valid for the photonic dispersion in a
material medium with spatially periodic refractive properties.10, 11
The discrete translational symmetry of the system allows in fact for the application
of Bloch’s theorem7 so that the energy states can be classified in terms of a quasimomentum k which spans the first Brillouin zone (FBZ) of the lattice, and a band index.
Great effort has been recently devoted to the realization of structures showing a
complete photonic band gap (PBG), i.e. a finite energy window in which the photonic density of states vanishes and light propagation is forbidden, irrespective of
its propagation direction. In such systems, in fact, spontaneous emission processes
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such as electron-hole recombination would be inhibited if the photonic band gap
overlaps the electronic band edge leading to increased efficiencies of a semiconductor laser as well as to a squeezing of the output field.11
Although its conceptual simplicity, this complete PBG has been very elusive; a great
deal of both theoretical and experimental works have appeared on the subject, some
of them using even sophisticated group theory techniques;12–15 a complete PBG has
been finally obtained in the microwave frequency range using a fcc lattice with an
asymmetrical Wigner-Seitz unit cell.16, 17
Given a lattice with a periodicity L and a mean refraction index n̄, the first gap opens
up at a frequency of the order of the Bragg frequency
cπ
ωBr =
.
(1.1)
Ln̄
A photonic crystal with the PBG located in the microwave range can be fabricated
just by drilling an array of appropriately oriented holes in a solid dielectric material;17 the required spacing being of the order of a few millimeters, the holes can in
fact be easily obtained by means of ordinary microfabrication techniques.11
On the other hand, the realization of a structure showing a PBG at optical frequencies is still an open problem, since it requires a spatial modulation of the dielectric
properties with a periodicity of the order of 100nm in all three dimensions. For such
a purpose, a number of different systems are actually being investigated, such as
polystirene colloidal crystals,18, 19 synthetic opals20 and even atoms trapped in optical lattices.21, 22
If we limit ourselves to one-dimensional geometries, structures with periodicities
in the optical range are easily fabricated by means of molecular beam epitaxy (MBE)
techniques allowing for Bragg mirrors as well as single and coupled microcavities
to be grown; very recently, similar structures with periodicities as short as a few
nanometers are beginning to be used as mirrors in the soft X-ray domain.23
The analogy between the electrons in a crystalline solid and the photons in a periodic dielectric structure can be further clarified by rewriting Maxwell’s wave equation in a dielectric medium in the following Schrödinger-like form:4

i
~2 ~ h ~
~2 ~ 2 ~
~
~
~
∇ E(x) − ~ω [(x) − 1] E(x)
−
∇ ∇ log (x) · E(x)
= ~ω E(x);
(1.2)
−
2mo
2mo
ω is the photon frequency, E(x) the electric field and (x) the local dielectric constant; the mass mo has been defined according to mo = ~ω/2c2 . The first term of
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eq.(1.2) describes a sort of kinetic energy of the photon, which takes into account the
free-space photon dispersion; the second and third terms depend on the refractive
properties of the material medium. In particular, the former term can be interpreted
as giving a sort of dielectric potential Vdiel
(1.3)

Vdiel (x) = −~ω [(x) − 1] ;

to which photons are subjected. For the one-dimensional geometries which are matter of the following sections the electric field is everywhere parallel to the interfaces
between different materials so that the last term, which would otherwise couple the
spin and the translational degrees of freedom, results exactly vanishing.
The well-known total internal reflection at a dielectric-vacuum interface24 can be
interpreted as arising from the dielectric potential Vdiel of eq.(1.3): if the longitudinal
kinetic energy of the photon in the dielectric material ~ω cos2 θ is not large enough
for surmounting the potential step ~ω( − 1) with respect to external free-space, the
photon is reflected back. The condition for total internal reflection which follows
from this approach agrees with the usual condition sin2 θ > −1 .
Fig.1.1 reproduces the band structures for a one-dimensional periodic system: the
calculations have been performed using the usual transfer matrix algorithm for the
propagation of linearly polarized electromagnetic waves at normal incidence in a
one-dimensional structure.4, 25 If we denote as
E(x, t) = v1 eino (x−xo )ω/c e−iωt + v2 e−ino (x−xo )ω/c e−iωt

(1.4)

the resulting electric field of the two waves which propagate in respectively the
forward and backward directions inside a slab of material of refraction index no , the
field amplitude can be summarized in the two component complex vector
v=

v1
v2

!

(1.5)

.

In this formalism, both the boundary conditions at the interface between two layers
with different refractive index and the propagation through an homogeneous slab
are described by linear matricial equations of the form
v10
v20

!

=

M11 M12
M21 M22

!

v1
v2

!

=M

v1
v2

!

.

(1.6)
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In the first case, the transfer matrix M has the form
Mint =

n1 +n2
2n2
n2 −n1
2n2

n2 −n1
2n2
n1 +n2
2n2

!

(1.7)

,

n1,2 being the refraction indices of the materials separated by the interface, while in
the other case, it has the form
!
einωl/c
0
.
(1.8)
Mpr =
0
e−inωl/c
In the next chapter (sec.2.3), this method will be generalized and applied to nonlinear materials in which the refractive index depends on the local light intensity.

2.5
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1.5

1.5

ΩΩbr

ΩΩbr

For each value of the frequency ω, the wavevector of each mode ki is given by
λi = eiki L , λ1,2 being the eigenvalues of the 2x2 transfer matrix corresponding to
propagation along the unit cell. The real part of ki clearly refers to propagation,
while the imaginary one to extinction (and, eventually, absorption, if the lattice is
dissipative).26

1
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F IGURE 1.1: Photonic structure of a one-dimensional periodic non-absorbing
structure composed of alternated n1 = 3.5 and n2 = 2.5 layers; d1 /d2 = 2/3.5.
The gaps open at frequencies which are integer multiples of the Bragg frequency
ωBr . The presence of the second gap at 2ωBr is a clear signature of non-λ/4
layers. Left panel: photonic dispersion (real part of the wavevector). Right
panel: extinction coefficient (imaginary part).

For a two-layer unit cell of refraction indices n1,2 and thicknesses d1,2 , the gap width
is generally an increasing function of the refractive index contrast, i.e. the amplitude
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of the modulation of the potential Vdiel ; for given values of n1,2 , the maximal width
of the lowest gap is achieved in the case of λ/4 layers, i.e. when d1 n1 = d2 n2 =
λBr /4. Unfortunately, symmetry reasons make this condition incompatible with the
opening of a second gap around 2ωBr .27
An effective mass can be defined for the photons at band edge according to the general rule
 2 −1
1∂ ω
mef f =
;
(1.9)
~ ∂k 2
as in the electronic case, conduction band photons have a positive effective mass, while
valence band ones have a negative mass; consequently, a defect which is attractive in
the sense of eq.(1.3), e.g. a more refracting layer, can bind conduction band photons,
while valence band photons are bound by repulsive defects, e.g. additional holes in
the material.10, 11

1.2 The Distributed Bragg Reflector (DBR) as a onedimensional PBG
Consider a monochromatic light beam normally inciding on a finite slab of onedimensional PBG crystal; in fig.1.2 we have plotted the transmittivity as function of
its frequency ωL . Most of its features can be explained starting from the simple band
dispersion of the previous section.
If the incident frequency ωL corresponds to a forbidden gap, light can not propagate
through such a dielectric lattice and would be totally reflected back by an infinite
structure;4 this because the photonic dispersion inside the PBG gives a purely imaginary wavevector for frequencies inside the gap. In the case of a finite sample, a
small part of the incident flux can instead tunnel across the system: the transmitted
beam has an intensity which is an exponentially decreasing function of the number
of periods of the structure with a characteristic length given by the inverse of the
extinction coefficient kext . Anyway, since absorption is absent, the process is purely
reactive and conserves energy; this means that the sum of the transmitted and reflected intensities exactly equals the incident one.
A similar extinction process occurs when light falls onto the interface between a
dielectric and the vacuum with an angle larger than the critical angle θ > θcr =
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F IGURE 1.2: Transmission spectrum of a 10 periods PBG crystal. Same parameters as in fig.1.1.

√
arcsin 1/ : in this case, the photon dispersion in free-space does not allow for propagating states with a real wavevector if the transverse wavevector k⊥ > ω/c. Light
has therefore to be totally reflected at the interface, leaving only a non-propagating
exponential tail in the vacuum. If two dielectric bodies with parallel interfaces are
separated by a thin vacuum layer of thickness d, the tunneling amplitude for θ > θcr
has the same exponentially decreasing behavior as a function of d as the transmission through of finite slab of PBG. This effect is currently used in practice for tuning
the in- and out-coupling intensity of a whispering gallery dielectric resonator.28
If the frequency ωL corresponds to an allowed band, incident light couples to propagating modes and can be transmitted across the lattice; as it happens for a finite
dielectric slab, the presence of an impedance mismatch at the abrupt interfaces of
the PBG crystal causes partial reflections and hence oscillations in the transmittivity
spectrum with a period inversely proportional to the lattice thickness.
Given their good reflection performances at frequencies lying inside an energy gap,
finite slabs of PBG are commonly used as high quality distributed Bragg reflector
(DBR) mirrors; in most cases, the lattice is formed by a stack of λ/4 layers tuned to
the desired frequency, in order to maximize both the extinction coefficient and the
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reflection spectral range at a given refraction index contrast. Other configurations
are sometimes adopted for specific purposes: doubly resonant second harmonic
generation, e.g., requires high reflectivity at both ωL and 2ωL , which can not be obtained with usual λ/4 mirrors. A detailed discussion on such FASH (fundamental
and second harmonic) mirrors can be found in.27
The materials most commonly used for DBR mirrors are certainly Alx Ga1−x As alloys, whose refractive index can be varied changing the relative proportion of Ga
and Al atoms from a value of about nAlAs ' 2.95 up to a value of about nGaAs ' 3.56;
such materials allow in fact for an easy growth of the DBR mirror structure by means
of MBE techniques as well as for the integration in the same monolithic sample of
the electronic confinement structures, e.g. quantum wells, which are required in order to have strong and sharp excitonic optical lines. Given the limited refractive index contrast of such compounds, other classes of materials are actually investigated
in order to get enhanced refractive index contrasts, e.g. II-VI inorganic semiconductors,29, 30 alternate layers of ZnS (nZnS ' 2.3), MgF2 (nMgF2 ' 1.35) and organic
materials31 as well as many others.32–34

1.3 The DBR microcavity
Consider now a pair of DBR mirrors separated by a dielectric layer of refraction
index ncav and thickness dcav grown on a substrate of refraction index nsub as in
fig.1.3: such a system can be considered as an optical cavity, since light is confined in
the central cavity layer by the pair of mirrors which surround it. If the DBR mirrors
are formed by λ/4 layers and the cavity one is a λ/2 layer, the Fabry-Perot mode
has a frequency very close to the Bragg frequency ωBr . Examples of transmission
spectra through such structures, calculated using the transfer matrix formalism, are
reproduced in fig.1.4).
For frequencies lying outside the reflection window of the DBR mirrors, there is
appreciable transmission since light can propagate through the whole structure. The
complicate modulation is the result of the multiple reflections at the interfaces and
can be interpreted in terms of the so-called leaky modes.35
For frequencies lying inside the gap of the DBR mirrors, transmission is nearly vanishing at all frequencies comprised within the forbidden gap of the DBR mirrors,
but for the narrow Fabry-Perot peak which corresponds to a resonant tunneling pro-
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F IGURE 1.3: Scheme of a DBR microcavity; the heights of the lines correspond
to the refraction index of the different layers.
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F IGURE 1.4: Transmission spectra of an empty microcavity. The DBR mirrors
are formed by 10 periods of a λ/4 lattice; the cavity layer is a λ/2 one. The Bragg
frequency is ~ωBr = 1.40eV; n1 = 2.9, n2 = 3.6, ncav = 2.9 and nsub = 3.5.
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cess on the localized cavity mode: the peak center is at the mode frequency and its
linewidth γ is given by the radiative lifetime γ = τ −1 ; this latter being proportional
to the (small) mirror transmittivity, the more lattice periods are present in the DBR
mirrors, the narrower is the resonance. In general, the sharpness of an optical resonance is measured in terms of the quality factor Q, defined as the ratio Q = ωlin /γ of
the frequency and the linewidth; in physical terms it is equal to 2π times the number of oscillations required to damp the energy of a factor 1/e. Since the reflectivity
of DBR mirrors can be very close to 1, very high quality cavity modes should be
obtainable: experimentally, Q factors as high as 104 have been observed or, equivalently, linewidths as narrow as 0.13meV.36 Differently from the case of metallic
cavities, the transmittivity of DBR microcavities is smaller than unity even at exact
resonance with a FP mode because of the presence of the substrate material on just
one side of the structure.
The fact that DBR microcavities are monolithic objects is very interesting from the
point of view of the applications: the mechanically stable geometrical alignment
allows in fact for an easy manipulation; furthermore, the reduced volume of the
cavity mode, together with the possibility of integrating active layers such as quantum wells in the same monolithic object, allows for the investigation of the physics
of strongly coupled photon-exciton systems.37–40

1.4 The DBR cavity as an impurity in a PBG crystal
The photonic mode localized inside the cavity by reflections on the two DBR mirrors
forming the microcavity can also be considered as a defect state in an otherwise periodic system: the two DBR mirrors surrounding the cavity layer can be in fact seen
as a single one-dimensional periodic array in which an extra layer with different
characteristics (the cavity layer) has been inserted, i.e. a doped PBG crystal.
As it is well-known from semiconductor physics,7, 8 when an impurity atom is present
in a otherwise periodic crystalline lattice, a localized defect state appears for carriers
at frequencies comprised within the gap between the valence and the conduction
band. Depending on the strength of the impurity potential, the defect state can be
either deep, if the carrier is tightly bound and the energy level is far inside the gap,
or shallow, if the carrier wavefunction is delocalized over many unit cells and the
energy level is close to a neighboring band. Depending on whether the sign of the
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electric potential is positive or negative, the defect can be respectively classified as
a donor or an acceptor: in the first case, the potential results attractive for positive
mass electrons and the energy of the bound state is located just below the conduction band; in the second case, instead, the potential results attractive for negative
mass holes and the energy of the bound state is located just above the valence band.
A similar behavior is expected to occur in PBG crystals when some dielectric material is either added or removed at a certain location in the crystal:41 in the first case,
the extra dielectric generates a negative defect potential which can bind positive
mass conduction band photons; in the other case, the removed dielectric generates
a positive potential which can bind negative mass valence band photons.
Such a prediction can be immediately verified by simply calculating the transmission properties of a doped PBG crystal for different values of the thickness of the
central (cavity) layer dcav ;42 the energy of the defect state corresponds to the linecenter of the resonant tunneling peak.

Transmittivity T

0.40

Undoped PBG
Donor
Acceptor

0.30

0.20

0.10

0.00
1.20

1.30

1.40

ω (eV)

1.50

1.60

F IGURE 1.5: Transmission spectra of microcavities for different values of the
cavity layer thickness; the DBR mirrors are λ/4 mirrors, each formed by 10 periods of alternated n1 = 2.9 and n2 = 3.6 layers. The cavity layer (ncav = 2.9) is
respectively a λ/8 (acceptor), a λ/4 (undoped PBG) or a 3λ/8 (donor) layer.

For dcav = docav =

πc
,
2ncav ωBr

the central layer is itself a λ/4 one and therefore identical
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to its neighbors; in this case, the PBG crystal is not doped and the transmission
spectrum shows no resonant tunneling peaks. For dcav > docav , a transmission peak
appears just below the conduction band edge: it corresponds to resonant tunneling
on a donor impurity state. For dcav < docav , the resonant tunneling peak appears
instead just above the valence band edge; it corresponds to an acceptor impurity
state. In both cases the distance from the band is initially an increasing function of
|dcav − docav |.

Impurities have been studied extensively also in two and three dimensional PBG
crystals from both the theoretical and the experimental point of view; several authors41, 43–45 have in fact shown that a localized addition of removal of dielectric material in a slab of otherwise periodic photonic crystal provides localized photonic
states which can have Q-values as high as 104 and very tightly bound wavefunctions, with mode volumes of the order of a few square or cubic wavelengths. As
expected, the coupling efficiency to externally incident fields decreases exponentially with the distance of the impurity from the crystal surface, as it is expected for
tunneling on a localized mode.

1.5 Strong exciton-photon coupling effects in DBR microcavities
1.5.1 A simple two-mode model
Consider a single-mode DBR microcavity containing in the cavity layer a stack of Nw
identical quantum wells with strong electric-dipole excitonic transitions radiatively
coupled to the photonic mode of the cavity. At low excitation densities, when the
excitons can be considered as non-interacting bosons, such a system can be simply
modeled as a pair of coupled harmonic oscillators.
The Hamiltonian of such a model can be written in terms of the photonic and excitonic field operators âph and âexc as
H = ~ωphâ†phâph + ~ωexcâ†exc âexc + ~kc â†phâexc + ~kc∗ â†exc âph +
∗
∗
+ ~kinc Einc (t)â†ph + ~kinc
Einc
(t)âph ;

(1.10)

the first two terms account for the linear oscillations of the photonic and excitonic

Linear optics of semiconductor DBR microcavities

23

fields respectively at ωph and ωexc . The ~kcâ†ph âexc +~kc∗ â†exc âph coupling terms respectively describe excitonic stimulated emission and absorption processes from and
into the cavity mode; the coupling coefficient kc depends on the matrix element of
the excitonic transition and will be related in sec.1.5.2 to the excitonic contribution to
the macroscopic dielectric constant. Since only a specific linear combination of the
Nw excitonic states is effectively coupled to the photonic mode radiation while the
other Nw − 1 dark46 states are not directly involved in optical processes, the excitonphoton coupling strength for a stack of Nw equivalently located wells is proportional
√
to Nw .47, 48
∗
∗
The ~kinc Einc (t)â†ph + ~kinc
Einc
(t)âph term describes the effect on the microcavity of
an incident laser beam which forces the photonic cavity mode to oscillate. Thanks
to its all-order coherence, the incident laser field is well modeled as a classical Cnumber field Einc (t). The coupling coefficient kinc is proportional to the transmission
amplitude of the front cavity mirror; analogously, the amplitude of the transmitted
field through the cavity Etr is proportional to the internal photonic amplitude âph
times a ηtr coefficient proportional to the transmission amplitude of the back mirror.

From the point of view of the sole microcavity, the coupling of the photonic mode to
the continuum of propagating external modes through the non-perfectly reflecting
mirrors as well as the exciton damping due to phonon and disorder induced scattering or ionization are dissipative processes and thus can not be included in a simple
Hamiltonian formalism. From the general theory of damping,1, 49 it follows that the
dynamics of the two-mode system is completely described by the following master
equation for the density matrix ρ̂
∂ ρ̂
i
= [ρ̂, H] + γph D [âph ] ρ̂ + γexc D [âexc ] ρ̂
∂t
~

(1.11)

in which we have added to the usual Hamiltonian evolution terms which account
for the damping of respectively the photonic and excitonic modes

1 †
D [âph ] ρ̂ = âph ρ̂â†ph −
âph âphρ̂ + ρ̂â†ph âph
(1.12)
2

1 †
D [âexc ] ρ̂ = âexc ρ̂â†exc −
âexc âexc ρ̂ + ρ̂â†exc âexc ;
(1.13)
2

as usual, the coefficients γph,exc have the usual meaning of damping rates of respectively the photonic and excitonic oscillations. If we define ηinc,tr as the proportionality factors between the cavity field and the emitted fields respectively in front and
behind the cavity, the contribution of radiative escape of photons from the cavity to
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the cavity damping can be written as
(rad)

γph

=


c
|ηinc |2 + |ηtr |2 ;
8π

(1.14)

in addition, the ηinc coefficient can be related (a) to the coupling coefficient kinc of the
incident beam to the cavity mode:
ηinc =

8π
kinc .
c

(1.15)

For a symmetric structure, ηinc = ηtr and kinc = ktr , and therefore
kinc
ηtr

q
(rad)
=
4πγph /c
q
(rad)
=
cγph /16π.

(1.16)
(1.17)

Another contribution to γph may arise from light absorption processes in the dielectric material forming the DBR mirrors and the cavity layer. Exciton damping
is instead caused by phonon and disorder scattering or ionization. Since the decay
channels of the excitonic and photonic modes are expected to be distinct,51 no coupling of the excitonic and photonic modes is expected to arise from damping effects;
in other words, non-diagonal damping terms have not to be included in the master
equation eq.(1.11).
Inserting the explicit form of the Hamiltonian eq.(1.10) into the master equation
eq.(1.11), we can obtain a closed set of motion equations for the mean-values of the
field operators aph,exc = hâph,exci:
daph
1
= −iωph aph − ikc aexc − γph aph − ikinc Einc (t)
dt
2
1
daexc
∗
= −iωexc aexc + ikc aph − γexcaexc ;
dt
2

(1.18)
(1.19)

differently from the case of nonlinear optical systems treated in the next chapters,
the equations for the mean-field amplitudes are in the present case exact: the quadratic form of the Hamiltonian eq.(1.10) guarantees in fact that the all-order coherence of the incident laser beam is transferred to the cavity field as well as to the
excitonic field.
(a)

This is easily proven by remembering that the transmission through any symmetric, linear and
non-absorbing structure is, at exact resonance, exactly one [50, chap.9]
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o
If the incident field is a monochromatic one Einc (t) = Einc
e−iωL t , we can analytically
o
find the steady-state transmitted amplitude Etr
:
o
Etr

=

o
kinc ηtr Einc

ωph − ωL − iγph /2 −

|kc |2
ωexc −ωL −iγexc /2

.

(1.20)

In absence of photon-exciton coupling kc = 0, we recover the typical expression for
the single resonance of the bare cavity mode at ωph with linewidth γph .
In currently grown microcavities, the excitonic linewidth is generally comparable or
even larger than the photonic one: γexc > γph ; in the resonant case ∆ = ωexc −ωph = 0,
depending on whether 4 |kc | is smaller or larger than |γexc − γph |, we can be either in
a weak coupling regime or in a strong coupling regime. The transmission spectrum
shows in fact a pair of poles at the (complex) eigenfrequencies
s

2
γph + γexc
γexc − γph
2
± |kc | −
ω̃1,2 = ω1,2 − iγ1,2 = ωph − i
(1.21)
4
4

of the linear system eqs.(1.18-1.19). In the weak coupling regime, the real parts
of the poles, which define the resonance frequencies, coincide and are equal to
ω1,2 = ωph = ωexc , so that the transmission spectrum has a single peak at ωph . In
the strong coupling regime, a doublet of Rabi-split peaks appears, symmetrically
located with respect to ωph = ωexc . From a physical point of view, the doublet of
peaks arises from resonant tunneling processes on the two dressed eigenstates of the
cavity, the so-called exciton polaritons, which are linear superpositions of the excitonic and photonic modes and can be determined from the diagonalization of the
cavity Hamiltonian eq.(1.10).
The transition from the weak to the strong coupling regime can be observed in
fig.1.6: transmission spectra for growing coupling strengths kc have been plotted
in the resonant case ∆ = 0: the transition from a single peak to a doublet of peaks
is apparent. On the other hand, if we vary the detuning ∆ in the strong coupling
regime, the polaritonic peaks show the typical anticrossing behavior of a coupled
two-modes system:37, 38, 52 since only the photonic mode is actually coupled to the
incident and transmitted beams, the oscillator strength of each peak reflects the
weight of its photonic component. An explicit calculation in the optical Stark effect (OSE) regime in which the linewidths are negligible with respect to the Rabi
splitting ΩR , leads to the polariton frequencies
1/2
 2
∆ ΩR
∆
∆
2
=
±
+ |kc |
±
(1.22)
ω1,2 =
2
4
2
2
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F IGURE 1.6: Transmission spectra for different values of the exciton-photon coupling kc . To clarify the picture, each spectrum has been shifted upwards of
0.25. The solid line refer to the empty cavity case kc = 0; a longer dashing
means a stronger coupling kc . The weak- to strong-coupling transition is evident. kc /γph = 0, 0.5, 1, 1.5; γexc = γph , ∆ = 0.

and to the oscillator strengths

ω1 − ∆
ω1 − ω 2
ω2 − ∆
,
∝ |kinc ηtr |
ω2 − ω 1

f1 ∝ |kinc ηtr |

(1.23)

f2

(1.24)

where the oscillator strength of a peak is defined as the integrated intensity of its
lineshape.
Such a behavior can be observed in the spectra of fig.1.7, in which transmission
spectra for different values of ∆ have been plotted in the strong coupling regime.
For ∆ = 0, the peaks are located at symmetrical positions with respect to ωph = ωexc
and have equal strengths. For ∆ < 0 the weak lower peak, mainly excitonic, is
located just below ωexc while strong upper peak, mainly photonic, is located just
above ωph ; the redistribution of the oscillator strength, as well as the frequency shift
from the bare frequencies ωexc and ωph are a consequence of the coupling which
mixes the exciton and photon states into polaritonic ones. A symmetric behavior
occurs for ∆ > 0.
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F IGURE 1.7: Transmission spectra for different values of the exciton-photon detuning ∆. To clarify the picture, each spectrum has been shifted upwards of 0.5.
The solid line refers to the resonant case ∆ = 0; the dashed lines refer to the
symmetric ∆/γph = ±2 cases; anticrossing behavior is apparent. γexc = γph ,
kc /γph = 2.

1.5.2 An ab initio calculation via transfer matrices
The predictions of the previous subsection are based on a simple two-mode model
which takes into account only one photonic and one excitonic mode. Now, we shall
check their validity by comparing them to the predictions obtained by integrating
Maxwell’s equations for the electromagnetic field in the dielectric structure. This
can be done within the transfer matrix formalism4, 25 already used in the previous
sections; the quantum wells can in fact be modeled as very thin layers with a DrudeLorentz dielectric constant
(2D)

QW (ω) =

4πe2
fexc
δ(z − zQW );
2 − ω 2 − iγ
m ωexc
exc ω

(1.25)

as an example, for 10nm wide InGaAs quantum wells, the 2D oscillator strength
(2D)
fosc has a value of about 5 · 10−4 Å−2 .53

Performing such a calculation for the structure described in sec.1.3 when a few
quantum wells are inserted in the cavity layer brings to the transmission spectra
of fig.1.8, which closely resemble the ones already obtained within the simple two
mode model.
(2D)

The oscillator strength of the quantum well exciton fosc to be used in the transfer
matrix calculation can be either experimentally measured54 or theoretically com-
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F IGURE 1.8: Transmission spectra through DBR microcavities containing an excitonic resonance: each DBR is formed by 10 periods of λ/4 PBG with n1,2 =
2.9, 3.6 and the cavity layer is a λ/2 layer with ncav = 2.9, giving a cavity
mode close to 1.40eV. The excitonic linewidth ~γexc = 0.01eV is comparable to
the cavity linewidth. Left panel: resonant case for different excitonic oscillator
strengths. Right panel: anticrossing of photonic and excitonic modes during a
scan of ~ωexc = 1.395, 1.4, 1.405eV. In both panels, each curve is shifted upwards
of 0.05.

puted starting from the electronic structure of the well.55 On the other hand, the kc
coefficient of the two-mode model summarizes information on the geometry of the
whole cavity system and, in particular, on the wavefunction of the photonic cavity
mode.
Given any linear and non-absorptive dielectric profile (x), the electromagnetic field
can be developed in eigenmodes of the wave equation
X
E(x, t) =
Ei (x)ai (t)e−iωi t + Ei∗ (x)a∗i (t)eiωi t ;
(1.26)
i

if we choose the normalization
Z
(x) ∗
dx
E (x)Ei (x) = ~ωi δi,j ,
2π i

the field intensities |ai |2 get the meaning of photonic surface density.

(1.27)

In the so-called SVEA (slowly varying envelope) approximation which consists of
assuming a temporal variation of the mode amplitudes ai (t) much slower than the
free oscillation frequency ωi , the time evolution of the mode amplitudes [6, pag.216]
can be written as
X 2i(x)ωi dai
4π ∂ 2 P(x, t)
−iωi t
E
(x)e
=
(1.28)
i
2
2
2
c
dt
c
∂t
i
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where the polarization P(x, t) contains contributions from all processes which have
not been included in the background dielectric constant (x), i.e. all nonlinear effects, as well as our resonant excitonic polarization.
Multiplying both members of eq.(1.28) by Ej (x) and integrating over dx, the modes
result separated
Z
dai
i
= − dx Ei∗ (x) 4πPωi (x);
(1.29)
dt
within the SVEA approximation, only the terms which oscillating at a frequency
close to the mode frequency ωi have to be kept in the right-hand sides of the motion
equations eq.(1.29).
In our specific case, only one photonic mode aph is involved and the polarization
P(x) contains the excitonic contribution only; assuming monochromatic oscillation
at ωL , this can be written as
(2D)

4πPωL (x) = QW (x)Eph (x)aph =

4πe2
fosc
Eph (xQW )aph
2 − ω 2 − iγ
m ωexc
exc ωL
L

(1.30)

leading to an excitonic term in the motion equation for the photonic field amplitude
aph of the form
!
(2D)
e2
fosc
daph
(1.31)
=−
|Eph (xQW )|2 aph .
i
2 − ω 2 − iγ
dt exc
m ωexc
ω
exc
L
On the other hand, the excitonic polarization introduces in the photonic motion
equation of the two-mode model a term
i

daph
dt

exc

=−

|kc |2
2ωexc |kc |2
aph ' − 2
aph ;
ωexc − ωL − iγexc /2
ωexc − ωL2 − iγexc ωL

(1.32)

comparing the photonic motion equations eq.(1.32) and eq.(1.31) of the two approaches, an explicit expression for kc can be obtained in terms of the quantum
well oscillator strength and the photonic wavefunction Eph (x)
e2
(2D)
fosc
|Eph (xQW )|2 ;
|kc | =
2m~ω2
2

(1.33)

the phase of kc refers to the (generally unobservable) absolute phase of the excitonic
field and can be arbitrarily chosen without affecting the physical predictions.
More generally, if the cavity contains several quantum wells located at different
spatial positions, |kc |2 is the sum of the contribution of each single well; if the well
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spacing is much shorter than the photonic wavelength, or the wells are located at
equivalent positions within the cavity layer, the effective coupling kc results proportional to the square root of the number of wells,47, 48 as expected from general
arguments starting from the concept of bright and dark states.

1.6 The microcavity polaritons: quantum coherence effects in the transmission spectra
Although the largest part of the works that have appeared up to now on microcavity optics refer to the γexc > γph case, very interesting behaviors are expected to
occur in the opposite γph  γexc case. From an experimental point of view, very
narrow excitonic transitions can be obtained by working at low temperature with
high-quality quantum wells with a very small interface roughness. As previously
stated, control over the cavity linewidth is instead obtained by simply varying the
number of lattice periods in the DBR mirrors.
In the deep strong coupling regime, when the Rabi splitting of the poles is much
larger than both their linewidths, the physical behavior is the same as the one described in the previous section and the polaritonic peaks have a linewidth which is
the average of the excitonic and photonic linewidths.52
When the strength kc of the exciton-photon coupling is intermediate between the
photonic and the excitonic linewidths, qualitatively new features in the transmission spectra are predicted by the same eq.(1.20):
All the spectra plotted in fig.1.9 show a broad peak centered at the photonic mode
frequency ωph and, superimposed, a narrow feature around ωexc , whose qualitative
shape strongly depends on the detuning ∆; the width of the narrow feature can be
as small as the excitonic linewidth γexc .
In the resonant ∆ = 0 case, the transmitted amplitude eq.(1.20) can be approximated
in the |ωL − ωexc |  γph window as


o
o 
Etr
= kinc ηtr Einc

i
γph /2

−

4|kc |2
2
γexc

ωexc − ωL − iΓ/2



,

(1.34)
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F IGURE 1.9: Transmission spectra in the γph  γexc = 10−2 γph case. Left panel,
resonant ∆ = 0 case; kc /γph = 0, 0.05, 0.1; each of the curves is shifted upwards
of 0.2. Right panel, non-resonant ∆/γph = 1 case; kc /γph = 0, 0.25.

where the linewidth Γ of the narrow central feature is defined as
!
4 |kc |2
Γ = γexc 1 +
.
γph γexc

(1.35)

Such a lineshape corresponds to a very flat and broad pedestal with a narrow hole
at ωexc of linewidth Γ whose visibility is given by
max
min
|Etr
| − |Etr
|
4 |kc |2
1
β=
=
=
γexc γph .
max
|Etr |
γph Γ
1 + 4|k |2

(1.36)

c

Depending on the value of the adimensional parameter η = 4 |kc |2 /γph γexc , the
linewidth Γ can be as small as γexc , provided η  1; in this limit, however, also
its visibility results very small. In the opposite limit η  1, the transmission at
ωexc results almost vanishing, but the dip linewidth becomes large and equal to
4 |kc |2 /γph  γexc . The narrow dip which appears in the intermediate regime η ' 1
is strictly related to the well-known electromagnetically induced transparency (EIT) of
coherently driven three-level atoms:56, 57 as in the atomic case the excitation is coherently trapped in a metastable state so that absorption is effectively canceled out,
in our microcavity system the incident laser drives both polaritons in a coherent
way with a well-definite relative phase in such a way that their superposition has
a nearly vanishing photonic component for ωL = ωph . Since the transmitted amplitude is proportional to the photonic component of the excitation, the transmission
spectrum shows a dip around ωph whose narrow linewidth is a consequence of the
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strong dependence of the relative phase of the two polaritons on the laser frequency
ωL .
In the case of a finite detuning ∆, the transmission amplitude in the |ωL − ωexc | 
γph limit can be approximated by
!
2
o
k
η
E
|k
|
/z
inc
tr
c
inc
o
Etr
=
,
(1.37)
1+
z
ωexc − ωL − iγexc − |kc |2 /z
where z = ∆ + iγph /2; as expected, for ∆ = 0 we have z = iγph /2 and eq.(1.34)
is recovered. This lineshape corresponds to a very broad pedestal (whose slope
is not included in the approximate expression), with superimposed a dispersionlike curve centered at a frequency close to ωexc ; the transition from a simple dip
to a dispersion-like curve is controlled by the argument of the complex number z,
which is purely imaginary for ∆ = 0 and real in the ∆  γph limit. In the former
case, the broad pedestal interferes with the imaginary part of the resonant second
term, giving a dip-like shape; in the latter case, the broad pedestal interferes with its
real part, giving a dispersion-like shape.
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F IGURE 1.10: Transmission spectra through DBR microcavities containing a narrow excitonic resonance: each DBR is formed by 10 periods of λ/4 PBG with
n1,2 = 2.9, 3.6 and the cavity layer is a λ/2 layer with ncav = 2.9, giving a cavity
mode close to 1.40eV. The excitonic linewidth ~γexc = 0.1meV is much smaller
than the cavity linewidth. Left panel: resonant case for different excitonic oscillator strengths; each curve has been shifted upwards of 0.05. Right panel:
non-resonant case ~ωexc = 1.405eV.

A physical interpretation of such lineshapes can be put forward in terms of Fano interference profiles1, 58, 59 in the transmission process: this can in fact be interpreted as a
quantum-mechanical transition from a state in which there is a photon in front of the
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cavity to the continuum of states in which there is a photon propagating beyond the
cavity. Since such process can occur along two different paths, quantum mechanical
interference between the two amplitudes occurs, which causes the appearance of
the peculiar features in the transmission spectra.
As in the previous section, we can compare the predictions of the two mode model
to the predictions obtained by direct integration of Maxwell’s equations: the agreement of the two approaches is apparent from fig.1.10, giving further evidence to the
validity of the two-mode model.

1.7 Linear optics of coupled microcavities
In the last years, several authors have considered the more complicated configuration of fig.1.11, in which two DBR microcavities are grown on top of each other
sharing the central mirror.60–62

F IGURE 1.11: Scheme of a coupled DBR microcavity configuration; the heights
of the lines correspond to the refraction index of the different layers.

Given the finite transmittivity of the central mirror, generally less reflecting than the
external ones, the optical modes of each cavity are coupled to each other by tunneling processes through the central mirror, so that the system behaves according to
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the same coupled two-mode mode used in the previous sections. In that case, the
resulting eigenmodes were polaritons, i.e. coherent superpositions of excitonic and
photonic modes; now, they are delocalized optical excitations which involve the two
cavities at a time with a well-definite relative phase.
In order to check the validity of such a description, we have numerically calculated
the transmission spectra through coupled cavity systems using the transfer matrix
formalism.4, 25 As it can be observed in fig.1.12, the behavior is the expected one:
in the left panel, the two single cavity modes are resonant with each other and the
transmittivity of the central mirror is varied by tuning the number of lattice periods
of the central DBR mirror: the spacing of the transmission peaks results a strongly
decreasing function of the number of periods, i.e. an increasing function of the
central mirror transmittivity.
In the right panel, we keep a constant coupling, while we vary the detuning of the
single cavity modes by changing the thickness of the cavity layers: while one of the
cavity modes is swept across the other, the two transmission peaks show the typical
anticrossing behaviour of coupled two-level systems.
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F IGURE 1.12: Transmission spectra for coupled microcavity systems. Left
panel:resonant case for different numbers of lattice periods in the central mirror Nc = 5 (solid), 10 (dashed) and 15 (dot-dashed). Right panel: the cavity
modes are detuned from each other. The external DBR mirrors contain 15 periods; all mirrors are formed of alternating n1,2 = 2.9, 3.6 λ/4 layers. The system
is grown on a nsub = 3.5 substrate.

Such coupled cavities systems can be further complicated adding a few quantum
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wells in one or both the cavity layers: if the excitonic frequencies are close to the
cavity modes and the coupling is sufficiently strong, the resulting eigenstates of the
system are complicated linear combinations of the different excitonic and photonic
modes and each eigenstate corresponds to a resonant tunneling peak in the transmission spectrum. For the interested reader, a more detailed discussion of such
systems can be found in ref.61, 62.
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Chapter 2
Nonlinear optics of microcavities I:
intensity-dependent refractive index
The discussion of the linear optical properties of DBR microcavities contained in
the previous chapter is the starting point of the present chapter, which is focussed
on the nonlinear optical effects which arise in a microcavity geometry from a spatially distributed intensity-dependent refractive index. In the presence of such a
nonlinearity, the spectral position of the main features of the transmission spectrum
depends on light intensity as well as the effective transmittivity at a given frequency.
In other terms, the transmission of a beam suffers a feedback from optical nonlinearity which can be either negative or positive; depending on this sign, optical limiting
or optical bistability effects can be observed.
Sec.2.1 will review the simplest case of a metallic mirror cavity filled of a nonlinear
material and sec.2.2 will present a simple analytical single-mode model which well
reproduces the underlying physics and can be applied to any geometry, all the information on the detailed structure being summarized in a few parameters which can
be computed from the photonic structure at linear regime and the nonlinear optical
susceptibility of the material medium.
In the following sections, we shall describe the predictions of numerical simulations for a few specific DBR microcavity configurations: sec.2.3 and sec.2.4 discuss
the case of a single cavity; a generalization of the transfer matrix algorithm to nonlinear systems has been used for the calculations. If parameters are appropriately
chosen, optical bistability and optical limiting are obtained, in agreement with the
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single-mode model. When a quantum well is inserted in the cavity layer in such
a way its excitonic transition is strongly coupled to the cavity mode, the interplay
of nonlinearity and Rabi splitting gives rise to peculiar features that can be well
explained by a two-mode model with intensity-dependent parameters.
In sec.2.5, a more complicated two-beam configuration is considered, in which the
refractive index profile of the system is modified by a strong pump beam and then
probed by another weak probe beam; in this sort of optical transistor, the intensity of
the pump beam (the base current) controls the transmission of the probe (the collector current). Unfortunately, the operation of an optical transistor based on a single
nonlinear DBR microcavity requires the probe beam to be much weaker than the
pump one, so that its amplification properties are not well suited for applications.
In sec.2.6 a possible way to overcome this difficulty is discussed, using the coupled
nonlinear DBR microcavities introduced in sec.1.7 instead of a single cavity; in this
case the system really behaves as an optical transistor, since a rather weak pump
beam is capable to modulate a stronger probe beam and hence amplify the carried
signal. As the only limitation of this arrangement, the probe beam has to be slightly
red-detuned with respect to the pump one.

2.1 The nonlinear Fabry-Perot interferometer
Consider a pair of metallic plane mirrors of reflectivity Rm . 1 separated by a slab
of thickness d of a non absorbing material whose refractive index nef f depends on
the local light intensity.
In fig.2.1 we have plotted the transmission spectrum of such a cavity at linear regime:
Itr =

Iinc
;
1 + 4/Tm2 sin2 δlin /2

(2.1)

δlin is the (linear regime) round-trip phase shift δlin = 2nlin ωL d/c and Tm is the transmittivity Tm = 1 − Rm of the mirrors.
Resonant tunneling peaks occur at the FP mode frequencies
πc
(j)
ωF P =
(j + 1)
nlin d

(2.2)

and have linewidths given by
γ=

cTm
.
nlin d

(2.3)
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F IGURE 2.1: Transmission spectrum of a non-absorbing FP cavity at linear
regime. The longer the dashing, the smaller the mirror transmittivity Tm .

Since Iint = Itr /Tm , the internal intensity at resonance is generally much larger than
the incident one for sufficiently good cavity mirrors, making optical cavities useful devices for the observation of nonlinear optical effects. In this case, we have
to substitute in eq.(2.2) the effective refractive index corresponding to the internal
intensity Iint ; assuming, for simplicity
nef f = nlin + ñnl Iint .

(2.4)

the effective round-trip phase shift can be written as
δef f = δlin + δnl = δlin +

2dωL
ñnl Iint .
c

(2.5)

Inserting such a result into eq.(2.1), we are led to the final constitutive relation for
the nonlinear FP cavity:
Itr
1
=
(2.6)
2
Iinc
1 + 4/Tm sin2 δef f /2
which can be analytically studied [63, pag.268]. In particular, for high enough incident intensity
4πn2lin
4π n2lin γ 2
√
√
=
Iinc > Ithres =
.
(2.7)
3 3 ñnl ωL2
3 3ñnl Q2
several solutions to eq.(2.6) are possible and the system shows optical multistability.
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In physical terms, the effect of the nonlinearity can be interpreted as a frequency
shift ∆ω of the cavity resonance from its linear regime frequency ωF P equal to
ñnl Iint
2ωnl Iint
∆ω
=−
=
ωF P
nlin
ωF P

(2.8)

which explains the proportionality of the threshold intensity Ithres on the square of
the linewidth γ: one factor of γ comes from the sharpness of the spectral features
with respect to frequency shifts (i.e. dT /dω), while the other one from the resonance
enhancement of the internal intensity with respect to the incident one.
Depending on the relative sign of the nonlinear refractive index ñnl and the incident frequency ωL it is possible to achieve both optical limiting and optical bistability;
assuming for simplicity ñnl < 0, as in most semiconducting materials at frequencies below the electronic band gap, the sign of the nonlinear frequency shift will be
positive ∆ω > 0.
If the incident frequency is located just above a resonance peak, the nonlinearity
will push the resonance peak closer to the incident frequency and the transmittivity
will be reinforced: such a positive feedback can eventually lead to optical bistability.
On the other hand, if the incident frequency is already on the resonance peak or is
located just below it, the nonlinearity will push the resonance peak further away
from the incident frequency, giving a negative feedback on the transmission and,
consequently, an optical limiter behavior.
In fig.2.2 we have plotted a few examples of characteristic It vs Iinc curves for both
optical limiting and optical bistability cases; in this second case, the central branch,
characterized by a negative value of the differential transmittivity dIt /dIinc corresponds to unstable fixed points of the dynamical system and can not be explored
experimentally in a continuous wave (cw) experiment.
All such results are summarized in fig.2.3, which shows the transmitted intensity
Itr spectra as function of the incident frequency ωL at different values of incident
intensity Iinc ; white regions correspond to unstable solutions. Bistable behavior is
here described by a triple intersection of one of the fixed Iinc curves with the vertical
line defining ωL ; the two external intersections are stable, while the central solution
lies always in the instability region which is under the tilted resonance peak.
If the mirror reflectivity is high enough for the resonance peaks to be well spaced
from each other and we limit to the case of nonlinear shifts much smaller than the
mode spacing, the sine in the denominator of the right-hand side of eq.(2.6) can be
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F IGURE 2.2: Characteristic It vs. Iinc curves for different values of incident
frequency ωL /ωF P = 0.97, 1.00, 1.03, 1.06. Notice optical limiting for ωL ≤ ωF P
(the longer the dashing, the lower the frequency) and optical bistability for ωL >
ωF P (solid line).
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F IGURE 2.3: Transmitted intensity It spectra for different values of incident
intensity Iinc as a function of the incident frequency ωL . The grey scale corresponds to the incident intensity: lighter shadowing means higher intensity;
white regions correspond to unstable behavior.
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linearized around an effective resonance at ωF P + 2ωnl Iint
Itr
γ 2 /4
.
=
Iinc
(ωL − ωF P − 2ωnl Iint )2 + γ 2 /4

(2.9)

In physical terms, this is equivalent to stating that only a single resonance is effectively relevant to the transmission of the cavity, while the others are too far detuned
to contribute. On the other hand, if the intensity is so large that the nonlinear shift
becomes comparable to the mode separation, several optical limiting stages alternated to multistability loops can be observed for increasing Iinc .

2.2 The single mode model
Starting from the discussion of the previous section, we can try to develop a model
which from the beginning takes into account only a single mode of the cavity and
introduces the nonlinearity simply as a dependence of the mode frequency on light
intensity.
In analogy to what has been done in sec.1.5.1, we can describe the conservative
dynamics of the cavity with an Hamiltonian of the form
∗
∗
Ĥ = ~ωo â† â + ~ωnl â† â† ââ + ~kinc Einc (t)â† + ~kinc
Einc
(t)â

(2.10)

in which the nonlinearity is taken into account by the quartic term ~ωnl â† â† ââ which
gives a nonlinear shift ∆ω = 2ωnl â† â of the cavity mode frequency. Cavity damping
is described by damping terms in the master equation for the density matrix of the
cavity field.
As we have done in sec.1.5.2 for the exciton-photon coupling coefficient, the nonlinear coupling ωnl can be expressed in terms of experimentally accessible properties of
the cavity, such as the nonlinear susceptibility of the material and the wavefunction
of the photonic mode at linear regime.
The nonlinear polarization term appearing in the SVEA motion equation eq.(1.29)
for the cavity field is easily written in terms of the nonlinear dielectric constant χ(3)
(or equivalently the nonlinear refractive index nnl = 8n3lin Re [χ](3) ); from such a calculation, a simple expression for the nonlinear frequency shift in terms of the wavefunction E(x) of the photonic mode can be obtained
Z
Z
3
nlin
4 (3)
dx |E(x)| χ = −
dx |E(x)|4 nnl (x);
(2.11)
ωnl = −
8~
~
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such an expression can be used to determine ωnl of any actual dielectric structure.
For the most relevant case of a metallic plane-mirror cavity, the wavefunction E(x)
has a standing wave profile
s
4π~ωo
E(x) =
sin [nlin ωo x/c] ,
(2.12)
Sd n2lin
where nlin is the linear refractive index of the material and d is the cavity length;
in order to give to the quantity â† â the meaning of photon number, eq.(2.12) has
been normalized in a three-dimensional way, assuming a transverse area S for the
cavity mode. Inserting this expression into eq.(2.11), we recover the result eq.(2.8),
which gives further evidence to the validity of the single-mode model.
Since optical nonlinearities in current semiconducting materials usually require a
large number of photons to be present in the cavity mode in order to have an appreciable nonlinear modulation of the transmittivity, a mean-field (MF) approximation
can be performed. This approximation, which corresponds to replacing all operators with their mean values and assuming all operator products appearing in the
motion equations to be factorizable, is equivalent to using classical rather than quantum electrodynamics and is valid in the limit of high photon number â† â  1. A
detailed discussion of the validity and the limitations of MF theory will be given in
chap.6.
In this mean-field approximation, the operator-valued master equation is replaced
by a simple ordinary differential equation for the field mean value a = hâi
i

1
da
= −iωo a − 2iωnl |a|2 a − γph a − ikinc Einc (t);
dt
2

(2.13)

unlike for the case of the exciton-photon coupling described in sec.1.5.1, this evolution equation is now only an approximation, since for its derivation we have assumed
â† ââ = |a|2 a;
(2.14)
as we shall see in detail in chap.6, the weaker the nonlinearity ωnl , the better the
approximation.
(o)

In the case of a monochromatic excitation Einc (t) = Einc e−iωL t , if we switch to a slow
variable b(t) = ā(t)eiωL t , we are led to a homogeneous equation

db
1
= −i ωL − ωo − 2ωnl |b|2 b − γph b − ikinc Eo
dt
2

(2.15)
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which has a stationary state bss as a long time limit
(o)

ikinc Einc
bss =

.
i ωL − ωo − 2ωnl |bss |2 − γph /2

(2.16)

ass (t) = bss e−iωL t .

(2.17)

From the point of view of the physical field a(t), the steady-state corresponds to a
monochromatic oscillation of the cavity field at ωL

Since the amplitude of the transmitted field is proportional to the internal field
(o)
Etr = ηtr bss , eq.(2.16) can be used to characterize the transmission properties of
the cavity as function of both the incident frequency ωL and the incident intensity;
in this way, the result eq.(2.9) is immediately recovered as well as all its physical
predictions, such as optical bistability and optical limiting.
The stability of each of the steady-states of eq.(2.16) can be determined using classical linearization techniques: dynamical stability requires all eigenvalues of the
linearized system to have a negative real part. In our specific case, the linearization
of eq.(2.15) around a steady-state b = bss leads to an equation of the form
∂δb
1
= −i (ωL − ωo ) δb − 4iωnl |bss |2 δb − 2iωnl b2ss δb∗ − γph δb;
(2.18)
∂t
2
switching to the δb, δb∗ basis, the characteristic equation of the linear system has the
form
2
2
(λ + γph /2)2 + ωL − ωF P − 4ωnl |bss |2 − 2ωnl
|bss |4 = 0.
(2.19)
Imposing that both eigenvalues have a negative real part leads to the condition
2ωnl |bss |

2 2

2 2

− ωL − ωF P − 4ωnl |bss |

which can be shown to be equivalent to the usual one

2
γph
<
,
4

dIt
>0
dIinc

(2.20)

(2.21)

which has been used for determining the stability region in fig.2.3.

2.3 The nonlinear DBR microcavity
As we have seen in the previous section, all the qualitative features discussed in
sec.2.1 for the case of a metallic mirror nonlinear Fabry-Perot interferometer charac-
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terize the behavior of any nonlinear system which can be described by the singlemode model.
The DBR microcavities of sec.1.3 fall in this category, since they show well separated
optical modes and the relatively large nonlinear polarizability of the semiconducting material can provide an appreciable nonlinear shift of the cavity mode.64 This
suggests that a numerical integration of the nonlinear wave equation for the electromagnetic field should give results in qualitative agreement with the predictions
of the single-mode model. In order to do this, a direct generalization of the transfer
matrix algorithm4, 25 to systems with an intensity dependent refractive index can be
used:26 the structure is divided in layers much thinner than the wavelength in the
material so that the light intensity can be considered as constant within each layer;
at each step, the local refractive index is determined using the refraction index value
which corresponds to the local value of the light intensity and then inserted in the
standard transfer matrix algorithm.
Since the main room-temperature nonlinear susceptibility of semiconducting materials come from the excitation of free pairs and the consequent reduction of the
refractive index by electron-hole plasma and Pauli exclusion principle effects, the
closer is the operating frequency to the gap edge, the stronger the absorption and
therefore the effective nonlinear susceptibility.5, 65–67 This means that both the refractive index, the absorption and the nonlinear susceptibility can all be controlled
by tuning the energy gap position by means of the chemical composition of the
material. In the most relevant case of Alx Ga(1−x) As alloys, a larger amount of Al
atoms corresponds a larger energy gap and therefore the optical nonlinearity is the
strongest in pure GaAs layers.
In tab.2.1, we have summarized the experimental values68, 69 actually used in numerical simulations; although the refractive index variation following the presence
of excited carriers can be somewhat varied by tuning the operating frequency closer
of further from the energy gap, the strongest frequency dependence of the nonlinear
susceptibility comes from the frequency dependence of absorption.
In the actual simulations, we have assumed a functional dependence of the refractive index on intensity of the form:
nef f = nlin + δnmax

I/Isat
,
1 + I/Isat

(2.22)

with the frequency-dependent parameters nlin , δnmax and Isat which have to be fitted
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GaAs

AlAs
AlGaAs
InGaAs
Quantum
Well

Refractive index n
Absorption coefficient k
Gap energy Eg
Carrier saturation density Ns
Nonlinear variation refractive index δnmax
Refractive index n
Absorption coefficient k
Refractive Index n
2D Oscillator strength fosc
Resonance energy E0
Linewidth Γ
Carrier saturation density Ns

3.6
≈ 0.001
1.425 eV
≈ 1018 cm−3
≈ −0.03
2.95
≈0
3.6 > n > 2.95
5 · 10−4 Å−2
1.415 eV
1 meV
≈ 5 · 1011 cm−2

TABLE 2.1: Summary of experimentally determined68, 69 optical constants of
GaAs based materials.

on experimental data.
Since the optical modes of a DBR microcavity are not confined in the cavity layer, but
do penetrate also inside the mirrors, we expect that a nonlinear polarizability localized in the cavity layer should be less effective than a nonlinearity distributed along
the whole structure; this guess has been verified studying the transmission properties of two different structures. In the first case the external mirrors are formed
of non-absorbing wide gap AlAs/AlGaAs layers, while the cavity layer is formed
by a strongly nonlinear GaAs layer; in the second case all the system is nonlinear,
being formed by AlGaAs/GaAs mirrors with a GaAs cavity layer. As expected, the
nonlinear mode shift results much larger in the second case, while it is very small in
the first case (fig.2.4); as usual, the mode shift leads to optical bistability or optical
limiting effects depending on the relative position of the incident laser frequency
and the cavity mode.
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F IGURE 2.4: Simple nonlinear DBR microcavity: transmitted intensity Itr spectra at different values of the incident intensity Iinc ; the grey scale corresponds to
the incident intensity: lighter shadowing means higher intensity. Transmitted
intensity is measured in kW/cm2 ; energy in eV. Left panel: nonlinearity concentrated in the cavity layer; Right panel: nonlinearity distributed along the whole
structure.

2.4 Nonlinear DBR microcavity containing excitonic resonances
The nonlinear frequency shift of a cavity mode described in the previous sections
can be exploited to vary in an all optical way the detuning of the cavity mode with
respect to an excitonic resonance to which it is strongly coupled70 and therefore
observe an anticrossing behavior which should closely resemble the one depicted in
fig.1.7.
Provided the excitonic resonance is not yet bleached at the large light intensities
which are required to shift the cavity mode across the excitonic resonance, the transmission spectra are characterized by the peculiar structures reproduced in the left
panel of fig.2.5. At low light intensities, the photonic mode is on the red side of the
excitonic transition, while it is shifted on its blue side at large intensities; in between,
the two modes are strongly mixed.
Such a behavior clearly relies on the assumption that the excitonic saturation density is much larger than the excitonic density which is generated by the strong laser
beam at the intensities which are required for the shift of the photonic resonance.
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F IGURE 2.5: DBR microcavity containing a few quantum wells: transmitted intensity Itr spectra at different values of incident intensity Iinc . The grey scale
corresponds to the incident intensity: lighter shadowing means higher intensity. Transmitted intensity is measured in kW/cm2 . Left panel: the cavity mode
is swept across an unbleachable excitonic transition by the optical nonlinearity.
Right panel: the photonic mode does not appreciably shift while the exciton is
bleached.

Unfortunately, neither InGaAs quantum well excitons nor bulk GaAs excitons can
be used for such purpose, since their large Bohr radii reflect into a rather low saturation density.65 The same electron-hole plasma which is responsible for the nonlinear polarizability of the dielectric medium is in fact able to bleach the excitonic
transition in the quantum well. On the other hand, organic semiconductors, having excitonic states much more localized in space, may be good candidates for the
observation of such effects.71, 72
However, as it has been already pointed out by several authors, the nonlinear properties of a bleachable excitonic73 or atomic74 transition strongly coupled to a photonic resonance can lead to interesting patterns in the nonlinear transmission spectra as well. In the right panel of fig.2.5 we have reproduced a typical example of
such effects: the excitonic and photonic modes are initially at resonance and the
frequency shift of the optical mode is assumed to be still very small at the light
intensities which are required for the bleaching of the excitonic resonance.
As it has been done for the simple nonlinear cavity, the study of such systems can
be performed in terms of simple effective Hamiltonians which generalize eq.(1.10)
adding appropriately chosen nonlinear terms. For the description of the nonlin-
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ear shift of the photonic mode across the excitonic mode, it is sufficient to add the
usual term ~ωnl â† â† ââ to the Hamiltonian eq.(1.10). Exciton bleaching at densities
of the order of the saturation density nsat is instead well described by an intensitydependent exciton-light coupling
kc(ef f ) =

nsat
kc
nsat + |aexc |2

(2.23)

in the motion equations eqs.(1.18-1.19).

2.5 Two-beam nonlinear interactions: pump and probe
optics and optical switching
In the previous sections we have discussed the effect of an intensity dependence of
the refractive index on the transmission properties of a single beam; the resulting
feedback on the transmittivity can result either positive or negative, depending on
the details of the configuration and the operating frequency; in particular, optical
bistability can be observed in the former case, while optical limiting can be observed
in the latter case.
The present section is devoted to the analysis of the effect of a, generally strong,
pump beam on the transmission of a second, generally weaker, probe beam. At the
simplest level, the nonlinear interactions of the two beams can be described in the
following way: the pump beam creates some excitation in the material, e.g. free
electron-hole pairs, the presence of which modifies the refraction index profile experienced by the probe beam as well as by the pump beam itself. Since the probe beam
is assumed not to be coupled to the optical polarization created by the pump beam
but only to the produced excitation density, the relative phase of the two beams is
not involved in the process and the nonlinear process can be said to be an incoherent one; such an assumption is generally well verified in semiconducting materials
at room temperature, in which the optical polarization of the electron-hole pairs is
quickly washed out by the interaction with the thermal bath of phonons. As we
shall discuss in the next chapter, coherent processes can however be observed in
semiconductor microcavities provided we dispose of sharp excitonic or photonic
resonances resonantly coupled by the nonlinearity to the fundamental cavity mode.
While the probe beam, assumed to be weak, can be treated at linear regime neglect-
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ing its self-interactions as well as its effect onto the pump beam, the pump beam
amplitude has to be taken into account at all orders by means of the generalized
transfer matrix algorithm previously used. As in the previous section, the refraction
index experienced by the probe beam is modeled by
f
nef
pump

=

nlin
pump

+

δnmax
self

sat
I (pump) /Iself
sat
1 + I (pump) /Iself

(2.24)

while the one experienced by the probe is given by
f
lin
max
nef
probe = nprobe + δnmut

sat
I (pump) /Imut
.
sat
1 + I (pump) /Imut

(2.25)

lin
max
max
sat
sat
The coefficients nlin
pump and nprobe , δnself and δnmut , Iself and Imut are in general different, but of the same order of magnitude, provided both frequencies are sufficiently
far from all excitonic and interband transitions of the material medium.

In this framework, the transmission of the probe is a function of the intensity of the
pump beam: such a behaviour is equivalent to a sort of all optical transistor, in which
the pump beam plays the role of the base current and the probe plays the role of the
collector current. As in the conventional electronic transistors, the collector current,
i.e. the probe transmission, is controlled by the intensity of the base current, i.e. the
intensity of the pump beam.
In fig.2.6 we have reproduced the evolution of the transmission spectra for the probe
beam as the pump beam intensity is increased: the nonlinear frequency shift of the
optical mode is apparent; at a given frequency, the transmittivity of the probe can
be varied of more than one order of magnitude just by sweeping a resonance across
its operating frequency. Eventually, if the pump beam has itself a bistable behavior,
the bit of information stored in its hysteresis loop can be read by the probe beam.
In summary, such a device shows all the main features required from an optical
memory: write operations are performed by modulating the intensity of the pump
beam, read operations by monitoring the transmission of the probe beam. Unfortunately, the upper bound on the probe beam intensity in order not to perturb the
pump beam is rather stringent in the present case of single DBR cavities: if both
the pump and the probe beams are intended to interact with the cavity mode, their
frequency difference can not be large and therefore both of them are able to create an excitation in the material. This means that the probe beam has to be much
weaker than the pump beam and significant amplification of the pump signal onto
the probe beam can not be achieved.
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F IGURE 2.6: Simple DBR microcavity: transmission spectra of a (weak) probe
beam. Pump intensity grows from the solid line to the short-dashed line. A
contrast of more than one order of magnitude in the probe transmittivity is apparent.

2.6 Nonlinear optics of coupled DBR microcavities
In the previous section we have discussed the simplest example of all-optical switch,
in which the intensity of a strong pump beam controls the transmission of a probe
beam, assumed weak enough not to perturb the refraction properties of the material. Depending on the specific choices made for the operating frequencies and
the geometrical configuration, the actual extent of such a linear regime can be completely different; in particular, we have seen that the use of a single DBR microcavity
requires the probe beam to be much weaker than the pump one.
Since in a semiconducting material absorption is a fast decreasing function of the
distance from the electronic gap edge, this difficulty can be overcome by tuning the
pump beam close to such edge and the probe well inside the gap. In this way, probe
absorption results negligible as well as its nonlinear effect on the pump, while the
pump can create a substantial excitation even at moderate intensities. The probe
beam intensity can therefore be comparable or even larger than the pump beam intensity so that the device truly behaves as an optical amplifier: a signal encoded in
a small modulation of the pump beam intensity is amplified into a stronger modu-
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lation of the probe beam.
In order for both beams to be resonantly coupled to the nonlinear device, the coupled cavity configuration introduced in sec.1.7 is very useful, since its transmittivity
shows two resonance peaks: the pump beam can in fact be tuned close to the upper
one and the probe beam close to the lower one. This means that the pump intensity
inside the structure can be resonantly enhanced thanks to the resonance with the
upper cavity mode, while the probe transmittivity has a sharp dependence on the
pump intensity thanks to the resonance on the lower cavity mode.

F IGURE 2.7: Nonlinear coupled DBR microcavities. Left panels: sketch of the
system under examination; the heights of the lines represent the refraction index
of the different layers. Right panels: reflectivity of a probe beam for different
values of the pump intensity which grows from very low (solid line) to very
high (long dashed line). Upper panels: nonlinearity in the external mirrors.
Lower panels: nonlinearity in the central mirror.

From an immediate extension of the general theory of sec.1.5.2, it is easy to see
how the nonlinear cross-frequency shift of one mode on the other is, at lowest order,
proportional to the matrix element
Z
dx χ(3) (x) |E1 (x)|2 |E2 (x)|2 ,
(2.26)
which quantifies the spatial overlap of the mode intensities; in the single beam case,
the self-frequency shift of eq.(2.11) is recovered. Coupled cavities (sec.1.7) look very

Nonlinear optics of microcavities I: intensity-dependent refractive index
promising systems from the point of view of giving a large cross-frequency shift,
since the eigenfunctions in the resonant case are the symmetric and antisymmetric
combinations of the single cavity wavefunctions. By appropriately choosing the
cavity parameters, the upper and lower cavity modes can be tuned respectively
close to the band edge and far inside the gap, as required for the optical amplifier
operation.75
As in the single cavity case, it is better not to concentrate the nonlinearity in the
cavity layers, but to distribute it along the whole DBR mirrors: fig.2.7 shows the
evolution of probe reflectivity spectra as pump intensity is increased; the main feature is a frequency shift of both resonance peaks. In the upper panel, nonlinearity is
situated in the external mirrors: in this case, both modes result shifted of a similar
amount by the nonlinearity. In the lower panel, the nonlinearity is concentrated in
the central mirror, whose transmission tends to be reinforced with growing light intensities; the spacing of the doublet is therefore enhanced so that the nonlinear shift
is larger on the upper cavity resonance.
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Chapter 3
Nonlinear optics of microcavities II:
two-photon processes
All the discussion contained in the previous chapter has been focussed on the nonlinear effects which arise in semiconducting materials at room temperature; in this
case, the optical polarization of the electron-hole pairs is quickly washed out by the
interaction with the thermal bath of phonons and the nonlinear effect is due to the
incoherent excitation density created in the material by absorptive effects.
The present chapter is instead devoted to the discussion of a new class of nonlinear optical effects which arise from two-photon processes in the presence of sharp
excitonic or photonic resonances nonlinearly coupled to the fundamental photonic
mode;76, 77 more specifically, our attention will be focussed on a pair of different
systems, the mathematical description of which is however identical. The first of
them consists in a microcavity supporting two photonic modes at frequencies ω1
and ω2 ≈ 2ω1 ; assuming an appreciable second harmonic generation (SHG) in the material medium, the two photonic modes result nonlinearly coupled to each other by
a term which corresponds to the mutual conversion of two fundamental photons
into an harmonic photon and vice versa. The second system consists in a microcavity supporting one photonic mode at a frequency ω1 approximately equal to half the
frequency ω2 of an excitonic transition; if this latter allows for two-photon absorption
(TPA), the excitonic mode and the photonic mode result coupled by a term which
converts two photons into an exciton and vice versa which is formally identical to
the second harmonic generation coupling term.
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After the general discussion of the model contained in sec.3.1, the following sec.3.2
is devoted to the analysis of transmission spectra through our system when it is
illuminated by a single beam at a frequency close to the lower mode frequency ω1 .
At linear regime the spectrum is characterized by a single peak at ω1 , while at high
intensities the main effect is either the appearance of a new peak at half the higher
mode frequency ω2 /2 or a two-photon Rabi splitting in the resonant case ω1 ' ω2 /2.

Sec.3.3 is devoted to the linear optical response of our system when it is dressed by a
strong pump beam; such a case is much similar to the usual optical Stark effect, in
which an atomic transition is driven by a pump beam and probed by a weak probe
beam. Differently from that case, in which the nonlinearity was intrinsic in the twolevel structure of the material excitation, we are now dealing with a pair of linear
oscillators interacting with each other by means of a two-photon coupling term; for
this reason we shall refer to it as a two-photon optical Stark effect (TPOSE).

Because of this similarity, our results are physically most interesting in the twophoton absorption case; hence we shall concentrate on the absorption spectra in the
case the system is driven at a frequency near the lower photonic mode and probed
near the upper excitonic mode. The main feature that we shall discuss is the strong
dependence of probe absorption spectra on pump intensity. When the intensity of
the pump is low enough, the spectra show a single excitonic peak at ω2 ; at moderate
intensities, the dressing gives origin to an additional peak at ω1 +ωL . For even higher
intensities, the response is more complicated and, in particular, gain is predicted at
some specific frequencies because of hyper-Raman scattering processes.
To make the discussion complete, an explicit expression for the coupling coefficient
between the modes has to be given in terms of the experimentally accessible nonlinear optical susceptibilities χ(2) and χ(3) . This is done in sec.3.4, together with
a numerical estimate of the light intensity needed for the actual experimental observations of two-photon Rabi splitting or two-photon optical Stark effect in GaAs
based microstructures.

Nonlinear optics of microcavities II: two-photon processes

57

3.1 The model
Consider a system with two bosonic degrees of freedom nonlinearly coupled by
cubic interaction terms and driven by classical external fields:
†
∗ ∗
H = ~ω1 b̂†1 b̂1 + ~ω2 b̂†2 b̂2 + ~β b̂†2 b̂21 + ~β ∗ b̂†2
1 b̂2 + ~k1 E1 (t)b̂1 + ~k1 E1 (t)b̂1 +

+ ~k2 E2 (t)b̂†2 + ~k2∗ E2∗ (t)b̂2 .

(3.1)

Such an Hamiltonian,78–82 supplemented by the usual damping terms, can describe
a few different nonlinear optical effects: our attention will be concentrated upon the
two cases of resonant two-photon absorption (TPA) and of doubly resonant second
harmonic generation (SHG) inside a microcavity. In the TPA case one boson is a
cavity photon and the other is an exciton, while in the SHG both bosons are cavity
photons. The nonlinear coupling is supposed to be nearly resonating, i.e. 2ω1 is
supposed to be close to ω2 ; apart from the inclusion of phenomenological damping
terms, all other modes of the system will be neglected.
The origin of the nonlinear coupling term ~β b̂†2 b̂21 is different in the two cases: in
the TPA case, in fact, it describes coherent optical transitions in the material which
bring to the absorption of two cavity photons and the consequent creation of an
exciton. The β coefficient is thus proportional to the effective matrix element for a
two-photon absorption process, which, according to the general formula of secondorder perturbation theory
Mf i =

X hf |H|ji hj|H|ii
j

Ei − E j

,

(3.2)

contains a sum over all intermediate virtual states in which a matter excitation is
created after absorption of a first photon. In sec.3.4, we shall relate β to the thirdorder nonlinear optical susceptibility χ(3) (−ω; −ω, ω, ω) which in the specific case of
resonant excitonic TPA can be written in the form:
χ(3) (−ω; ω, −ω, ω) =

f (3)
;
~ (ω2 − 2ω − iγ2 )

(3.3)

This will allow us to extract β from experimental data or theoretical calculations for
the TPA cross-section which are present in the literature.
On the other hand, a nonlinear coupling term of the same form describes in the SHG
case an optical process in which two photons of the fundamental cavity mode are
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converted into a single harmonic cavity mode at approximately twice the fundamental frequency. This means that a complete adiabatical elimination of the matter
degrees of freedom has been performed and all the matter dynamics has been summarized in the effective matrix element of the process; according to perturbation
theory, this is now a third order one: absorption of the first fundamental photon,
absorption of the second one and final emission of the harmonic photon; at each
step, a sum over all virtual matter states analogous to the one in eq.(3.2) is required.
In sec.3.4 we shall relate β to the familiar second-order nonlinear susceptibility of
the material χ(2) (−2ω; ω, ω).
The ~ki Ei (t)b̂†i + ~ki∗ Ei∗ (t)b̂i terms describe the driving of the b̂1 and b̂2 modes by
external classical fields E1 (t) and E2 (t), e.g. laser beams incident on the cavity: a
photonic mode can be driven by the external light field which leaks into the cavity
through the non-perfectly reflecting front mirror, while an excitonic mode can be
driven by an external radiation provided the cavity mirrors are nearly transparent
at its frequency in order for the photonic mode structure of the cavity not to affect
the (linear) coupling of the external radiation to the exciton. In the following we
shall simplify the notation by letting Fi (t) = ki Ei (t).
Because of the coupling to several continua of external modes, the eigenmodes of
our system have a finite lifetime and their energy is dissipated out in several different ways. Since these effects are dissipative, they are not included in the Hamiltonian above, but have to be introduced at the level of the quantum master equation
as done in sec.1.5.1 giving −γi b̂i terms in the equations of motions eqs.(3.4-3.5) for
the field amplitudes. The damping of the photonic modes has to include the radiative escape of photons from the cavity as well as free pair absorption, while phonon
and disorder scattering or ionization contribute to the damping of excitonic modes.
Other possible forms of damping terms, which can arise, e.g., from two-photon free
pair absorption, will not be considered in the following of this chapter, although
they could result necessary for a refined fit of experimental data.
E
E D
D
In the high intensity limit b̂†1 b̂1 , b̂†2 b̂2  1 the same mean field approximation
can be performed as in sec.2.2, in which all operators are replaced by their mean
values and their products are assumed to factorize; within
D E such an approximation,
the equations of motion for the field amplitudes bi = b̂i can be written as:
ḃ1 = −iω1 b1 − γ1 b1 − 2iβ ∗ b2 b∗1 − iF1 (t)
ḃ2 = −iω2 b2 − γ2 b2 − iβb21 − iF2 (t).

(3.4)
(3.5)
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Such a description clearly does not take into account all those effects which arise
from the quantum nature of the fields and their quantum and thermal fluctuations;83, 84 as discussed in chap.6, we expect such an approximation to be valid for
small values of the nonlinear coupling β.
Leaving aside sub-harmonic generation effects80, 85 which take place when the system is driven on the harmonic mode, we shall concentrate our attention on the case
in which the driving is only on the fundamental mode and it is monochromatic at
frequency ωL : F1 (t) = Fo e−iωL t and F2 = 0. It is convenient to introduce the slowly
varying variables a1 = b1 eiωL t and a2 = b2 e2iωL t ; putting δM = (ω2 − 2ω1 )/2 and
δL = ωL − ω1 , the evolution of the system will be given by:
ȧ1 = iδL a1 − γ1 a1 − 2iβ ∗ a2 a∗1 − iFo
ȧ2 = 2i(δL − δM )a2 − γ2 a2 − iβa21 .

(3.6)
(3.7)

A great deal of information about the physical behavior of our system can be obtained by looking for stationary solutions of the system of differential equations
eq.(3.6) and eq.(3.7); the system being dissipative, it can, in fact, be expected to generally converge to a stationary solution at least for weak drivings. In any case, the
stability of the solution found can be verified by means of the usual linearization
techniques.
The stationary solutions (A1 and A2 ) are given by the equations:

A1

"

#
|βA1 |2
= Fo
δL + iγ1 −
δL − δM + iγ2 /2

A2 =

βA21 /2
δL − δM + iγ2 /2

(3.8)
(3.9)

and the stability can be determined from the eigenvalues of the linearized system78
d
δ~
α = M · δ~
α;
dt

(3.10)

where we have introduced the displacement from the steady state solution:
δ~
α = (a1 − A1 , a∗1 − A∗1 , a2 − A2 , a∗2 − A∗2 )T =
= (δa1 , δa∗1 , δa2 , δa∗2 )T

(3.11)
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and the linearized evolution matrix

−γ1 + iδL −2iβ ∗ A2
−2iβ ∗ A∗1
0
 2iβA∗
−γ1 − iδL
0
2iβA1

2
M=
 −2iβA1
0
−γ2 + 2i(δL − δM )
0
∗ ∗
0
2iβ A1
0
−γ2 − 2i(δL − δM )







(3.12)

3.2 Transmission and second harmonic generation spectra: two-photon Rabi splitting
Such a simple theory can predict exactly the transmission properties of the structure under continuous wave (cw) illumination: to visualize their behavior, in fig.3.1
we have reproduced a few spectra of the internal intensity parameter Ω2 = |βA1 |2
(which is proportional to the internal intensity as well as to the transmitted one) as
function of the driving frequency δL , for different values of incident (driving) intensity: the upper panel refers to the exact resonance δM = 0 case, the lower panel to
the detuned case δM = 4γ. The whitened regions correspond to unstable behavior.
We have supposed γ1 = γ2 = γ.
In the latter case (δM = 4γ), the transmitted intensity at low incident intensity, i.e. in
the linear regime limit, is characterized by a single peak at δL = 0 (i.e. at ωL = ω1 );
at higher intensities, a new peak appears close to δL = δM (i.e. at ωL ' ω2 /2) and
for growing intensities the peaks bend in the external direction repelling each other
and tend to have the same strength. In the δM = 0 case, the transmitted intensity
shows initially a single peak at δL = 0, which at higher intensities splits in two; for
growing intensities the two components bend again towards the external direction,
their strengths staying equal.
Thanks to the bending of the transmission peaks with growing intensity, dispersive
optical bistability can be obtained:80 a multiple intersection of the vertical straight
line corresponding to a given δL with the transmission spectrum at a given incident
intensity has the the physical meaning of optical multistability already encountered
in sec.2.1. The instability region present under the bended peak correspond to the
central unstable branch of the hysteresis loop. The instability predicted in the region
between the two peaks correspond instead to a so-called hard-mode transition: the
eigenvalues of the stability matrix M having a non-vanishing imaginary part at the
threshold, the system goes from a stable solution to a limit cycle, which physically
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F IGURE 3.1: Internal intensity parameter (Ω2 = |βA1 | , proportional to the internal as well as to the transmitted intensity) for different values of (constant)
incident intensity as a function of the detuning of the incident field δL . Left
panel: exact resonance case δM = 0. Right panel: δM = 4γ. The grey scale corresponds to the incident intensity: lighter shadowing means higher intensity;
white regions correspond to unstable behavior.

corresponds to self-pulsing of the transmission with time; a detailed discussion of
such phenomena is beyond the scope of the present discussion and can be found
in.78, 80, 82
Since resonant enhancement of SHG by means of an optical cavity is actually considered as a most useful way for improving the performances of devices,27, 86–88 it can
be interesting to investigate the intensity of the generated harmonic field as a function of the incident frequency and detuning; in our formalism, this is proportional
to
2
βA21 /2
2
,
(3.13)
Ih = |A2 | =
δL − δM + iγ2 /2
i.e. to the square of the fundamental mode internal intensity times a temporal phase
matching factor (δL − δM + iγ2 /2)−1 , whose physical meaning will be clarified in the
following.
In fig.3.2 we have represented the spectra of harmonic intensity as function of the incident frequency δL , for different values of incident intensity; again the upper panel
corresponds to the exact resonance δM = 0 case, while the lower panel to the de-
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tuned δM = 4γ case. As done previously, instability regions have been whitened.
The principal features are analogous to the previously analyzed transmission case:
optical bistability and self pulsing can thus be observed also by looking at the harmonic field intensity. Notice the typical quadratic dependence of the harmonic intensity on the internal fundamental intensity: all the bistability and self-pulsing effects are in fact due simply to the coupling of the incident beam with the cavity
mode at the fundamental frequency.
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F IGURE 3.2: Second harmonic intensity spectra for different values of (constant) incident intensity. Left panel: exact resonance case δM = 0. Right panel:
δM = 4γ. The grey scale corresponds to the incident intensity: lighter shadowing means higher intensity; white regions correspond to unstable behavior.

The undepleted pump approximation, currently done in nonlinear optics when the
generated harmonic field is supposed to be weak compared to the fundamental one
corresponds in our formalism to neglecting back-action of the harmonic field on the
fundamental one, i.e. to assuming b2 = 0 in eq.(3.4) or, equivalently, A1 in the square
braket of eq.(3.8). In this scheme, the fundamental beam is not affected by nonlinear
effects, while the harmonic one is still described by eq.(3.5) and eq.(3.9). For current
experimental parameters, such an approximation is generally a good one; first evidence of pump depletion phenomena in resonant SHG is however present in the
spectra of [89, fig.3].
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3.2.1 Physical interpretation of the results
The relatively simple structure of eq.(3.8) allows for a clear physical interpretation
of the spectra of fig.3.1; since the transmittivity of the system τ is proportional to the
ratio of the internal amplitude A1 and the incident amplitude Fo , we can focus our
attention on its rescaled version:

−1
A1
Ω2
τ̃ =
= δL + iγ1 −
(3.14)
Fo
δL − δM + iγ2 /2
which has a form much similar to the one described by eq.(1.20), but for the dependence of the transmittivity τ on the transmitted intensity Ω2 which is a typical
signature of nonlinear effects: for the moment we shall consider Ω as an independent parameter and we shall study the behavior of the transmission spectrum at
fixed Ω.
Assuming for the sake of simplicity the damping coefficients γ1,2 to be negligible, the
transmittivity (as function of the incident frequency δL ) shows two closely spaced
poles at:
"
1/2 #
 2
δM
δM
;
(3.15)
±
+ Ω2
δ1,2 =
2
4
with oscillator strengths given by:
δ1 − δ M
δ1 − δ 2
δ2 − δ M
;
f2 =
δ2 − δ 1
f1 =

(3.16)
(3.17)

the total strength f1 + f2 being constant and equal to 1.
These results are easily interpreted in the two-level system framework as a nonlinear Rabi splitting of two quasi-resonant states, detuned of 2δM and coupled to
each other through the intensity dependent Ω term.85 We refer to it as two-photon
Rabi splitting because it is due to the cubic interaction term ~β b̂†2 b̂21 + h.c.. At linear regime, i.e. when the coupling is vanishing, one eigenstate corresponds to a
pair of photons in the fundamental mode and the other to a single boson on the
harmonic mode; clearly only the former is bright in a transmission experiment at
low intensity. At higher intensities, when the nonlinear interaction begins to be important, the modes are mixed up and the bright component is redistributed among
them. Thanks to such a redistribution, the spectrum start to show a pair of peaks:
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the stronger one is initially at ω1 , while the weaker one appears at ω2 /2 (the factor
1/2 accounts for the fact that two fundamental bosons must be destroyed to create an harmonic one). For growing coupling Ω their mutual interaction make them
repel in energy and equalize in strength; at very high intensities, the detuning δM
becomes small as compared with the coupling Ω and thus we have a doublet of
equally strong peaks with a splitting equal to 2Ω (we can neglect δM in eq.(3.15)).
When δM = 0 the poles are equally bright at any intensity, since the resonance condition guarantees an equal distribution of the bright component. Moreover the two
peaks are symmetrically placed with respect to ω1 = ω2 /2 with a splitting equal to
2Ω.
From the structure of eq.(3.14), in analogy with the discussion following eq.(1.20),
we could expect for γ2  γ1 the appearance of the peculiar spectral features given
by quantum coherence effects. Unfortunately, as we can see in fig.3.1, this is not
the case because they generally lye inside the instability regions and thus are not
experimentally accessible in a cw experiment.
So far, we have discussed the behavior of the transmittivity spectra as they depend
on the intensity parameter Ω: in physical terms this means that we have studied the
behavior of the transmittivity at a fixed value of the transmitted intensity. From an
experimental point of view, however, we would rather be interested in spectra at
constant incident intensity whose calculation requires an inversion of the functional
relation between the incident intensity and the transmitted intensity. The curves of
fig.3.1 and 3.2 have been plotted after performing such an inversion, the sawtooth
appearance of the instability being due to finite numerical resolution.

3.2.2 Comparison with another quadratically nonlinear system.
The equations 3.6 and 3.7, which describe the time-evolution of our system, are
very similar to the ones describing spatial propagation of a monochromatic wave
through a second harmonic generating medium when the undepleted pump approximation is not made. If we denote Eω and E2ω the slowly varying field amplitudes respectively of the fundamental and the harmonic field, nω and n2ω the
refraction indices and ∆k the wave vector mismatch 2kω − k2ω and we switch to the
new variable Ê2ω = √12 E2ω e−i ∆k z , the propagation equations in the so-called slowly
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varying envelope approximation (SVEA) have the form:6
√
i
∂
iω 2 h (2)
∗
χ (−2ω; ω, ω) Eω Ê2ω − γ1 Eω
Eω =
∂z
2nω c
√ 

∂
iω 2 1 (2)
2
Ê2ω =
χ (−2ω; ω, ω) Eω − i ∆k Ê2ω − γ2 Ê2ω
∂z
2n2ω c 2
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(3.18)
(3.19)

which have the same formal structure as equations 3.6 and 3.7, apart from the forcing term Eo ; in particular the wave vector mismatch ∆k plays the role of the mode
detuning 2δM ; for this reason the factor (δL − δM + iγ2 /2)−1 above can be considered
as a temporal phase matching factor: at a given fundamental (internal) intensity, the
amplitude of the generated harmonic field is proportional to the inverse of the mismatch, i.e. the coherence time. Of course, despite the mathematical similarity of the
equations, the physical informations which have to be extracted is different: in the
present case, we are looking for the steady state in the presence of driving terms,
while in the case of equations 3.18 and 3.19 the driving term is absent and boundary
conditions at the interfaces of the nonlinear slab have to be imposed.

3.3 Two-photon optical Stark effect: probing the dressed
system
In the previous section we have described the steady-state response to a monochromatic strong driving and we have focussed on stable equilibria, at the expense of
other features, like self-pulsing. The stability of such solutions has been verified
checking that all the eigenvalues of the linearized evolution matrix M have negative real part. But the linearized theory can also give a lot of other information on
the dynamical behavior of the system when it is illuminated by a strong beam: besides quantum fluctuation effects in the spectra of transmitted and sub/second harmonic light, which have been already studied in detail by Drummond et al.,81 the
linearized evolution can be used to determine the (linear) response of this dressed
system to weak additional probe fields; the response of our system to the probe will
in fact be different according to the intensity of the pump beam. Such an analysis is
clearly restricted to pump intensities and frequencies which lie inside the stability
region. The result we shall obtain are strictly related to Drummond’s ones, since the
general linear response theory connects the response of a system to its fluctuations
(fluctuation-dissipation theorem90 ).
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Calling again δ~
α the displacements of the slowly varying field amplitudes from the
steady state (in the absence of the probe) and M the linearized evolution matrix
in the rotating frame (see eq.(3.11) and eq.(3.12)), the equations of motion can be
written as
d
δ~
α = M · δ~
α + f~(t);
(3.20)
dt
where the f~(t) term accounts for the probe field (again in the rotating frame) and
corresponds to additional driving terms in eq.(3.6) and eq.(3.7).
The solution of eq.(3.20) is immediately obtained in the most simple case of a monochromatic driving term f~(t) = f~o e−iωt . Putting δ~
α(t) = δ~
αo e−iωt , it is easy to verify
that
δ~
αo = − [M + iω1]−1 · f~o ;
(3.21)
in this way the eigenvalues of M get the physical meaning of frequencies of the
dressed modes of the system as driven by the pump beam: since M depends on
the pump intensity Fo via the fields A1 and A2 that the pump generates inside the
structure, the energies of the dressed modes and their weights (i.e. their oscillator
strengths) will depend on the pump intensity as well. So the spectral features of
the response to the probe beam will suffer remarkable qualitative changes when the
pump intensity is varied. Without the cubic interaction term ~β b̂†2 b̂21 + h.c. in the
Hamiltonian, this effect would not be present and the response would be independent of the presence of the pump beam Fo .
Effects of this kind, which involve nonlinear interactions between a strong dressing
(pump) beam and a weak probe have been the subject of active study for a couple
of decades, but the interest has been for the greatest part focussed on the intrinsic
nonlinearities of two or three level atoms. The Mollow triplet of fluorescence91, 92
and the stimulated emission and absorption lineshapes of nearly resonantly driven
two level atoms (optical Stark effect, OSE)93–95 are among the most celebrated examples. Very recently, there has been much interest on excitonic Mollow spectra in
semiconductor microcavities: both experimental96 and theoretical97 work has been
devoted to the observation of changes in the probe absorption spectrum when the
exciton is resonantly dressed.
Such an effect stems from the fermionic nature of the electron-hole pair forming the
exciton, in the sense that at high excitation densities the exciton can not be considered a true boson anymore.5, 65 In the present work we are considering a somewhat
different case: instead of dealing with an intrinsically nonlinear material excitation,
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the nonlinearity is now concentrated in the mutual interaction between two rigorously bosonic modes. The predicted effect in the TPA case, in particular, does not
require any deviation of the exciton from bosonic behavior,97 but only the possibility of two photon processes; for this reason it will be called two photon optical Stark
effect (TPOSE).
A most interesting quantity which can be calculated by means of this linear response
theory is the excitonic polarization created in a TPA configuration by a weak probe
(test) field at a frequency ωt close to ω2 : depending on the intensity Fo and the frequency ωL of the pump, its spectral features can be radically different. For simplicity
we shall suppose that the cavity mirrors do not confine light at ω2 , so that the coupling of the exciton to the incident probe beam is not affected by the photonic mode
structure of the cavity. An experimental observation of such effects clearly requires
some violation of parity selection rules, so as to make the excitonic transition allowed for both one-photon and two-photon absorption: a single quantum well under a strong static electric field perpendicular to the QW layers98 or an asymmetric
quantum well 99–101 structures could be good choices.
In the slow variables, the additional driving term corresponding to the probe has
the form:
 
 
0
0
 0 
 0 
 
 
f~(t) = iFt   e−i(ωt −2ωL )t − iFt∗   ei(ωt −2ωL )t ;
(3.22)
 1 
 0 
0

1

we have set Ft = kt Et where Et is the amplitude of the probe beam and kt is a
coupling coefficient proportional to the dipole matrix element of the one-photon
transition. In the following we shall also use the reduced probe frequency defined
as δt = ωt − 2ωL . The polarization of the system is determined by the third element of the response δa2 . Since the additional driving term contains two different
frequencies ±δt , the response of the system will also have two spectral components
α(−) e+iδt t
δ~
α(t) = δ~
α(+) e−iδt t + δ~

(3.23)

which result in an actual excitonic polarization oscillating at both ωt and 4ωL − ωt
n

(+)
δa2 e−iδt t

(−)
δa2 eiδt t

o

e−2iωL t + h.c.
n
o
(+)
(−)
=
δa2 e−iωt t + δa2 e−i(4ωL −ωt )t + h.c..

Pexc (t) =

+

(3.24)
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The first term derives from the linear polarization of the (dressed) system and has
the same frequency ωt as the forcing field; the second term instead describes a polarization at a frequency which is symmetrical of ωt with respect to the oscillation
frequency 2ωL of the dressing field A2 . This last term, which is present in atomic
systems as well, arises from nonlinear wave-mixing effects of the (weak) probe with
the (strong) pump beam.
The expression eq.(3.24) for the polarization can be rearranged as
o
n
(+)
(−)
Pexc (t) = e−iωt t δa2 + δa2 e2iδt t + h.c.;

(3.25)

physically this means that the resulting polarization can be seen as an oscillating
polarization at ωt amplitude-modulated at δt . Since the modulation frequency δt is
generally rather high, the most relevant quantity is the mean absorption suffered by
(+)
the probe beam, and then only the first term in brackets δa2 must be retained. The
(+)
susceptibility is then given by χexc ∝ δa2 /Et and probe absorption is proportional
to its imaginary part.

Its most peculiar physical features can be predicted in a rather simple way by looking at the explicit form of the equation of motion for the actual (not the slowly varying) displacements of the fields from equilibrium δb1 , δb∗1 , δb2 , and δb∗2 (cfr.eq.(3.4)
and eq.(3.5))
δb˙ 1 = −iω1 δb1 − γ1 δb1 − 2iβ ∗ A∗1 eiωL t δb2 − 2iβ ∗ A2 e−2iωL t δb∗1
δb˙ 2 = −iω2 δb2 − γ2 δb2 − 2iβA1 e−iωL t δb1 + iFt e−iωt t
δb˙ ∗ = iω1 δb∗ − γ1 δb∗ + 2iβA1 e−iωL t δb∗ + 2iβA∗ e2iωL t δb1
1

1

1

2

2

δb˙ ∗2 = iω2 δb∗2 − γ2 δb∗2 + 2iβA∗1 eiωL t δb∗1 − iFt∗ eiωt t ;

(3.26)
(3.27)
(3.28)
(3.29)

two different sorts of time-dependent coupling terms are present: the first one,
whose intensity is proportional to Ω = |βA1 |, connects the δb1 and δb2 fields to each
other; the other one, whose intensity is instead proportional to |βA2 | and thus to Ω2 ,
connects the δb1 field to its complex conjugate δb∗1 .
For moderate pump intensities only the former one will be important and thus the
pair of fields δa1,2 will be decoupled from the complex conjugate fields δa∗1,2 . From
the numerical calculations, it results that the fields and their conjugates are effectively decoupled only for pump intensities below the instability regions. If we neglect the latter coupling (i.e. the one ∝ |βA2 |), the system can be described as a pair
of linearly coupled oscillators at ω1 and ω2 with a time-dependent coupling term

Nonlinear optics of microcavities II: two-photon processes

69

−2iβA1 e−iωL t ; by setting δ b̃1 = e−iωL t δb1 , the time-dependence of the coupling term
can be eliminated: in this way the equations of motion eq.(3.26) and eq.(3.27) can be
simply rewritten as
δ˜˙ b1 = −i(ω1 + ωL )δ b̃1 − γ1 δ b̃1 − 2iβ ∗ A∗1 δb2
δb˙ 2 = −iω2 δb2 − γ2 δb2 − 2iβA1 δ b̃1 + iFt e−iωt t .

(3.30)
(3.31)

The eigenmodes of this system depend on the bare frequencies ω1 + ωL and ω2 and
the coupling −2iβA1 in the usual way for a two-level system: a pair of modes at
frequencies ωα and ωβ which start respectively at ω1 + ωL and ω2 and tend to mix
and repel as the intensity of the coupling grows up. Since the driving is only on the
second mode, at low coupling intensity the brightness is concentrated in this mode,
while for growing intensity it tends to redistribute equally among both eigenmodes.
The probe absorption spectra will show peaks at the oscillation frequencies of the
modes and the intensity of each peak will be proportional to its brightness.
Fig.3.3 and fig.3.4 contain two series of spectra which differ from each other for
the choice of detuning parameters δL and δM : in each series the absorption spectra are plotted as a function of probe frequency at growing dressing intensities A1
(and hence couplings); the frequency zero has been set at the excitonic frequency ω2 .
Consider the first spectrum, reproduced in the upper-left panel of fig.3.3 (δM /γ = −2
and δL /γ = 8): at very low dressing intensity (a), we recover the linear spectrum,
with a single peak at the frequency of the bare excitonic mode ω2 ; at slightly higher
intensity (b) a new peak appears at a frequency ωt = ω1 + ωL (i.e., (ωt − ω2 )/γ =
(δL − 2δM )/γ = 12); as intensity grows up (c,d), the strengths of these two peaks
tend to equalize and their energies to repel each other. This is a clear signature of
mixing and repelling of two (one dark and one bright) coupled modes in a two-level
system.
The physical meaning of the peak at ω1 + ωL instead of 2ω1 can be understood if we
think at the nature of the oscillating coupling; this is in fact due to the dressing field
A1 e−iωL t and in quantum terms it converts an exciton in the harmonic (ω2 ) mode
into a photon in the fundamental (ω1 ) mode plus one more photon in the dressing
field. Differently from the previously analyzed single beam nonlinear optics, the
coupling is now linear in the fields δb1,2 , so that the spectral features do not depend
on the intensity of the probe beam, provided this is weak enough not to perturb
appreciably the system. This is again due to the fact we are not dealing anymore
with the conversion of one harmonic boson in two fundamental ones, as we were
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F IGURE 3.3: In the two upper frames, probe absorption spectra at different
dressing intensities. Absorption has been normalized to the bare exciton absorption. Dressing intensity grows from (a) to (h); instabilities are between (e)
and (f) and above (h). Notice the change of frequency scale. Non-resonant case
ω1 + ωL − ω2 = 12γ, 2ωL − ω2 = 20γ: δM /γ = −2, δL /γ = 8. In the lower
frame, schematic plot of the energy levels involved in the optical processes: the
frequencies ωα and ωβ of the dressed states shift with increasing pump intensity.
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F IGURE 3.4: In the two upper frames, probe absorption spectra at different
dressing intensities. Absorption has been normalized to the bare exciton absorption. Dressing intensity grows from (a) to (h); instabilities are between (e) and (f)
and above (h). Notice the change of frequency scale. Resonant case ω1 +ωL = ω2 ,
2ωL − ω2 = 6γ: δM /γ = 3, δL /γ = 6. In the lower frame, schematic plot of the
energy levels involved in the optical processes: the frequencies ωα and ωβ of the
dressed states shift with increasing pump intensity.
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doing in the one-beam case, but with a conversion of a harmonic exciton into a
single fundamental photon plus a dressing A1 photon (ωL ).
Analogous considerations can be repeated in order to explain the structure of the
spectrum reproduced in the upper-left panel of fig.3.4 (δL /γ = 6 and δM /γ = 3),
though the resonance condition ω2 = ω1 + ωL makes the spectra look somewhat
different: the bare modes at ω2 and ω1 + ωL are in fact resonant and hence the coupling does not introduce a new peak, but only split the existing one in a symmetric
doublet of peaks. This is still centered at δt = 0 and its spacing grows with growing
dressing field intensity.
As it can be observed in the upper-right panels of fig.3.3 and fig.3.4, at higher pump
intensities the −2iβ ∗ A2 e−2iωL t coupling terms start to be relevant as well. In particular, its effect begins to be dramatic when one of the absorption peaks (the upper one
at ωα , in our specific cases) is close to 2ωL (i.e. ωt − ω2 = 2δL − 2δM ), frequency at
which it resonates. This is verified when the dressing intensity is close to the lower
edge of the bistability unstable region. In this case, the peak narrows (the threshold corresponds to the vanishing of the real part of one eigenvalue of M), its shape
is modified and some gain (i.e. negative absorption) appears (see spectra (e)) at a
frequency just above the resonance frequency 2ωL .
Increasing the dressing intensity above the bistability unstable region, i.e. in the upper branch of the hysteresis curve, the spectra result radically different. The two absorptive peaks are still present at frequencies ωα and ωβ and keep on repelling themselves as the pump intensity grows up. At the same time, a gain peak is present at a
frequency 4ωL − ωα , which is the symmetric of the upper absorption peak frequency
ωα with respect to the resonance frequency 2ωL . For growing pump intensity, as the
absorption peak frequency ωα shifts towards higher frequencies because of the coupling term −2iβA1 e−iωL t , the gain peak shifts towards lower frequencies in order to
satisfy the symmetry condition with respect to 2ωL . Near the threshold of the selfpulsing instability, the other absorptive peak at ωβ begins to have a gain counterpart
at 4ωL − ωβ as well: in fig.3.3 this gain peak is hardly visible near (ωt − ω2 )/γ ' 60,
while in fig.3.4 it is located near (ωt − ω2 )/γ ' 20.
Such qualitatively new features, are stable with respect to variations of detunings
and linewidths as we have verified; in analogy to the gain appearing in the classical
OSE,1, 94, 95 a simple physical interpretation can be put forward in terms of stimulated hyper-Raman scattering102 in a dressed system picture; the main effect of the
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−2iβ ∗ A2 e−2iωL t coupling term is in fact to induce conversion of a few quanta of the
dressing fields A1 and A2 (for a total frequency 4ωL ) into a dressed excitation (at ωα
or ωβ ) plus one more photon in the probe beam (at ωt ), which thus results amplified.
Indeed, for such a process, energy conservation imposes that ωt = 4ωL − ωα,β : in
this way it is possible to explain the symmetry condition empirically found in the
calculated spectra.
In order to understand why the hyper-Raman process takes place involving the 4ωL
frequency, it is useful to reformulate the dynamics of the dressed system in the usual
Hamiltonian formalism of quantum optics; in terms of the field displacements δb1
and δb2 , the effective Hamiltonian of the (dressed) system can be written as
Hd = ~ω1 δ b̂†1 δ b̂1 + ~ω2 δ b̂†2 δ b̂2 + 2~β A1 e−iωL t δ b̂†2 δ b̂1 + 2~β ∗ A∗1 eiωL t δ b̂†1 δ b̂2 +
∗ 2iωL t 2
+ ~β ∗ A2 e−2iωL t δ b̂†2
δ b̂1 + ~kt Et e−iωt t δ b̂†2 + ~kt∗ Et∗ eiωt t δ b̂2 .
1 + ~β A2 e

(3.32)
If we neglect for the moment the last two terms, we are left with two bosonic modes,
linearly coupled to each other; this approximation is valid at low pump intensity,
i.e. when the A1 coupling is much greater than the A2 coupling. As previously
described, the probe absorption spectra are in this case characterized by a pair of
absorptive peaks corresponding to the dressed modes at ωα and ωβ , which result
from diagonalization of the Hamiltonian.
The appearance of gain at higher pump intensities is due to the terms proportional
to δ b̂21 and δ b̂†2
1 , which allow for the conversion of one harmonic dressing exciton
A2 at 2ωL into a pair of quanta of the fundamental mode δb01 and δb001 of frequencies
respectively equal to ω10 and ω100 . One of these quanta then merges with a A1 dressing
photon at ωL into an excitation at ωα or ωβ which is left inside the system; the other
one, together with a A1 dressing photon, is instead converted into an additional
photon in the probe beam at ωt . In conclusion, two A1 dressing photons and one
A2 dressing exciton (for a total frequency equal to 4ωL ) are converted into a dressed
excitation at ωα or ωβ , plus a probe beam photon at ωt : this kind of optical process,
in which some quanta of a strong pump beam are scattered into an excitation of the
material system plus an escaping photon, is called hyper-Raman scattering;6 furthermore, since the emission of the escaping photon is stimulated by the probe beam,
we shall say it is a stimulated hyper-Raman scattering.
As a final remark, it is interesting to notice that the sum rules demonstrated at all
orders of perturbation theory in103, 104 are well verified even by our model, which
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allows for non-perturbative nonlinear optical effects, like optical bistability and optical self-pulsing; in particular the absorption sum rule, which states that the integral of the probe absorption coefficient over all frequency is independent of pump
intensity, has been numerically verified in the stability regions. According to this
sum rule the appearance of gain in some spectral region must compensates for an
increased absorption in other spectral regions.

3.4 Discussion of material and geometrical parameters
Until now we have not paid attention to the absolute value of the nonlinear coupling β; all the effects described in the previous sections depend only on the product
Ω = |βA1 |. Indeed it seems theoretically possible to compensate for a small β by the
use of high intensities; however very high light intensities are not handy because
of high heat production inside the structure and the possibility of other competing nonlinear effects. A high β would thus allow for the observation of our specific
two-photon processes at intensities at which other processes, like non-resonant Kerr
nonlinearities, exciton bleaching or higher harmonic generation are negligible; furthermore, if β is large enough for nonlinear effects to be important with just a few
excitation quanta in the modes, quantum fluctuations give important corrections to
the present mean-field results and peculiar quantum coherence effects can be observed.
An explicit calculation of the parameter β can be performed starting from the usual
optical constants of the materials forming the structure; as we have already pointed
out, in the SHG configuration β is related to the χ(2) susceptibility of the materials, while in the TPA case it depends on the generalized oscillator strength of the
two-photon absorptive transition, or, in other words, on the resonant part of the
χ(3) susceptibility. In the following, we limit our attention to planar structures, in
which all the equations reduce to one-dimensional ones; the general case does not
introduce in principle new different features, apart from the geometrical complications due to the vectorial character of the fields and the tensorial character of the
susceptibilities.
If we expand the electromagnetic field in eigenvectors of the wave equation in a

Nonlinear optics of microcavities II: two-photon processes
linear refractive background medium of dielectric constant (x)
o
Xn
E(x, t) =
Ei (x)e−iωi t ai (t) + Ei∗ (x)eiωi t a†i (t)
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(3.33)

i

and we perform the so-called SVEA approximation (sec.1.5.2), which correspond to
supposing the temporal variation of the mode amplitudes to be much slower than
the oscillation frequency, we get to the explicit expression for the coupling constant
β in the SHG case:89
Z
1
βSHG = −
E2 (x)∗ χ(2) (x)E1 (x)2 dx.
(3.34)
~

The physical interpretation of such an expression is evident: it is the overlap integral of the square of the fundamental wavefunction with the harmonic wavefunction weighted by the χ(2) nonlinear susceptibility of the material; in a quantum field
theoretical language, this expression corresponds to the matrix element of a threephoton vertex in which two fundamental photons annihilate into a harmonic photon. Since we are dealing with planar structures, the wavefunction normalization
has been chosen to be the natural one-dimensional one, i.e.
Z
(x)
Ei (x)∗ Ej (x) dx = δi,j ~ωi ;
(3.35)
2π

in this way the mode intensities |bi |2 have the meaning of mean photon density per
unit surface. From this choice it follows that the photonic wavefunction has the
dimensions of an electric field times a length while β is the product of a frequency
times a length. From eq.(3.34) it is evident how the arbitrariness in the definition
of the global phase of the wavefunctions reflects on the nonlinear coupling β (and
analogously on the external couplings k1,2 ): a change in the phase definition of the
wavefunctions must in fact correspond to a change in the system parameters in a
way to leave the Hamiltonian invariant.
In the presence of an isolated two-photon absorption transition, the χ(3) susceptibility can be written as6
χ(3) (−ω; ω, −ω, ω) =

f (3)
;
~ (ω2 − 2ω − iγ2 )

(3.36)

because of its similarity with the well known oscillator strength of a linear transition, the quantity f (3) can be called generalized oscillator strength of a (two-photon)
transition. The nonlinear excitonic polarization can be written as
PN L (x, t) = 3e−iωL t χ(3) (x) |E1 (x)|2 E1 (x) |a1 |2 a1 .

(3.37)
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Inserting this result in Maxwell’s equations and performing the SVEA approximation as previously, we get to a motion equation for the field amplitude of the form
Z
∂a1
3 |a1 |2 a1
−i(ωL −ω1 )
= −γ1 a1 − iFo e
+i 2
|E1 (x)|4 f (3) (x) dx. (3.38)
∂t
~ (ωexc − 2ωL − iγexc )
Comparing these term with the analogous equation that can be derived from our
Hamiltonian formalism:
∂a1
2 |β|2
= −γ1 a1 − iFo e−i(ωL −ω1 ) + i
|a1 |2 a1
∂t
ω2 − 2ωL − iγ2

(3.39)

we get to the final result:

3
|βT P A | = 2
2~
2

Z

|E1 (x)|4 f (3) (x) dx;

(3.40)

the phase of β, which is still undetermined, is not physically important, since it
determines only the relative phase of the fundamental and harmonic fields (see
e.g. eq.(3.9)); when we are driving the system on both modes, the phase of β fixes
the phase of the amplitude oscillations in the excitonic polarization eq.(3.25). The
physical meaning of the remaining indetermination in the absolute phase of βT P A
depends on the fact that we have used as input only the oscillator strength of the
two-photon transition, which correspond to the square modulus of the effective matrix element; since the absolute phase of an excitonic field is generally not observed,
such an indeterminacy does not have physical consequences (sec.1.5.2). The proportionality of the coupling β to the square root of the generalized oscillator strength
is analogous to the classical vacuum Rabi splitting, in which the Rabi frequency is
proportional to the square root of the density of resonant atoms or quantum wells.48
After having determined the general expressions for the coupling constant β in both
SHG and TPA cases, it can be interesting to compute quantitatively the magnitude
of the predicted effect in a couple of specific experimental arrangements. We shall
concentrate our attention on the nonlinear Rabi frequency Ω = |βB1 | as function of
the internal intensity on the fundamental mode. For a simple metallic planar cavity
of length L and dielectric constant , the wavefunction of a photonic mode is given
by the expression
r
4π~ωj
Ej =
sin kj x
(3.41)
L
with
πj
(3.42)
kj =
L
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and the internal light intensity in each propagation direction can be written as:
Iint

√
~ω1 c
c 
|E1 b1 |2 = √ |A1 |2 ,
=
4π
L 

(3.43)

where E1 has been taken at an antinode of the cavity mode. It is important to remember that, since we are working close to resonance, the internal intensity can
be several orders of magnitude higher than the incident one, the proportionality
constant between the two being as large as the Q factor of the cavity.105
According to the considerations worked out by Berger,27 second harmonic generation in a metallic mirror microcavity is most effective when the cavity length L
equals the second harmonic generation coherence length Lcoh of the nonlinear material; for GaAs at the technologically useful wavelength of 10.6µm the coherence
length amounts to 108µm. In this specific geometrical arrangement, explicit integration of eq.(3.34) brings to the result:
βSHG = 4χ

(2)

r

2π~ω1
ω1 .
L3

(3.44)

Using eq.(3.43) and eq.(3.41), the nonlinear Rabi frequency Ω = |βA1 | can be written
in terms of the internal light intensity Iint as:
Ω
=4
ω1

r

2πIint (2)
χ .
5/2 c

(3.45)

The experimental value of χ(2) for GaAs at 10.6µm is about 2.4 · 10−7 esu.88, 106 So,
in order to observe the splitting in the case the cavity Q-factor is 104 , it is necessary
to have Ω/ω1 at least equal to 10−4 ; this is satisfied provided the internal power is
about 1 GW cm−2 . As long as the nonlinear material fills the entire cavity, a change
in the cavity length does not affect β; to increase β we thus have to increase χ(2)
shifting the operating frequency closer to the gap edge or changing the nonlinear
medium.
The validity of the present calculation is in any case limited to case of well-localized
modes inside the cavity; the case of a dielectric microcavity with DBR mirrors optimized for reflection at both the fundamental and at the harmonic frequency (FASH
mirrors27 ) would give much more freedom in the choice of the reflection phase at
the two mirrors, but at the same time the optical modes would penetrate inside the
mirrors and an active material concentrated in the cavity layer would not be the
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best alternative any more; in this case it may be better to distribute the nonlinearity
along the whole structure. Although such an arrangement has revealed to be useful
for optical bistability and optical “transistor” effect (sec.2.3-2.6 and ref. 64, 70, 75), it
has not been studied yet for optimizing second harmonic generation.
Two-photon absorption spectroscopy has been an important tool for the characterization of electron-hole states in quantum wells: the two-photon absorption spectra
taken at ω ' EG /2 show in fact sharp features due to subband quantization and
excitonic effects.107–109 In particular it has been possible to clearly resolve some excitonic peaks. Provided their linewidth is sufficiently small, these transitions seems
to be a good candidate for the observation of our coherent two-photon effects.
Since the sharpest features are present in TM polarization (ˆ
 k ẑ), it can be favorable
to work at oblique incidence. This is not a problem, indeed it gives the possibility
of tuning the photonic fundamental mode with the angle, while the excitonic frequency stays nearly constant. A detailed calculation of the two-photon absorption
cross-section in GaAs/AlGaAs heterostructures has been performed by Shimizu. 98
For example, conversion of his results for the c1 lh2 , 1S exciton into generalized oscil(3)
lator strengths brings to the result of about f2D ' 2 · 10−29 cm4 . It can be interesting
to notice that, if we assume a linewidth of 1 meV for the exciton and a well spacing
of 10nm, this value corresponds to a resonant χ(3) of 1.2 · 10−8 esu.

Moreover, under a strong static electric field parallel to the growth axis, some excitonic transitions can be allowed for both one- and two-photon absorption because
of parity symmetry breaking.98 But an externally applied static electric field is not
the only solution: several papers have appeared which investigate the problem of
breaking the symmetry of a material system in order to make some optical susceptibility non-vanishing. In particular, asymmetrically grown quantum wells99, 100
and indirect excitons in polytype double-quantum-well structures101 have recently
received much interest.
Let’s consider a microcavity of length L and dielectric constant  bounded by metallic mirrors and containing Nw identical quantum wells situated at positions x1...Nw
all corresponding to antinodes of the electric field; in this case the generalized oscillator strength f (3) (x) is given by

f (3) (x) =

X
i=1

(3)

Nw f2D δ(x − xi )

(3.46)
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Explicit integration of eq.(3.40) then brings to the result:
q
πω1
(3)
βT P A =
24f2D Nw .
L
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(3.47)

Using again eq.(3.43) and eq.(3.41), the Rabi frequency can be written as function of
internal light intensity Iint as:
s
(3)
Ω
24f2D Nw π 2 Iint
=
(3.48)
ω1
L3/2 ~ω1 c
As previously, let’s quantify the effect in terms of the internal intensity needed in
order to have Ω/ω1 = 10−3 . Inserting the numerical values for the quantum well
excitonic transition and supposing the cavity to be a λ/2 cavity containing about 10
quantum wells, we obtain an internal intensity of about 600 MW cm−2 .
While in the SHG case the main limitation on light intensity comes from unavoidable heating effects, in the TPA case it is necessary to pay attention also to the
fact that excitons behave in a bosonic way only at low densities nexc  nsat , i.e.
when their mean spacing is much larger than their radius. As we have already
discussed in sec.2.4, at higher densities, both screening effects and the fermionic
nature of the underlying electrons and holes contribute to bleach the excitonic transition. Remembering that the total population of excitons per unit area is given by
|A2 |2 and assuming the excitons are equally distributed among the wells, it follows
from eq.(3.9) that the excitonic density in each well has the expression
nexc

Ω2
= |A2 | /Nw =
2ωL − ω2 + iγ2
2

2

1
;
Nw |β|2

(3.49)

inserting in this expression a realistic value for β in GaAs structures, it results that
the two-photon Rabi splitting should be observable in GaAs structures before the
exciton is bleached, while for the instabilities and the TPOSE gain the required
excitonic density seems much higher than the typical saturation density of about
nsat = 3 · 1011 cm−2 . However, an increased value of the nonlinear coupling β and
of the number of wells Nw should allow for the same nonlinear effects at a lower
excitonic density.
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Conclusions and perspectives
This first part of the thesis has been devoted to the study of a few interesting nonlinear optical effects which can be observed in semiconductor DBR microcavities;
after a short review on their most important properties at linear regime (chap.1),
we have discussed the behavior of microcavities grown with materials showing an
intensity-dependent refractive index (chap.2). Depending on the geometrical and
the material properties of the system, as well as on the operating frequency, both
optical limiting and optical bistability have been predicted to occur for reasonable
values of the light intensity. With an eye to applications, we have briefly discussed
how such effects can be eventually exploited for an all-optical processing of signals:
specific configurations which may result useful for either the amplification of an optical signal (optical transistor) or the realization of an all-optical bit of memory have
been pointed out.64, 70, 75
In the last chapter (chap.3) we have given a detailed analysis of resonant two-photon
nonlinear processes such as second harmonic generation and two-photon absorption and, in particular, we have discussed their signatures in the single-beam transmission spectrum through the microcavity as well as in two-beam pump-and-probe
experiments.76, 77 Although the calculations have been performed using a very simple model which involves only two bosonic modes nonlinearly coupled by a cubic
term, we have shown how this approach can be applied to describe any experimental arrangement: all the relevant details of the actual configuration are in fact
summarized in a small number of parameters.
Since the nonlinear optical susceptibility of current materials is in general very
weak, a large number of photons is generally required in the cavity mode in order for nonlinear effects to be important; for the single-mode nonlinear cavity of
sec.2.2, the critical number No = γph /ωnl is a good estimate of this quantity, since it
gives the number of photons which have to be present in the cavity mode in order
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for the nonlinear shift to be equal to γph and therefore for the transmission to be
substantially modified.
Starting from such a consideration, it has been natural to perform the calculations
neglecting the discrete, quantum, nature of the field and apply classical electrodynamics in continuous media with a nonlinear polarizability; with respect to the
operator-valued quantum master equation which is required for the description of
a quantum field, classical electrodynamics leads to much simpler and physically
transparent calculations. The use of classical electrodynamics can be justified as
arising from a mean-field (MF) approximation on the light field: the field operators
are replaced by their mean values and all their products are assumed to factorize;
this is equivalent to neglecting all fluctuations around the mean values of the fields,
which is generally true provided the population of the modes under examination is
very large.
Although conventional semiconductor DBR microcavities are well within such a
No  1 regime, the recent developments of photonic cavities with very large Qfactors and very small mode volumes and of optical materials with very strong
nonlinearities has pushed the optical community towards the study of systems in
which the critical number No ≤ 1 and therefore the nonlinear effects are triggered
by a very small number of photons. In such systems, in fact, the quantum state of
the light field can be manipulated down to the single quantum level and definitely
nonclassical states can be generated.
As we shall discuss in detail in chap.4, the light field in a nonlinear material and
the interacting atomic Bose gas can be both described as a Bose field with a quartic interaction term in the Hamiltonian; despite the profound physical differences
between the two systems, analogous results have therefore to hold for the transmission of such Bose waves through single-mode cavities. In the case of atomic matter
waves, single-mode DBR cavities showing well separated cavity modes with narrow linewidths and tight longitudinal confinement can be obtained using optical
lattices (chap.5). Thanks to the very strong intensity of collisional atom-atom interactions, very low values of the incident atomic flux are required for the observation of nonlinear atom optical effects. Provided transverse motion is appropriately
frozen by a single mode waveguide, the nonlinear coupling coefficient ωnl of the
cavity resonance can be comparable or even larger than the mode linewidth γ.
Given the strict analogy of the behavior of light and matter waves, we shall post-
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pone to the third part of the thesis the detailed discussion of the validity range of the
mean-field approximation and the nonclassical effects that can be observed when
this approximation breaks down; the same physical model can in fact be successfully applied to both Bose fields, irrespective of their profoundly different physical
nature. Thanks to its formal simplicity, the single mode system of sec.2.2 is well
suited for a direct numerical integration of the quantum master equation (chap.6).
For the case of a weak nonlinearity No  1, the mean-field results will be recovered;
for the case of a strong nonlinearity No ≤ 1, peculiar quantum features will be found
in the correlation functions of the transmitted beam.
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Introduction
In the last years, several authors have emphasized the close analogy between the recent developments in the field of coherent atom optics and the fundamental steps of
nonlinear and quantum optics following the realization in the late fifties of the first
optical lasers. The coherence properties of atomic Bose-Einstein condensates (BECs)
are in fact very similar to the coherence properties of laser light: both of them are in
fact well described by classical C-number fields and fluctuations can in most cases
be neglected; in the case of light, the field under examination is the electromagnetic
field, while in the atomic case it is a Schrödinger matter field.
Since the development of laser cooling techniques, both the luminosity, the monochromaticity and the collimation of atomic beams has been substantially improved
in the last decades and most of the fundamental elements of the optical bench are
now available for applications, such as atomic beam splitters and diffraction gratings for matter waves; atomic interferometers look in fact very promising as gravitational and inertial sensors. Since all these experiments do not involve atom-atom
interactions, they are not sensitive to the higher-order coherence functions of the
incident atomic beam and are well observed with thermal atomic beams which are
the matter analog of the light emitted by a conventional lamp.
On the other hand, nonlinear atom optics has started to be considered only in the
last years, after the realization of atomic BECs and the consequent extraction of
coherent matter waves: nonlinear optical effects require in fact a larger luminosity
and are sensitive to the coherence of the input beams; for this reason, they could not
be easily observed with non-degenerate thermal sources. While temporally finite
pulses can be obtained by coherently extracting atoms from a previously formed
trapped BEC, a continuous wave source has not been realized yet, although it is
actually the subject of active work, the main difficulty obviously consisting in the
lack of an efficient refilling mechanism for the parent condensate.
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This second part of the thesis is devoted to the study of the atom optical properties
of the massive atomic bosonic field; in particular, thanks to the fundamental analogy
between light and matter waves, we shall try to export into the realm of atom optics
all the concepts we have discussed in the previous part of the thesis for the case of
photon optics in dielectric structures such as DBR microcavities.
In the first chap.4, we shall review the main points of the analogy between light
and matter waves; in particular, we shall see how each of the terms appearing in
the Hamiltonian for the atomic field has a simple physical interpretation in optical
terms. The external optical or magnetic potential to which atoms are subjected can
be seen as a dielectric constant for matter waves; the atomic spin corresponds to
the polarization of an electromagnetic wave; the s-wave atom-atom collisional interactions can be reinterpreted as a local nonlinear intensity-dependent refraction
index.
As in the first part of the thesis we have always approximated the electromagnetic
field as a classical field, a similar mean-field theory is currently adopted for the
description of a coherent atomic field, leading to the well-known Gross-Pitaevskii
equation, which gives accurate predictions for the dynamics of dilute Bose condensed clouds at very low temperatures, when the non-condensed fraction can be
considered as negligible. After a brief review of the most relevant exact approaches
to the complete many-body problem together with their difficulties, the chapter is
concluded with a detailed discussion on the main points of mean-field theory, in
particular the underlying all-order coherence assumptions, the experimental confirmations and the validity limits.
In the following chap.5, the interaction of atomic waves with optical lattices is discussed and the transmission and reflection properties of an atomic beam characterized in terms of atomic Bloch waves in the nearly periodic potential of the lattice: this periodicity allows in fact for a substantial reduction of the effective atomic
mass, while the spatial modulation of the lattice parameters provides the confinement needed for the quantization of atomic motion and the consequent appearance
of discrete localized states which are the atomic analog of the optical modes of DBR
microcavities. At linear regime, the transmission spectrum of such a system when
driven by a coherent atomic beam is characterized by a rather large reflecting window corresponding to the forbidden energy gap of the lattice and sharp peaks corresponding to resonant tunneling processes on the discrete states. Given the rather
large mode spacing and the tight confinement of the mode wavefunction, for grow-

Introduction
ing incident intensities nonlinear effects are expected to give rise to atom optical limiting or atom optical bistability; thanks to the much stronger collisional atom-atom
interactions with respect to photon-photon interactions in a nonlinear material, the
bistability threshold is predicted to occur at a very low value of the atomic flux.
We conclude the chapter discussing two possible methods for the experimental determination of the coherence length of an actual atom laser source: while the coherence of a trapped BEC is now a well-established fact, a direct measurement of the
coherence properties of a propagating beam is not avaiable yet and, in particular, it
is still an open question whether the atom laser can have a coherence length longer
than the parent condensate. Both the schemes we propose are based of the reflection
properties of atomic mirrors; the first one exploits the frequency dependence of the
transmittivity of an optical lattice in order to separate the different velocity classes in
the beam and thus determine its spectral distribution. The second scheme is based
on the diffraction of light on the density profile of the atomic standing wave which
is formed in front of a nearly perfect atomic mirror: since the coherence length of
the standing wave is related to the coherence length of the atom laser, a measurement of the latter can be performed just by looking at the angular linewidth of the
diffraction peaks.
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Chapter 4
Atom optics fundamentals from a
quantum optics point of view
This chapter is devoted to a brief review of some concepts of atom optics, BoseEinstein condensation and atom lasers from the point of view of quantum optics;
this approach to the properties of ultra-cold Bose gases is complementary to the
many-body approach more familiar to condensed matter physicists. The main purpose of the discussion will be to stress the fundamental analogy between the behaviour of light waves in dielectric (eventually nonlinear) media and the behaviour
of interacting matter waves in external (optical or magnetic) potentials: the strong
cross-fertilization effect which has arisen from such parallelism has in fact helped
us to get a deeper as well as more intuitive picture of both systems.
In sec.4.1, the Hamiltonian for an interacting Bose gas subjected to an external potential is introduced and a simple physical interpretation of each term is given from
the point of view of optics: the external potential is show to give a sort of refractive
index for matter waves, the atomic spin is the analog of the polarization vector and
the atom-atom interactions provide the optical nonlinearity for matter waves. This
discussion will be completed in sec.4.2 with a review of the different approaches that
can be adopted for the solution of the bosonic many-body problem: after some general words on the available exact methods together with their limitations, a specific
attention will be paid to the mean-field theory together with the all-order coherence
assumptions which underlie it. A more detailed study of the nonclassical effects
and the dynamics beyond the mean-field is postponed to chap.6, while the discussion of our stochastic wavefunction approach to the bosonic many-body problem is
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the subject of chap.7.

4.1 Field-theoretical approach to atom optics
The Hamiltonian of an interacting Bose gas is usually written in terms of the Bose
field operator Ψ̂(x) as:
H=

Z



~2 2
ext
dx Ψ̂ (x) −
∇ + V (x) Ψ̂(x)+
2m
ZZ
1
dx dx0 Ψ̂† (x)Ψ̂† (x0 )V int (x − x0 )Ψ̂(x0 )Ψ̂(x); (4.1)
+
2
†

the first two terms describe the single particle dynamics in an external potential
V ext ; the third term accounts for atom-atom interactions, modeled by a two-particle
interaction potential V int (x−x0 ).hAs usual, thei field operators are assumed to satisfy
the Bose commutation relations Ψ̂(x), Ψ̂† (x0 ) = δ(x − x0 ).

Immediate is the generalization to the case of a multicomponent gas, in which atoms
in different internal states coexist:


Z
XZ
~2 X
†
2
ext
dx Ψ̂i (x)∇ Ψ̂i (x) +
dx Ψ̂†i (x)Vi,j
(x)Ψ̂j (x)+
H= −
2m
i
i,j
ZZ
1 X
int
dx dx0 Ψ̂†i (x)Ψ̂†j (x0 )Vi,j,k,l
(x − x0 )Ψ̂k (x0 )Ψ̂l (x); (4.2)
+
2 i,j,k,l
the atom field is now described by
field operators Ψ̂i (x) satisfying
i
h multicomponent
† 0
the Bose commutation relations Ψ̂i (x), Ψ̂j (x ) = δ(x − x0 )δi,j . The index i runs
over the possible internal states, which can be either different Zeeman sublevels of
a single hyperfine level, or sublevels belonging to different hyperfine levels, or even
different atomic species.
As a very simple example, a spin F = 1 atom is described by a three-component
atom field Ψ̂i (x); in this case, besides the usual angular momentum mF = 1, 0, −1
basis, a Cartesian x, y, z basis can be adopted, in which the three components transform as the three components of a vectorial quantity like the electric or the magnetic
field.110 Atoms with larger values of the spin, are instead described by more complex tensorial quantities: spin F = 2 atoms correspond, e.g., to traceless symmetric
second-rank tensors.
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While the kinetic term generally has a diagonal form(a)
−
the external potential term

X ~2 †
Ψ̂i (x)∇2 Ψ̂i (x),
2m
i

X

ext
(x, t)Ψ̂j (x),
Ψ̂†i (x)Vi,j

(4.3)

(4.4)

i,j

ext
involves a two-indices quantity Vi,j
(x, t): the diagonal terms Vi,iext account for the
external potential to which each sublevel is subjected, while off-diagonal terms Vi6ext
=j
account for transitions between different sublevels induced by stationary or timedependent optical, microwave or rf fields.

The interaction term, involving the product of four field operators has an even more
complicate structure
X
int
Vi,j,k,l
(x − x0 )Ψ̂†i (x)Ψ̂†j (x0 )Ψ̂k (x0 )Ψ̂l (x),
(4.5)
i,j,k,l

int
(x − x0 ) being a four-indices quantity. If the limit
with the interaction potential Vi,j,k,l
our attention to the case of ultra-low collisions, we are allowed to neglect all collision
channels other than the s-wave one and to replace the interaction potential with a
simple contact potential
int
int
Vi,j,k,l
(x − x0 ) = Vi,j,k,l
δ(x − x0 );

(4.6)

the detailed shape of the interaction potential starts in fact to be important only at
larger values of the kinetic energy.
Thanks to the isotropy of space, symmetry arguments allow to considerably reduce
int
; as an
the number of the independent components of the tensorial quantity Vi,j,k,l
example, in the case of two spin 1 atoms,110, 112 s-wave collisions are described on
just two scattering lengths, ao for the Jtot = 0 channel and a2 for the Ftot = 2 channel
V int =
(a)



4π~2
~1 ·F
~2 ;
(a2 P2 + a0 P0 ) = c0 + c2 F
M

(4.7)

More precisely, the kinetic term is diagonal only if we choose the same basis for the polarization
states at all spatial positions. In photon and atom optics, this is generally the case, but for the case
of magnetically trapped atoms. In this case, a polarization axis parallel to the local magnetic field is
instead chosen: at low temperatures, however, the non-diagonal kinetic terms result much smaller
than the Zeeman splittings and can be then safely neglected thanks to an adiabaticity assumption. 111
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Ps denote the projector operators which project the pair of colliding atoms into a
~ α is the spin operator of the αth atom and the cα are defined
total spin s state, F
according to
4π~2
(a0 + 2a2 ) /3
M
4π~2
=
(a2 − a0 ) /3.
M

c0 =

(4.8)

c2

(4.9)

The scattering length a1 for the Ftot = 1 channel is actually not relevant, since the
bosonic nature of the undistinguishable colliding atoms fixes the wavefunction to
be symmetric with respect to the exchange of the two colliding atoms.
The Heisenberg equation of motion for the Bose field
i~

X
X
∂ Ψ̂i (x)
~2 2
int
ext
Vi,j,k,l
Ψ̂†j (x)Ψ̂k (x)Ψ̂l (x)
=−
∇ Ψ̂i (x) +
Vi,j
(x)Ψ̂j (x) +
∂t
2m
j
j,k,l

(4.10)

which follows from the Hamiltonian eq.(4.1) has a form which is very similar to
Maxwell’s equation eq.(1.2) for the electromagnetic field in a nonlinear material
medium with an intensity dependent refractive index; in this analogy, the exterext
nal potential Vi,j
(x) corresponds to the dielectric constant i,j (x) of the material
int
to a spatially uniform, local and frequencymedium and the interaction term Vi,j,k,l
(3)
flat third-order nonlinear susceptibility χi,j,k,l .113
In eq.(4.7), we have exploited the isotropy of space in order to write the interaction potential of spin 1 atoms in terms of the two only independent parameters a0
and a2 which characterize its strength; given the analogy with a third-order nonlinear susceptibility, this writing provides a simple way to determine the independent
(3)
parameters which define the χi,j,k,l (−ω; ω, −ω, ω) of an isotropic material.

As photons are bosonic particles, the Ftot = 1 channel is irrelevant if the frequencies
of the four photons which are involved in the optical process are equal, as it happens
(3)
in the χi,j,k,l (−ω; ω, −ω, ω) susceptibility. We are therefore free to fix the corresponding scattering length a1 to any value without changing the physical predictions;114
int
in other words, adding to Vi,j,k,l
the terms which correspond to an Ftot = 1 channel
does not change the interaction energy, since their contributions are canceled out in
the final sum over the three polarization indices j, k, l. In particular, if we choose
a1 = a2 , the interaction matrix can be rewritten as
 4π~2 

4π~2 
V int =
a 2 P2 + a 2 P1 + a 0 P0 =
a2 1 + (a0 − a2 )P0 ;
(4.11)
M
M
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given the simple form of the P0 projector in the Cartesian basis
1
P0 = |xx + yy + zz ih xx + yy + zz|,
3

(4.12)

it is immediate to rewrite the interaction matrix as
#
"
X
4π~2
(a0 − a2 )
int
V =
|xx + yy + zz ih xx + yy + zz| .
a2
|i, j ih i, j| +
M
3
i,j

(4.13)

This result can be immediately translated in the language of susceptibilities
xxxx = yyyy = zzzz =

b0 + 2b2
3

(4.14)
b0 − b 2
3
= b2

xxyy = yyxx = xxzz = zzxx = zzyy = yyzz =

(4.15)

xyxy = yxyx = xzxz = zxzx = zyzy = yzyz

(4.16)

xyyx = yxxy = xzzx = zxxz = yzzy = zyyz = 0,

(4.17)

where b0,2 are proportional respectively to a0,2 .
On the other hand, the Ftot = 1 term may result important if we are interested
in interactions which involve distinguishable particles for which Bose exchange
symmetry does not hold; in particular, this is the case for a nonlinear susceptibility χ(3) (−ω1 ; ω2 , −ω3 , ω4 ) which involves different frequencies. In this case, a term
proportional to the projector
i
1h
P1 = |yz − zy ih yz − zy| + |zx − xz ih zx − xz| + |xy − yx ih xy − yx|
(4.18)
2
int
and its effect is no more canceled in the sum. Such rehas to be introduced in Vi,j,k,l
sults are in perfect agreement with the tables of susceptibilities that can be found in
nonlinear optics books such as [6, pag.302] and that have been determined by means
of completely different arguments. In particular, the three independent matrix elements which characterize the third-order nonlinear susceptibility of an isotropic
material are nothing else than linear combinations of a0 , a1 and a2 .

In actual experiments, a static and conservative external potential Vext (x) can be
applied to the atoms in two different ways,3 using either a magnetic field, or a far
off-resonance laser field. In magnetic traps, the atoms are subjected to a magnetic
~ where µ
potential given by −~µ · B,
~ is the magnetic dipole moment of the atomic state
under exam. Such a potential has a different sign according to the internal state of
the atom: states in which the magnetic moment is anti-parallel to the field are called
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weak-field seekers since the atom results attracted by field minima; states in which
the magnetic moment is parallel to the field, are instead strong-field seeker ones since
the atom results attracted by field maxima. In practical cases, since local maxima of
the magnetic field modulus can not be achieved in regions of space where current
vanishes, only weak-field seeker states can be actually trapped.
Provided the atomic motion is slow enough, the orientation of the atomic magnetic
moment adiabatically follows the direction of the magnetic field: in such a case,
spin-polarized atoms preserve their polarization during their motion and a description in terms of a single (yet spatially dependent) internal state subjected to a local
potential proportional to the field magnitude is accurate.111 Quantitatively, such an
approximation is valid provided the variation rate of the magnetic field experienced
by the atoms during their motion is much slower than the Larmor precession frequency of the magnetic moment, i.e. the Zeeman splitting of the magnetic sublevels.
This is generally the case but at the points at which the magnetic field vanishes: here
Majorana spin-flip transitions to untrapped states occur which result in atom losses
from the trap.
In optical traps, atoms are subjected to an optical potential arising from the optical
Stark shift of the atomic levels dressed by the laser field: if light is blue-detuned
from the atomic transition, the ground state is raised in frequency, while it is lowered if light is red-detuned. This means that an atom is attracted towards high field
regions in case of red detuning and towards low field regions in case of blue detuning.1 From a different point of view, laser light induces an oscillating electric dipole
d~ in the atom which, depending on the relative detuning δ = ωL − ωat , can be either
~ from these consideraparallel (δ < 0) or anti-parallel (δ > 0) to the electric field E;
~ the
tions, together with the explicit form of the atom-field interaction energy −d~ · E,
sign of the optical force is immediately explained.
In the case of far-off resonance laser fields, the detuning δ is almost the same for all
Zeeman sublevels of a same hyperfine state so that the potentials experienced by
each of them have the same sign and therefore spin-flip transitions are no longer
dangerous for trapping. At the same time, spontaneous emission effects are themselves depressed in far-off resonance traps: since the optical potential Vopt is proportional to IL δ −1 while the spontaneous emission rate Γsp is proportional to the
excited level population Pe and hence to IL δ −2 , the spontaneous emission rate Γsp
can be made negligible at a constant value of Vopt just by compensating the enhanced
detuning δ with a stronger laser intensity IL .
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The recent experiments on Bose-Einstein condensations have mostly used magnetic
traps for confining the atom cloud and performing evaporative cooling: such a use
relies on the possibility of having a large depth (up to 1mK) and selectively extracting the most energetic atoms. In order to avoid Majorana spin-flip processes
with the consequent losses of atoms, clever magnetic field configurations have been
envisaged, such as the cloverleaf,115, 116 the baseball117, 118 and the TOP119 traps; reducing appropriately the background pressure, lifetimes as long as a few ten minutes
has been observed. The typical oscillation frequency of atoms around the bottom of
magnetic traps are generally at most of the order of hundreds of hertz, with a spatial
size for the ground state of the order of a few microns.
The use of optical dipole traps looks promising from several points of view: first of
all, all spin states can be trapped in the same trap120, 121 with a trapping frequency
generally higher than the one of magnetic traps; in addition, three dimensional
standing wave patterns can be obtained in which the trap sizes are comparable or
even smaller than the laser wavelength.122, 123 Depending on the lattice intensity,
atoms can be either bound at the minima of the optical potential or move with a
dispersion law typical of periodic systems, with allowed bands and forbidden gaps;
most remarkably, the effective masses of the atoms in such lattices can be much
smaller than the free-space one.124, 125 Disadvantages of the optical potentials are the
unavoidable spontaneous emission processes and the inability of performing evaporative cooling in the traditional way; cooling techniques based on different ideas
are however being actually developed.3, 126
While the photon-photon interactions which are described by a Kerr nonlinear susceptibility result from the interaction of light with matter and can hence be tuned
by an appropriate choice of the material in which light propagates, atom-atom interactions are determined by the internal electronic structure of colliding atoms.
However, by applying external magnetic127–129 or optical fields,130, 131 it is possible
to induce slight changes in the internal electronic structure of the atoms which can
eventually result into dramatic changes of the collisional properties. Very remarkably, in the presence of a quasi-bound molecular state, the scattering length can be
resonantly enhanced of several orders of magnitude just by tuning the energy of
the quasi-bound state close to the energy of the colliding pair. As in optical media
dissipative processes are generally associated to any resonantly enhanced optical
susceptibility, such Feshbach resonances in the elastic s-wave collision cross-section
are generally associated to enhanced three-body recombination rates,132–134 which

97

98

Atom optics
are the atomic analog of nonlinear absorption in photon optics.

4.2 The many-body problem of the interacting Bose gas
Whenever the nonlinear interaction term in the wave equation eq.(4.10) for the matter field Ψ̂i (x) can be considered as negligible with respect to the other kinetic and
external potential terms, the Bose field can be approximated as a free field so that the
theory, being now a single particle one, can be exactly solved irrespective to the specific quantum state of the field; more precisely, the evolution equations for any correlation function of the field give at each order a closed set of Schrödinger-like
D partial
E
differential equations. As simplest examples, the mean-field ψi (x, t) = Ψ̂i (x, t)
satisfies the Schrödinger equation
i~

X
∂ψi (x, t)
~2 2
ext
=−
∇ ψi (x, t) +
Vi,j
(x)ψj (x, t),
∂t
2m
j

while the one-body density matrix ρi,j (x0 , t0 ; x, t) =
more complicate equation

(4.19)

D
E
Ψ̂†i (x0 , t0 )Ψ̂j (x, t) satisfies the

X
~2 2
∂ρk,i (x0 , t0 ; x, t)
ext
=−
∇x ρk,i (x0 , t0 ; x, t) +
Vi,j
(x)ρk,j (x0 , t0 ; x, t).
i~
∂t
2m
j

(4.20)

In sec.5.4.2 we shall make use of this equation in order to determine how the transmission of an atom laser beam through an optical lattice depends on its first-order
coherence length. If the initial state is a coherent one, its all-order coherence is not
destroyed by the interaction with any sort of conservative external potential.
On the other hand, a general and tractable theory able to give exact results for the the
interacting Bose gas described by the complete Hamiltonian eq.(4.1) is still not available in the general case; only simplified models which involve only a few modes of
the atomic field have been solved in an exact and complete way. Among these, the
most relevant ones are the Josephson junction, modeled as a double trap,135 and the
phase conjugation mirror;136 in both cases, only two modes of the Bose field are in
fact involved.
For the general case of spatially distributed gases in which a large number of modes
are actually involved in the dynamics, several approaches have been developed,

Atom optics fundamentals from a quantum optics point of view
each with its specific purposes and range of applicability: some of them are exact,
other approximated; some of them are analytical, other numerical.
For the study of thermodynamical equilibrium properties, quantum Monte Carlo
(QMC) techniques are currently used,137–140 based on Feynman’s path integral formulation of quantum mechanics. Besides their well-known computational difficulty, such methods have several limitations: since they explicitely work in coordinate space, Hamiltonians which are not real in such a representation can not be
handled: unfortunately, this is the case of vortices in Bose-condensed clouds.
For study of dynamical properties, QMC techniques, based on an imaginary-time
evolution, are not suited and completely different approaches have to be used:
quantum kinetic theories have been recently developed for the study of the formation of the condensate and of the dynamics of the non-condensed fraction;141–150 unfortunately the corresponding calculations are quite heavy for spatially distributed
systems.
In quantum optics, the study of interactions between light fields in nonlinear media has been often performed using the so-called “semiclassical” distribution functions for the Bose field;49, 151, 152 depending on the ordering of the operators we are
interested in, either Glauber’s P-distribution,153–155 Wigner’s W-distribution or the
Q-distributions can be used. In such approaches, the dynamics of the nonlinear
system under examination is reduced to a Fokker-Planck (FP) system of partial
differential equations which is in practice solved by means of the corresponding
stochastic (Langevin) equation; in this way the numerical complexity of the problem is sensibly reduced with respect to the original FP equation. Unfortunately, for
some most relevant systems such as the nonlinear single-mode Fabry-Perot cavity
of sec.2.2, the FP equation does not have a positive-definite diffusion term, so that
the usual rewriting in terms of stochastic evolution is not possible and the numerical treatment has to be done directly on the FP equation;156 in addition, the P- and
the W-distributions are in general not positive and sometimes even not real, so that
it is not possible to give them an interpretation in term of a probability distribution.
These difficulties have been overcome by the introduction of the Positive-P representation by Drummond and Gardiner,157, 158 which gives positive-definite diffusion terms for the most relevant physical systems as well as a distribution function which, being always positive, can be interpreted as a true probability distribution;159 this at the expense of doubling the number of variables involved in the
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theory. The Positive-P method has revealed to be a fundamental tool for the study
of a number of quantum optical systems,49 such as the nonlinear FP cavity,160 the
optical parametric oscillator,161, 162 quantum solitons,163, 164 . As the only limitation
of the Positive-P approach, for sufficiently strong nonlinearities, the solution of the
stochastic equations exists only for a short time interval, after which divergences occur in the sense that the trajectory is expelled towards infinity in a finite time.165–169
In the last years, the positive-P distribution has been applied to the study of interacting atomic gases: since atom-atom collisional interactions are generally much
stronger than photon-photon ones in a nonlinear medium, the divergences are even
more problematic in the atomic case than in the photonic case.170 Interesting results on the formation of the condensate can however be obtained with such a technique provided the system has an intrinsic damping mechanism; in particular, this
is the case for the formation of a condensate from a evaporatively cooled an atomic
cloud.171
In addition to the Langevin equations which arise from the representations of the
Bose field in terms of semiclassical distribution functions, stochastic methods have
been widely applied to quantum optics for the description of quantum noise effects.
The most celebrated of this methods is certainly the so-called Monte Carlo wavefunction method,172–176 in which the usual master equation for the density matrix of
the system is replaced by a stochastic Schrödinger-like evolution equation for the
wavefunction: fluctuation and dissipation effects due to the coupling with the external reservoir are taken into account by quantum jumps which occur at random
times during the otherwise conservative evolution of the system. This stochastic
wave-function method provides new insight in the phenomena and allows for actual calculations on problems which would otherwise be exceedingly complicated
if treated via the master equation.
In chap.7, the principles of a new exact and numerically tractable approach to the
problem of the interacting Bose gas are discussed,177 an approach which is not restricted to thermal equilibrium of the gas but allows for the description of its timeevolution. In this approach, all the atoms share a same wavefunction which is let
evolve according to a stochastic differential equation; under appropriate conditions
on the specific form of the stochastic evolution, the exact dynamics of the manybody system is recovered, together with all the quantum correlations which may
appear in the quantum gas following the atom-atom interactions. Thanks to the fact
that the conditions for recovering the exact dynamics do not completely determine
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the form of the stochastic equation, we can find different schemes with profoundly
different statistical and stability properties. One of such schemes is a reformulation
from a different point of view of Positive-P representation and therefore leads to
stochastic differential equations which suffer from divergence problems; the generality of our method however allows for other schemes to be found which can be
mathematically proven to have a regular solution for all times. For such schemes,
the only limitation turns out to be the computational time: in particular, the numerical effort increases almost exponentially with the duration of the time evolution.
A few examples of application of this method to simple systems are discussed in
sec.7.3 and 7.4.

4.2.1 Coherent matter waves, Bose condensates and the mean-field
approximation
Throughout all the discussion of nonlinear optical effects contained in the first part
of the present thesis we have always assumed all-order coherence for both the light
and the excitonic fields which were involved in the effect under examination. It
is a well-known result of quantum optics that a laser above threshold emits light
whose statistical properties closely resemble the ones of a classical all-order coherent beam;49, 151, 152, 178 as we shall see in more detail in sec.6, if we furthermore assume
that the nonlinear coupling inside the cavity is small enough, it can be proven that
the coherence of the incident beam is transferred to the cavity as well as to the transmitted fields. Such an assumption has the immediate consequence that all operator
products involved in the theory are factorizable and all the dynamics can be expressed in terms of the mean value of the field alone. In this way, a complicate
operatorial-value master equation is replaced by C-number nonlinear partial differential equations which can be treated by conventional techniques; for the case of
light, such mean field (MF) equations are nothing else than Maxwell’s equations in a
nonlinear dielectric medium.
A similar approximation is currently done for the description of the matter waves
which are associated to a Bose condensate: if the nonlinear interaction term in
eq.(4.10) isDassumed
E to be factorizable, the resulting MF equation for the mean value
ψ(x, t) = Ψ̂(x, t) of the atomic matter field is the well-known Gross-Pitaevskii
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equation:179–181
i~

∂
~2 2
ψ(x) = −
∇ ψ(x) + Vext (x)ψ(x) + Vint |ψ(x)|2 ψ(x).
∂t
2m

(4.21)

As it is well known from equilibrium thermodynamics, a Bose gas well below the
condensation temperature is correctly described as a coherent field provided it is
dilute enough:182 in terms of the density n and the scattering length a, the diluteness
√
condition reads as na3  1. Current trapped atomic Bose-Einstein condensates
(BEC) well satisfy such a limit, while in the case of superfluid helium the interactions
are too strong.
From the experimental point of view, the assumptions of mean-field theory have
been confirmed by the direct measurement183 of a few low-order coherence functions of trapped BECs: in the framework of Glauber’s coherence functions,153, 154 the
all-order coherence can be reformulated as184–186
g (n) (x1 , t1 ; . . . ; x2n , t2n ) =
D
E
Ψ̂† (x1 , t1 ) . . . Ψ̂† (xn , tn )Ψ̂(xn+1 , tn+1 ) . . . Ψ̂(x2n , t2n )
=D
E1/2
D
E1/2 = 1. (4.22)
†
†
Ψ̂ (x1 , t1 )Ψ̂(x1 , t1 )
. . . Ψ̂ (x2n , t2n )Ψ̂(x2n , t2n )

Historically, the first signature of the presence of a Bose condensate in a trapped gas
has been the appearance of a narrow peak in the momentum distribution; in terms
of coherence, this corresponds to the presence of a long-range tail in the first-order
coherence function g (1) .

The second-order coherence g (2) (0) = 1 of a condensed cloud has been verified measuring the release energy after switching off the trapping potential:183 the potential
energy stored in the interactions between atoms in the BEC is in fact predicted by
MFT to be equal to the integral
Z
Vint
dx |ψ(x)|4 .
(4.23)
Uint =
2
For a non-degenerate beam the measurement187 of the same coherence function has
instead given the expected178 g (2) (0) = 2 value for a thermal system. The third order
coherence has been measured188 comparing the three-body recombination rates of
trapped Bose gas in the degenerate and non-degenerate cases: the measured ratio
(3)
(3)
gth (0)/gBEC(0) = 7.4 ± 2 agrees with the theoretical178 prediction of 3! = 6.
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Besides these measurements, the validity of the mean field approach has been indirectly verified in many other circumstances, just by comparing the experimental results with the predictions of Gross-Pitaevskii equation eq.(4.21): as a few examples, it is worth mentioning the frequencies of the collective excitations of the
trapped BEC,182 the interference patterns of overlapping Bose condensates,189 the
Rabi oscillations between different internal states,190, 191 the Bragg scattering of matter waves192 and the Bloch oscillations in the periodic potential of optical lattices.193, 194
Very recently, four-wave mixing110, 136, 195 of matter waves has been demonstrated,196
giving a first evidence of nonlinear atom optical effect.
Although a direct measurement of the coherence length of an atom laser pulse has
not been performed yet, from the well-established coherence properties of a trapped
BEC it is quite fair to infer an analogous all-order coherence for the output beam;
all the output coupling mechanisms actually used to couple atoms out of a trap
are in fact based on coherently driven electromagnetical transitions,197–200 which are
ext
well described by time-dependent non-diagonal terms in the external potential Vi,j
and are the atomic analog of the partially transmitting mirrors which are currently
used to generate coherent light beams from laser cavities. On such a basis, an atom
laser beam will be always modeled in the following of the thesis as a classical Cnumber pulse of Schrödinger field; a pair of possible methods for the experimental
verification of such an assumption are discussed in sec.5.4.
Depending on the specific output coupling scheme and on whether gravity is acting
or not on the atom laser beam, very different regimes can be obtained for the atom
laser frequency. Raman output coupling devices198 impart the extracted atoms a momentum kick which is of the order of the single-photon recoil and can be tuned by
varying the geometrical angle between the Raman beams; also the output direction
is freely selected. Radio-frequency and microwave output coupling schemes impart a negligible momentum kick to the atoms, which separate from the parent BEC
because of mean-field repulsion and gravity. In the presence of gravity,199 atoms
are accelerated while they fall down; a kinetic energy equal to the recoil energy is
reached after a free fall 1.7 µm long for the case of Rb atoms and 40 µm long for the
case of Na atoms. Using, e.g., an atomic waveguide, the strong effect of gravity
can be counterbalanced and, in absence of an initial momentum kick, output coupled atoms expand following the mean-field repulsion of the trapped cloud. The
imparted kinetic energy is in this case of the order of the chemical potential and
therefore generally much smaller than the recoil energy.
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In addition to the temporally finite atom laser pulses that can be extracted from
a previously formed trapped condensate, a number of theoretical works have appeared in the last years on possible schemes for generating a continuous wave (cw)
coherent atom beam.201–204 For this purpose, the trapped condensate has to be continuously refilled in order to maintain a stationary state in which the losses due
to the formation of the output beam are compensated by the continuous loading
of new atoms from a thermal cloud. Unfortunately, although several experimental
groups are actually involved in such a research, none of the refilling mechanisms
proposed so far has been yet realized.
While in the non-interacting case the propagation of a beam through any sort of arrangement has been shown not to destroy the coherence of a classical beam, atomatom interactions can eventually modify the statistical properties of the beam in a
non-trivial way and possibly lead to nonclassical behaviours.136, 205–208 As in the photonic case, the weaker the interactions, the more accurate the predictions of mean
field theory: for the homogeneous gas, this condition is equivalent to the diluteness
√
condition na3  1; for a driven atomic cavity, we shall see in sec.6 that nonclassical effects can be important if just a small number of atoms in the cavity mode are
enough for the transmission to be appreciably affected.
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Chapter 5
Atom optics in optical lattices and the
atomic Fabry-Perot interferometer
The main topic of the first part of the present thesis has been the study of the properties of optical cavities with well-spaced modes which are driven by a coherent
incident laser field. Depending on their energy, photons from the incident beam can
be resonantly coupled into the localized cavity mode and then transmitted on the
other side of the system.
In order for such cavities to be useful devices for nonlinear optics experiments, two
principal features are required: a transmission spectrum showing well separated
narrow peaks and a resonant enhancement of the internal intensity with respect
to the incident one; the latter is necessary for enhancing the nonlinear interactions
inside the cavity, the former makes the transmittivity a very sensitive function of
the nonlinear frequency shift.
Although magnetic and optical traps are widely used for the manipulation of atoms,
it is not clear how to get large level spacings and narrow linewidths as well as an
appreciable coupling of the cavity mode to the incident and transmitted beams.
A very simple proposal have been put forward by Wilkens et al.209 and, independently, by other authors:210, 211 their model of atomic Fabry-Perot interferometer,
shown in fig.5.1, is composed by a pair of parallel and blue detuned laser beams; in
this configuration, atoms are confined in the space between the laser beams thanks
to the repulsive optical potential. In- and out-coupling is provided by tunneling
processes across the beam waists.
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F IGURE 5.1: Schematic plot of the atomic Fabry-Perot interferometer originally
proposed by Wilkens et al.209 Upper panel: optical arrangement. Lower panel:
optical potential experienced by the atoms.

Two are the main problems presented by such an arrangement: since the characteristic size L of the cavity region is at least of a few laser wavelengths, the spacing of
the discrete modes generally turns out to be much smaller than the recoil energy.
The energy of the FP modes in a cavity of length L is in fact given by
(n)

ωF P '

~π 2
,
2mn2 L2

(5.1)
(n)

which, for moderate values of the mode order n, satisfies ~ωF P  rec .

Furthermore, since the in- and out-coupling processes depend on tunneling processes across the barriers, the coupling of the cavity modes to the incident driving
beam is generally very weak so that the corresponding transmission peaks are very
weak as well as very sensitive to asymmetries in the mirror reflectivities.50, 105

Our proposals124, 125 are based on the idea that an effective mass meff much smaller
than the free space mass m can be found in eq.(5.1) provided the atoms propagate
in the periodic potential of an optical lattice. As in the electronic and photonic cases
(sec.1.1), the atomic dispersion in a periodic potential is in fact characterized by
allowed bands and forbidden gaps and its curvature near the gap edge can be made
much sharper than the free-space one; in this case, the mode spacing for a given L
is much larger than in free space.
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As independently (a) suggested by Santos and Roso,212, 213 such atomic Bloch waves
can be confined by a slow modulation of the lattice parameters on a length scale L
much longer than the lattice period. This modulation can either be due to the finite
lattice size or even applied from the exterior using a bichromatic lattice; within the
envelope function picture, the local potential for the atoms is in fact given by the
local band edge. Conduction band atoms, for which the effective mass is positive,
are attracted by low potential regions, while valence band atoms, for which the effective mass is negative, are instead attracted by high potential regions. If such a
potential is strong enough to give discrete quasi-bound states, transmission spectra will be characterized by resonant tunneling peaks: both their spacing and their
intensity can be controlled acting on the intensity, the wavevector and the spatial
size of the lattice. As we shall see in the following, bichromatic lattices look more
promising than simple lattices from the point of view of applications, since they allow for quantized states in both conduction and valence bands with an enhanced
coupling to the incident beam.
Nonlinear atom optical experiments can be carried out with such atomic cavities
in close analogy to what has been done for light using DBR microcavities (chap.2):
since the atom optical nonlinearity arising from atom-atom interactions is generally much stronger than optical nonlinearities, atom optical bistability and atom optical
limiting are predicted to occur at very low values of the incident atomic flux. In addition, atomic reflection on optical lattices can be used at linear regime for a direct
measurement of the coherence length of an atom laser beam without involving the
parent condensate.

5.1 The simple optical lattice: localized modes and tunneling resonances
Consider125, 212, 213 a linearly polarized Gaussian laser beam of frequency ωL and
beam waist wo , back reflected by a system of mirrors along a nearly counterpropagating direction with the same linear polarization as in the lower panel of fig.5.2;
let θ be the (small) angle between the two beams, λL = 2π/kL = 2πc/ωL their wavelength and EL their central amplitude.
(a)

We regret we have become aware of such papers only long after the publication of our results.
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F IGURE 5.2: The simple optical lattice. Lower panel: sketch of the proposed
arrangement. Upper panel: qualitative behaviour of the optical potential experienced by the atoms.

In the region of space where they overlap, a lin k lin standing wave pattern is
formed, with a spatial profile similar to the one reproduced in the upper panel of
fig.5.2: a periodic potential of wavevector kl = kL cos θ/2 with a broad Gaussian
envelope of length w = wo / sin θ/2212, 214
|E(z)|2 = 2 |EL |2 e−z

2 /2w 2

cos2 kl z.

(5.2)

A monochromatic and collimated atomic beam is sent on the optical lattice along its
axis; assuming the laser frequency ωL to be far from resonance with the atomic optical transition frequency ωat , each Zeeman sublevel i is decoupled from the others
and experiences a conservative optical potential
2 |di EL |2
2
2
δi,j e−z /2w cos2 kl z =
~ (ωL − ωa t)
1 + cos 2kl z −z 2 /2w2
= ~Ωoi δi,j
e
2

ext
Vi,j
(z) = Viext (z) δi,j =

(5.3)

proportional to the square modulus of the matrix element of the optical transition di .
The atomic dynamics in the transverse plane can be neglected assuming a transversally wide optical lattice and modeling the atomic beam as a plane wave: this allows
the calculations to be performed in a one-dimensional longitudinal approximation.
A truly one-dimensional geometry can however be obtained by using an atomic
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waveguide to confine the transverse motion; several methods have been proposed
to obtain such a configuration, the most promising being based on hollow-core optical fibers215–219 or magnetic fields220–225
At linear regime, a simple numerical integration of the Schrödinger equation
eq.(4.19) in the potential Viext (z) leads to the transmission spectrum for atoms in
each polarization. Two examples of such spectra are reproduced in the left panel
of fig.5.4. Since the atoms are subjected to a potential which is a periodic one with
a slow modulation, we can try to explain the main features of the spectra shown
using concepts typical of solid state physics.7, 8
If the potential does not show any modulation, the atom dispersion in a periodic
potential of the form


1
(5.4)
V opt (z) = Vav + Re Vl e2ikl z ,
2
is characterized by allowed bands and forbidden gaps,226, 227 as shown in fig.5.3.
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F IGURE 5.3: Atomic dispersion in a periodic optical lattice with Vl /ωBr = 0.8,
Vav = 0.

In the nearly free atom approximation, in which the lattice potential Vopt (z) is assumed
to be weak with respect to the Bragg frequency of the lattice ωBr = ~kl2 /2m, the
dispersion of the two lowest bands results given by
~ωc,v (k) =

~2 kl2
2m

~(k − kl )
+
±
2m
2

+ Vav

s

~2 kl (k − kl )
m

2

+



Vl
4

2

.

(5.5)
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Remarkably, the curvature of the bands at the gap edges is much sharper than the
−1
free-space one, giving for the effective masses m∗ = ~ (d2 ω/dk 2 )(k=0) the values
1
1
=
∗
mc,v
m



4(~kl )2
1±
mVl



'±

1 8~ωBr
;
m Vl

(5.6)

which are both much smaller in modulus than the free-space mass m. As usual, the
mass of conduction band particles is positive, while the mass of valence band ones is
negative.
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F IGURE 5.4: Linear atom optical properties of simple lattices. Left panel: transmission spectra as function of the kinetic energy of the incident matter field.
Right panel: local potential for conduction and valence atoms as function of
the spatial coordinate z. The horizontal lines give the frequencies of the resonant peaks in the spectra and correspond to the bound states of the potential.
Used parameters: Ωo /ωBr = 0.1, kL w = 60 (upper panels) and Ωo /ωBr = 0.1,
kL w = 120 (lower panels).

Since the spatial variation of the lattice parameters is supposed to occur on a length
scale much longer than period of the lattice, we expect that an envelope function description should be able to explain the spectra(b) . In such an approach, the atomic
wave function is approximated by the product of the fast-oscillating band edge
Bloch wavefunction and a slow envelope, which satisfy a sort of Schrödinger equation with an effective mass m∗ and a local potential given by the (slowly varying)
(b)

The envelope function approach is used in order to give a physical interpretation to the results
which have been numerically obtained by solving equation eq.(4.19) with the true optical potential eq.(5.3).
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band edge energy; in the right panel of fig.5.4 we have plotted the band edge frequencies ωc,v as function of the spatial coordinate z, as they result from the nearly free
atom expressions eq.(5.5) once we substitute the specific values of Vav (z) = Vl (z)/2 =
~Ωo /2:


~2 kl2
Vl (z)
1 1
2
2
~ωc,v (z) =
e−z /2w
(5.7)
+ Vav (z) ±
= ~ωBr − ~Ωo
∓
2m
4
2 4

The Gaussian lattice profile reflects in the inverted Gaussian shape of both ωc,v (z):
outside the lattice they tend to ωBr and they show a single minimum at the lattice
center. Give their negative effective mass, valence band atoms are repelled by such
a potential minimum, while conduction band atoms, whose mass is positive, are
instead attracted and can eventually be trapped in it. Since the effective mass is
much smaller (of a factor of about 80 for the chosen parameters) than the free-space
one, the quantized motion in such a potential well show energy spacings much
larger than the ones expected for a comparable spatial size but in free-space.
Such a simple model is able to explain the main features of the spectra reproduced
in the left panel of fig.5.4; for kinetic energies ω located below the minimum value
of the valence band edge frequency (i.e. its value at the lattice center ωv (z = 0)),
transmission is almost complete: incident atoms can in fact couple to valence band
states and freely propagate through the lattice. Since the lattice edges are smooth,
reflections at the interfaces can not occur; hence the absence of the sidebands in the
transmission spectrum which were instead present in fig.1.4. For energies above the
Bragg frequency ω > ωBr , transmission is again almost complete, since conduction
band states are available for the atomic propagation through the lattice. For energies
comprised in the gap at the lattice center ωv (z = 0) < ω < ωc (z = 0), there is
complete reflection, since the propagation in valence band can occur only up to the
point where the valence band edge becomes equal to ω. Afterwards, propagation is
forbidden and atoms have to be reflected back.
Starting from analogous considerations we would expect a complete reflection also
for incident frequencies comprised between the Bragg frequency and the minimum
value of the conduction band edge frequency ωc (z = 0) < ω < ωBr ; if the envelope
function approximation were exact, this would be the case, since the discrete state
in the conduction band potential would not be coupled to the incident states. But
the fact the lattice is not uniform gives a small but finite amplitude to non-adiabatic
interband transitions which can couple the valence band incident atoms to the conduction band discrete states in the potential well. Resonant tunneling processes
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through these bound states can thus occur, giving the resonant peaks in the transmission that can be observed in fig.5.4. The resonant enhancement compensates
for the small amplitude of the interband jumps, giving transmission peaks which,
in our case of a symmetric potential, grow from a nearly vanishing transmission
up to a nearly complete one; since the coupling to the continuum of incident and
transmitted states is very weak, the peak linewidth is however very narrow and its
integrated intensity very small; this implies a high sensitivity to eventual asymmetries in the optical potential eq.(5.3).105
An increase in the lattice width w has two main consequences: the increase in the
spatial size of the potential well implies a reduced spacing of quantized modes and
an increase in their total number; at the same time, the slower spatial modulation
of the lattice reduces the amplitude of non-adiabatic jumps, meaning a weaker coupling to the localized mode.
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F IGURE 5.5: Density profile of the localized mode wavefunctions. The parameters are the same as in fig.5.4.

In fig.5.5, we have plotted the density profiles of the atomic wavefunctions when
the incident frequency is tuned at exact resonance with the quantized modes: the
behaviour is the typical one of a quantum-mechanical particle in a one-dimensional
potential well: the order of the mode reflects in the spatial extension of the wavefunction and, in particular, in the number of its nodes. The enhanced particle density in the potential well for a unity incident flux is a clear signature of resonant
behaviour: the peak density is in fact strictly related to the Q-factor of the localized
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mode; in our specific case, the linewidth results a decreasing function of the mode
order.
An improved version of this scheme will be presented in the next section; using
a bichromatic optical lattice, it will be possible to achieve a tighter confinement of
the discrete mode wavefunction, as well as a more efficient coupling to the incident
and transmitted beams. The more complicate shape of the potential will allow for
localized states also in valence band, for which the coupling to propagating modes
is based on resonant tunneling processes across a potential barrier.

5.2 The bichromatic optical lattice
Consider now a more complicated optical lattice,124 in which the laser field contains two distinct frequencies ω1,2 = ωL ± δωL /2 (δωL  ωL ), both far off-resonance
from the atomic transition at ωat ; provided the energy separation ~ δωL of the two
components of the light field is much larger than both the hyperfine splitting of
the electronic ground state and the typical kinetic energies of the atoms, the optical potential can be written as an incoherent sum of the potentials due to the two
frequency components

2
2
Vext (z) = ~Ω1 cos2 [(kL + δkL /2)z] + ~Ω2 cos2 [(kL − δkL /2)z + φo ] e−z /2w

(5.8)

where the effective Rabi frequencies Ω1,2 depend on the Rabi frequencies of the single beams and detunings according to ~Ω1,2 = 2 |E1,2 d|2 /~(ω1,2 − ωat ). Interference
terms due to processes in which the atom absorbs a photon at ω1 and reemits a photon at ω2 can be safely neglected on the base of energy conservation arguments.
The superposition of standing waves patterns given by eq.(5.8) gives a periodically
modulated optical lattice, in which both the amplitude and the lattice constant are
periodic functions of the spatial coordinate z with a period lmod = π/δkL and a
phase given by the relative phase φo of the two standing wave patterns, which can
be controlled acting by the position of the back-reflecting mirror. As previously, the
Gaussian envelope of the laser beams imposes an overall Gaussian profile to the
lattice, setting the total length to w and limiting the number of oscillations actually
present. By choosing the appropriate values for the lattice parameters (φo = π/2,
Ω1 ≥ Ω2 ), a symmetric configuration like the one in the upper panel of fig.5.6 can be
obtained, in which the lattice amplitude has a single minimum at its center.
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F IGURE 5.6: The bichromatic optical lattice. Lower panel: sketch of the proposed configuration. Upper panel: qualitative behaviour of the optical potential
experienced by the atoms.

As we have previously done for the monochromatic lattice, the transmission properties of this bichromatic lattice can be determined by means of a numerical integration of the Schrödinger equation eq.(4.19) with the appropriate optical potential
eq.(5.8); two examples of spectra are shown in the left panel of fig.5.7.
From eq.(5.8), we can define the mean potential Vav , the lattice amplitude Vl (z) and
the phase φ(z) of the optical lattice according to
Vav (z) = ~(Ω1 + Ω2 )/2

(5.9)

Vl (z) = ~ Ω1 eiδkL z − Ω2 e−iδkL z

φ(z) = Arg Ω1 eiδkL z − Ω2 e−iδkL z ;

(5.10)
(5.11)

a spatially varying phase of the lattice means that also the effective wavevector of
the lattice is a spatially periodic quantity, given by
d
φ(z).
(5.12)
dz
Inserting these results into eq.(5.7), we are immediately led to the band edges spatial
profiles plotted in the right panel of fig.5.7. The spectra of the left panel can be
qualitatively explained looking at these potentials, together with the correct signs
of the effective masses, which are positive for the conduction band and negative for
the valence one.
2keff (z) = 2kl +
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F IGURE 5.7: Linear atom optical properties of bichromatic optical lattices. Left
panel: transmission spectra as function of the the kinetic energy of the incident matter field. Right panel: local potential for conduction and valence atoms
as function of the spatial coordinate z. The horizontal lines give the frequencies of the resonant peaks in the spectra and correspond to the bound states of
the potential. Used parameters Ω1 /ωBr = 0.1, Ω2 /ωBr = 0.05 and φo = π/2;
δωL /ωL = 1.25 · 10−2 and kL w = 120 (upper panels), δωL /ωL = 2.5 · 10−2 and
kL w = 60 (lower panels).

For frequencies above the maximum value of the conduction band edge frequency
(max)
(min)
ω > ωc
and below the minimum of the valence band edge frequency ω < ωv
transmission is complete, since atoms find propagating states at such frequency for
every z. For frequencies comprised between these two values, transmission is forbidden at a classical regime, i.e. if tunneling processes as well as interband jumps
are neglected. Since both conduction and valence band atoms can be confined in a
neighborhood of the lattice center by the potential, atomic motion will present two
series of discrete quantized bound states, coupled to the propagating external states
by processes of two different kinds: as we can observe in the right panel of fig.5.7,
for valence band states, tunneling across a potential barrier is sufficient, while for
conduction band states, interband transitions are required. As usual, such states
appear in transmission spectra as narrow resonance peaks, whose linewidths and
integrated intensities are proportional to the coupling strength.
A simultaneous variation of both w and ωL /δωL by the same factor induces a scale
transformation in the lattice: from the point of view of atomic transmission, a shorter
lattice means a wider spacing of the discrete states as well as larger linewidths: in-
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deed, the amplitude of both tunneling processes (valence band states) and interband
transitions (conduction band states) is enhanced by the reduced characteristic length
of the lattice; all such features can be easily verified comparing the upper and lower
plots of fig.5.7.
In fig.5.8, we have reproduced the transmission spectrum of a different bichromatic
lattice, in which we have tried to improve the mode spacing by using a larger value
of the laser intensities and a smaller length scale. The zero order valence band V0
mode, results now separated from all other peaks by a frequency difference of the
order of 0.1ωBr .
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F IGURE 5.8: Linear atom optical properties of a bichromatic optical lattice:
transmission spectra as function of the the kinetic energy of the incident matter
field. Parameters Ω1 /ωBr = 0.2, Ω2 /ωBr = 0.15 and φo = π/2; δωL /ωL = 0.05
and w = 30/kL .

Since the lowest gap of the optical lattice always opens up around ωBr , this value
shows up to be the characteristic frequency of the FP modes which can be obtained
using optical lattices; this implies that other arrangements would have to be envisaged, if we need a mode spacing larger than a fraction of ωBr . The use of lattices with
a shorter spatial period can lead to higher values of ωBr : this can be obtained either
using nth (n > 1) order Bragg scattering processes, which involve n absorption and
stimulated emission cycles226 with the consequent n2 increase in ωBr , or a higher
frequency laser source. This latter possibility has two main limitations imposed by
the off-resonance condition of the laser field with the atomic transitions and by the
practical feasibility of the laser source. Also the frequency range of the atomic beam
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is experimentally limited: the output coupling mechanisms which have been developed up to now can not provide atomic beams with wavevectors larger than twice
the wavevector of the laser beams used to drive the Raman transitions;198 such a
constraint is however easily circumvented by letting the atoms accelerate under the
effect of gravity199 or by using higher order Raman processes to couple atom out
from the trap.

5.3 Nonlinear atom optics: optical limiting and optical
bistability
In sec.5.1 and 5.2, we have discussed the atom optical properties of monochromatic
and bichromatic optical lattices at linear regime and we have characterized the narrow peaks which arise in the transmission spectra from resonant tunneling processes on localized states confined inside the lattice. Such modes are the atomic
analogs of the photonic modes in DBR microcavities which have been discussed at
length in the first part of the thesis and are expected to show a similar behaviour
when driven by the coherent field of an atom laser.
As in the photonic case, the linear regime corresponds to the limit of very weak
atomic flux in which the particles can be considered as independently propagating
in the external potential V ext (z) and their interaction energy is so weak that it can be
neglected. For larger atom fluxes, the dependence of the transmission spectra on the
flux may result in effects similar to the ones discussed in chapter 2. Within the meanfield approximation, which assumes a factorizability condition for the nonlinear interaction term in the wave equation eq.(4.10), the calculations can be performed by
numerically integrating the Gross-Pitaevskii equation eq.(4.21) with the appropriate
boundary conditions; in the most relevant case of repulsive interactions, all the features of the transmission spectrum result blue-shifted for growing incident flux by
the mean-field energy. Depending on the sign of the detuning of the incident atom
laser frequency ωinc with respect to the empty cavity Fabry-Perot mode frequency
ωlin , the nonlinear feedback on the transmission can be either positive (if ωinc > ωlin )
or negative (if ωinc ≤ ωlin ); an opposite result holds if the interactions are instead
attractive. In the former case we can have (atom) optical bistability, while in the latter
case we have (atom) optical limiting.
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F IGURE 5.9: Transmitted flux as function of the incident flux for different detunings of the incident frequency ωinc with respect to the C0 quasi-bound state frequency ωlin /ωBr = 0.976. Solid line: optical bistability case (ωinc /ωBr = 0.986);
dashed line: optical limiter case (ωinc = ωlin ). Same lattice parameters as in the
upper panels of fig.5.7.

In fig.5.9, we have reproduced the characteristic dependence of the transmitted flux
Φtr on the incident flux Φinc for two different values of the frequency ωinc close to a
resonance peak: for ωinc ≤ ωlin , in fact, the transmission suffers a negative feedback
for increasing fluxes, giving an optical limiter behaviour, i.e. a transmitted intensity
which grows less than linearly with respect to the incident one (dashed line). For
ωinc > ωlin , the feedback is instead positive and bistability can eventually occur
(solid line): this means that for a given value of the incident flux, more than one
transmitted flux values are possible; as usual, the central branch of the hysteresis
loop is dynamically unstable, since it has negative differential transmittivity.
In the plot all the intensities have been normalized to the characteristic flux Φl =
~kl3 /8πm|ao |, defined as the flux at which the mean-field frequency shift equal to
the Bragg frequency ωBr of the lattice. In order to reduce the incident atom flux required for observing nonlinear features such as atom optical bistability le behaviour,
it can be useful to work with a very narrow transmission peak; indeed, as discussed
in sec.2.1, both the resonance enhancement of the atom density in the cavity mode
and the sharpness of the spectral dependence of the transmittivity are inversely proportional to the mode linewidth γ. On the other hand, if the cavity mode being is
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Atom
Optical Transition
λtr (nm)
2
ωrec = ~ktr
/2m (kHz)
vrec = ~ktr /m (cm/s)
ao (nm)
3
Φo = ~ktr
/8πm|ao |
(atoms/s cm2 )

Li
2
2 S1/2 − 2 2 P3/2
671
400
8.5
-1.45
2.06 · 1016
7

Na
2
3 S1/2 − 3 2 P3/2
589
160
2.95
2.75
4.94 · 1015
23

Rb
5 S1/2 − 5 2 P3/2
780
24
0.6
5.77
2.67 · 1014
87

2

TABLE 5.1: Summary of experimental3, 182 values for atomic parameters. The
Bragg frequency of the optical lattice ωBr is generally comparable to the recoil
frequency ωrec ≥ ωBr .

very weakly coupled to the external propagating modes, the in- and out-coupling
processes can present difficulties, since just a slight asymmetry in the in- and outcoupling amplitudes can result in a strongly depressed transmission.50, 105 In addition, the atom laser frequency spread have to be reduced to less than the mode
linewidth; this means that, even if the atom laser output is assumed to be perfectly
coherent, an atom pulse longer than the cavity relaxation time τ = γ −1 is necessary:
with the actual non-refilled atom sources this may be a serious problem.
Using the experimental parameters of tab.5.1 for 23 Na and 87 Rb atoms, the switching
on threshold of the hysteresis loop of fig.5.9 correspond to intensities respectively
equal to 4.5 · 1013 at/cm2 s and 2.4 · 1012 at/cm2 s; such values are hopefully achievable
by the cw 87 Rb atom laser actually being developed in Paris.202, 228
Very remarkably, a comparable flux for the case visible light would correspond to
an intensity of the order of a few µW/cm2 , which is several order of magnitude
weaker than any light beam actually used for conventional nonlinear optics; this
enormously larger nonlinearity of matter waves suggests that the observation of
nonlinear effects at the low quanta level could be more easily obtained with atomic
matter waves than with light waves. In other terms, provided the confinement of the
matter wave in the atomic FP cavity is tight enough and cavity linewidth is narrow
enough, a regime in which the mean-field theory underlying eq.(4.21) is no more
valid can be achieved; in this case, the coherence properties of both the cavity and
the transmitted atomic fields are not the classical ones and a complete theory which
takes into account quantum correlations has to be used. The next chap.6 is devoted
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to a detailed study of such effects within a single-mode model for the atomic cavity
which allows for an exact and complete numerical calculation to be performed.

5.4 Atom laser coherence length determination
The calculations that have been reported in the previous sections have assumed
that the incident beam is a perfectly coherent one and can therefore be described as
a monochromatic classical wave. Although optical laser sources are in general well
described by such an approximation, fluctuations in both the intensity and the phase
of the emitted field may play an important role in limiting the attainable accuracy
of measurements; for this reason their characterization results very important for
practical applications.
While the coherence properties of optical lasers have been well understood for already a couple of decades,49, 152, 178 the study of the atom laser output still deserves
attention from both the theoretical and the experimental points of view. Actual
coherent matter sources are in fact limited by the finite number of atoms initially
present in the trapped BEC: since no continuous refilling mechanism has been realized yet, it is not possible to obtain a continuous wave coherent atomic beam, but
only a pulsed one; nonetheless, the stability of the magnetic traps has attained very
good levels so that the extracted atomic pulses can coherently last for a rather long
time provided their intensity is weak enough.
As we have already discussed, mean-field theory predicts that the atomic field in
a trapped BEC is a perfectly coherent one, for which the correlation functions factorize at all orders. First order coherence has been recently explored by a pair of
groups using two different variants of the classical two-slit arrangement.229, 230 For
very low-temperature samples, both groups found no decay of the fringe visibility
but for the one which obviously came from a reduced overlap of the two interfering
channels.231 In optical terms, this means that the coherence length of the condensate is at least equal to its size. At higher temperatures, a substantial reduction of
the first-order coherence length was observed, which has been interpreted as due
to the presence of thermal atoms in the trap.232, 233 Recently, several papers have
appeared which discuss such features in both trapped234–236 and propagating208, 237
atomic samples and try to give a complete description of their first and second order
coherence properties at zero as well as at finite temperatures.
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However, a conclusive measurement of the coherence length of actual quasi-cw
atom laser beams has not been reported yet, so that the problem of whether their
coherence length can be considerably longer than the size of the parent condensate
is still an experimentally open question. In the present section, we shall show how
the interaction of a weak atom laser beam with an optical lattice can be used for the
experimental determination of the first-order coherence properties of an atom laser
beam.238

5.4.1 A simple atom laser model
Keeping in mind the very long (quasi-cw) atomic pulses which have been recently
reported, the atom laser output can be modeled as a weak and stationary plane
wave of (weak) intensity |ao |2 , wavevector kb , frequency ωb = ~kb2 /2m and group
velocity vb = ~kb /m with a slowly diffusing phase φ
(5.13)

ab (x, t) = ao ei(kb x−ωb t) eiφ(x−vb t) ;

provided phase coherence is maintained over a characteristic length lc much longer
than the atom laser wavelength, the parabolic atomic dispersion can be approximated as a linear one in a neighborhood of ωb so that (5.13) is a good solution of the
atomic Schrödinger equation within a sort of slowly varying envelope approximation [6, pag.216 and ff.].
Phase diffusion can be modeled by the stochastic differential equation
dφ(x) =

√

(5.14)

η dB

with hdBi = 0, hdB 2 i = dx; its strength is fixed by the η parameter.

Using standard techniques239 for the manipulation of stochastic differential equa(1)
tions, it can be shown that the first-order correlation function Cb (x, t; x0 , t0 ) of such
a beam is equal to
(1)

0

0

η

0

0

Cb (x, t; x0 , t0 ) = ha∗b (x, t)ab (x0 , t0 )i = |ao |2 ei[kb (x −x)−ωb (t −t)] e− 2 |(x−vb t)−(x −vb t )| (5.15)
and the phase diffusion constant η is related to the equal time (t = t0 ) coherence
length lc as well as to the equal point (x = x0 ) coherence time tc = lc /vb by η =
2/lcoh = 2/vb tc .
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Since our beam is a stationary one C (1) (x, t + T ; x0 , t0 + T ) = C (1) (x + X, t; x0 + X, t0 ) =
C (1) (x, t; x0 , t0 ), Wiener-Khintchine theorem178 can be applied; it follows that the different frequency components are uncorrelated to each other
hâ∗b (ω)âb (ω 0 )i = δ(ω − ω 0 )Sb (ω)

(5.16)

and the spectral distribution Sb (ω) is the Fourier transform of the first-order corre(1)
lation function Cb (t; 0) at a given spatial position x = x0
Z
Z
1
1
iωt (1)
dt e Cb (t; 0) =
dt eiωt ha∗b (t)ab (0)i .
(5.17)
Sb (ω) =
2π
2π
In our specific model, the atom laser has a Lorentzian lineshape
Sb (ω) =

γ
|ao |2
π (ω − ωb )2 + γb2

(5.18)

with a linewidth γb = ηvb /2 proportional to the phase diffusion constant η.
In the following two subsections we shall discuss two possible methods for the determination of lc or,equivalently, γb ; both of them are based on the coherent reflection
of an atomic beam on an optical lattice.
The first method, discussed in sec.5.4.2, makes use of the peculiar frequency dependence of the reflectivity of an optical lattice in order to determine the spectral
distribution of the incident beam by filtering out the different frequency components. This can be done using either the narrow Fabry-Perot resonances described
in the previous section, or even the sharp lower edge of the reflecting window of a
simple lattice: in both cases, in fact, the frequency position of the different spectral
features strongly depends on the lattice intensity Ωo ; by monitoring the density of
the transmitted beam while varying Ωo , it is in fact possible to get information on
the spectral distribution Sb (ω) of the incident beam.
The second method (sec.5.4.3) is instead based on the diffraction of a probe laser
beam on the atomic standing wave which is present in front of a nearly perfectly
reflecting atomic mirror. Since the spatial period of the matter standing wave is
generally as small as an optical wavelength, a direct experimental observation of
the fringes would require a spatial resolution well beyond the possibilities of any
absorptive imaging system; this difficulty can be overcome by diffracting light on
the phase grating provided by the oscillatory refractive index profile of the atomic
standing wave. The coherence length of the atom laser can be inferred from the
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angular lineshape of the first-order diffracted peak: the longer the coherence time
of the incident beam, the larger the number of coherent density oscillations and thus
the narrower the peak.

5.4.2 Velocity filtering
Owing to the assumption of a weak atom laser beam and therefore negligible atomatom interactions, the system is well described by an exactly solvable single-particle
theory. In our specific case of an atom laser beam with known statistical properties
which incides onto an optical lattice, eq.(4.20) is best studied in frequency space,
where the different components are decoupled from each other. In other terms, the
amplitude of the transmitted beam atr at a given frequency ω is uncorrelated from
all the others and is given by
atr (ω) = τ (ω)ab (ω)

(5.19)

where τ (ω) is the transmission amplitude of the mirror which summarizes all the
information on its detailed structure.
Since the total densities in the incident and transmitted beams are related to the
corresponding spectral densities by
Z
ρb,tr ∝ Sb,tr (ω) dω,
(5.20)
the effective transmittivity Teff = ρtr /ρb can be evaluated using eq.(5.19).
In the case of a red-detuned optical lattice, the upper edge of the reflecting window
is fixed at ωBr , while the position of the lower edge is a linear function of the lattice
intensity Ωo . If ωb is located below the Bragg frequency ωBr , the atomic beam is well
transmitted for small values of Ωo , while it is mainly reflected for large values of Ωo .
The width of the crossover region provides information on the atom laser linewidth
γb : the broader such a linewidth, the smoother the step. In fig.5.10a we have plotted the effective transmittivity Teff as a function of the lattice intensity Ωo , while
in fig.5.10b we have plotted the maximum of the slope dTeff /dΩo , i.e. its value at
(min)
(Ωo ) = ωb , as a function of γb . Using this latter dependence, the
Ωo such as ωv
linewidth γb of a given source can be easily inferred from the experimentally measured Teff as a function of Ωo .

124

Atom optics

0.1

[ωBr(−dTeff/dΩo)max]−1

Eff. Transm. Teff

1

0.5

0

0

0.05 0.1 0.15 0.2

Ωo/ωBr

0.08
0.06
0.04
0.02
0

0 0.005 0.01 0.015 0.02

γb/ωBr

F IGURE 5.10: Left panel: transmitted fraction as a function of the lattice intensity
Ωo for different values of the atom laser Lorentzian linewidth γb . Solid, dashed
and dot-dashed lines respectively correspond to γb = 0.02, 0.01, 0.001ωBr. Right
panel: dependence of the maximum of the slope dTeff /dΩo on the atomic source
(min)
linewidth γb . The central frequency ωb = 0.925ωBr is such that ωv
= ωb for
Ωo /ωBr = 0.1; lattice length w = 120/kL.

The results of analogous calculations performed for a Gaussian atom laser lineshape238 are plotted in fig.5.11: from the qualitative point of view, the behaviour
looks very similar. As the only difference, reflection in the strong Ωo limit is now
complete, since the weight of the high frequency tail which overlaps with the ω >
ωBr transmitting part of spectrum is negligible for a Gaussian lineshape.
In the language of X-ray diffraction,240 the opening of a finite frequency window
with nearly total reflection can be interpreted as a signature of a dynamical diffraction process rather than a simple kinematical diffraction one. The crossover from a
transmitting to a reflecting regime situation can be reformulated in spatial terms
as the crossover from a lc < le to a lc > le regime, le being the extinction length
of the optical lattice4 and lc the coherence length of the source. If lc > le , the reflected waves at all planes of the optical lattice involved in the reflection process
are mutually coherent giving constructive interference and consequently a nearly
perfect reflection. In the opposite lc < le case, the limited coherence length of the
source washes out the constructive interference so that the reflection is only partial.
The same effect occurs in X-ray diffraction: dynamical diffraction effects are in fact
washed out when the size of the scattering monocrystals is smaller than the extinc-
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F IGURE 5.11: Left panel: transmitted fraction as a function of the lattice intensity
Ωo for different values of the atom laser Gaussian linewidth γb . Solid, dashed
and dot-dashed lines respectively correspond to γb = 0.02, 0.01, 0.001ωBr. Right
panel: dependence of the maximum of the slope dTeff /dΩo on the atomic source
(min)
linewidth γb . The central frequency ωb = 0.925ωBr is such that ωv
= ωb for
Ωo /ωBr = 0.1; lattice length w = 120/kL.

tion length.240 In the X-ray case, the incident beam can generally be considered as
perfectly coherent while the diffracting lattice has a finite coherence length; in the
atomic case, the incident beam does have a finite coherence length while the optical
lattice is perfect.
If the linewidth of the source is sufficiently smaller than the frequency separation of
adjacent FP modes, the corresponding resonance peaks can also be used for a spectral analysis of the incident beam. As we can see in fig.5.12, the spectral position
ωF P of the Fabry-Perot modes in an optical lattice can be tuned by varying the intensity Ωo of the lattice and therefore swept across the atom laser lineshape. In the
most relevant case in which the FP mode linewidth is much smaller than the atom
laser linewidth γb , the former can be approximated by a delta-function; hence, for
each value of Ωo , the effective transmittivity Teff results proportional to the value of
the spectral distribution function Sb evaluated at the FP mode frequency ωF P (Ωo ).
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F IGURE 5.12: Simple optical lattice: spectral position of the conduction band FP
modes as a function of lattice intensity; kL w = 120

5.4.3 Atomic standing wave
Consider a weak atomic beam with the statistical properties described in 5.4.1 normally incident on a nearly perfectly reflecting atomic mirror with a frequency bandwidth much larger than the linewidth γb of the atomic source.
If the beam propagates along the negative x direction and the mirror is located at
x = 0 (see fig.5.13), the atomic field amplitude in front of the mirror can be written
as the sum of the incident and the reflected beam amplitudes
a(x, t) = ab (−x − vb t) + ab (x − vb t + 2lpen )eiφr ;

(5.21)

the penetration depth lpen in the mirror is related to the reflection retardation time
tret by 2lpen = vb tret ; for an actual mirror, tret can be evaluated61 as the frequency
derivative dφr (ω)/dω of the reflection phase φr [241, Chap.JI ].
Interference effects between the incident and the reflected matter waves creates in
front of the mirror a standing wave profile in the atomic density



ρ(x, t) = 2 |ao |2 1 + Re e2ikL x eiθ(x,t)
(5.22)

whose contrast is fixed and unity at all positions, but whose phase θ(z, t) = φ(z −
vg t + 2lpen ) + φr − φ(−z − vg t) slowly fluctuates in both space and time (c) .
(c)

We are indebted to Markus Greiner for illuminating discussions on this point
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F IGURE 5.13: Lower panel: scheme of the proposed arrangement. Upper panel:
qualitative plot of the optical potential experienced by the atoms.

If we introduce the evolution equation eq.(5.14) for φ(x) in the definition of θ and
we solve the resulting stochastic equation,239 we are led to a simple expression for
the correlation function of the phase θ(x, t) of the standing wave at a given time t
D
E
0
0
eiθ(x,t) e−iθ(x ,t) = e−η|x−x | ,
(5.23)

which means that the characteristic length over which the phase of the standing
wave decoheres is equal to half the atom laser coherence length lc /2. As we can
see in fig.5.14, sufficiently close to the mirror (i.e. for x < (lc − lpen )), the phase
θ(x, t) is locked to the reflection phase of the mirror; farther away it is instead freely
fluctuating and the oscillations in the density profile are washed out in the average:
at each location x for which x  (lc − lpen ), the standing wave position fluctuates in
fact within a characteristic time scale set by lc /vb .
Since the spatial period of such density fringes is fixed by the wavelength of the mat-
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F IGURE 5.14: Mean value of the atomic density profile for an incident atomic
beam Lorentzian linewidth γa /ωBr = 6 × 10−4 (upper) and γa /ωBr = 3 × 10−4
(middle). The broader the linewidth, the faster the phase decoherence of the
standing wave leading to the effective decay of the oscillations in the mean
atomic density. Spatial profile of the local band edges (lower panel). The central frequency ωa /ωBr = 0.9 of the Lorentzian source lineshape (horizontal
dashed line) lies well inside the reflecting window of the DBR atomic mirror
with Ωo /ωBr = 0.2.

ter wave, typically as small as an optical wavelength, the experimental observation
of the fringes would require a spatial resolution well beyond the possibilities of any
direct imaging system. This difficulty can be overcome looking at the diffraction of
the light of a probe laser beam on the phase grating provided by the atomic density
ρ(x) profile: the spatially modulated refraction index is determined by the refractive properties of the atoms and is proportional to the atomic density ρ(x).242 If the
probe beam is taken to be far off resonance from any atomic transition, the optical
density of the matter wave turns out to be very small and the diffraction process
can be treated in the first Born approximation, which takes into account only single
scattering processes.
Denoting with Ep (x) the transverse profile of the incident probe beam (kp is its
central wavevector), assumed not to spatially overlap with the atomic mirror, the
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emerging beam profile can be written (at lowest order in βρ) as
(5.24)

Ee (x, t) = [1 + iβρ(x, t)] Ep (x)

where β is a numerical coefficient proportional to the atomic polarizability times the
atom laser beam waist. The scattered amplitude Es at an angle α is therefore given
by
Z



dx
Ee (x, t)e−ikt x = 1 + 2iβ |ao |2 Ẽp (kt )+
2π

Z
2 Z
iβ |ao |
2ikb x iθ(x,t) −ikt x
−2ikb x −iθ(x,t) −ikt x
e
e
e
Ep (x) dx + e
e
e
Ep (x) dx
(5.25)
+
2π

Es (α, t) =

where the transferred wavevector kt is defined as kt = kp sin α and Ẽp (k) is the
Fourier transform of the transverse profile Ep (x) of the probe beam.
If we assume the waist σp of the incident probe beam to be much larger than the
coherence length lc of the atom laser and we consider only the scattering at an angle
close to the Bragg condition kt = 2kb , eq.(5.25) can be rewritten in the simpler form
Z
dx i(2kb −kt )x iθ(x,t)
2
Es (α, t) ' β |ao |
e
e
Ep (x).
(5.26)
2π
Experimentally, a detector placed at an angle α would give a signal proportional to
the mean intensity of the scattered light
I(α) = |Es (α)|2 =
Z

2 2
00
000
00
0
000
00
000
= β |ao |
dk dk D(k − k − 2kb , k − k − 2kb )Ẽp (k )Ẽp (k )

(5.27)
k=k 0 =kt

with D(k, k 0 ) defined as the Fourier transform of the standing wave phase correlation function
Z Z
η/π
dx dx0 i(k0 x0 −kx) D iθ(x,t) −iθ(x0 ,t) E
0
e
e
e
= 2
δ(k − k 0 ).
(5.28)
D(k, k ) =
2π 2π
k + η2
In our σp  lc case, the broadening due to the finite coherence of the standing wave
profile described by D(k, k 0 ) is much larger than the broadening due to the finite
laser waist σp , so that the scattering lineshape can be rewritten as
I(α) ∝

η
.
((kp sin α − 2kb )2 + η 2

(5.29)
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This means that the coherence length of the atom laser is easily inferred from the
angular linewidth of the scattered peak.
In physical terms, this result can be explained just by thinking of the standing wave
in front of the atomic mirror as a succession of different and uncorrelated pieces of
length lc /2, each of them scattering light in the kt ' 2kb with a different and random
phase; from the indetermination principle, a finite length lc /2 corresponds to an
uncertainty in the momentum roughly equal to ∆kt = η = 2/lc . From a condensedmatter point of view, such an effect can be related to the broadening of the diffraction
peaks from crystals which occurs in the presence of disorder; our specific model
for the phase diffusion corresponds to the case of an uneven separation of lattice
planes [243, chap.7.4].
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F IGURE 5.15: Angular diffraction pattern for different values of the atom laser
linewidth: γa /ωBr = 3×10−4 (solid), γa /ωBr = 6×10−4 (dashed) and γa /ωBr =
1.2 × 10−3 (dot-dashed). Inset: enlargement of the Bragg peak at kt ' 2 × 0.9kL
which corresponds to the standing wave pattern in front of the DBR atomic
mirror.

If the probe beam has a non-negligible overlap with the optical potential of the mirror, the atomic density profile experienced by the probe is not simply the sinusoidal
one given by eq.(5.22) but presents additional features due to the complicate shape
of the atomic wavefunction inside the DBR mirror. The corresponding lineshape for
the scattered light is plotted in fig.5.15: in addition to the Lorentzian peak at kt ' 2ka
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corresponding to the diffraction on the standing wave pattern in front of the DBR
atomic mirror, there is a broad plateau extending up to kt ' 2kL due to the sharp
decay of the atomic density as well as to its additional periodicity inside the mirror
(see fig.5.14 and in particular the inset of the second panel).
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Conclusions and perspectives
This second part of the thesis has been devoted to the study of atom optical effects
from the point of view of photon optics: the strict parallelism between the behaviour
of matter waves in external potentials and the behavior of light waves in dielectric
structures has been emphasized and exploited in order to get a deeper insight on
both systems via cross-fertilization effects.
In the first chap.4, we have given a general overview on interacting atomic matter
waves in external potentials: the effect of the atom-atom interaction potential turns
out to be analogous to an intensity-dependent refractive index for light waves, the
external potential behaves as a linear dielectric constant for matter waves and the
atomic spin is equivalent to the polarization of electromagnetic waves. Thanks to
this strict analogy, the same theoretical approaches can be used for the description
of both systems: after a general review on the main features of some of the most
relevant approaches, a specific attention is paid to the mean-field theory, which is
actually one of the most important tools for the study of the dynamics of the coherent matter waves of Bose-condensed samples. Very remarkably, the photonic
version of mean-field theory is nothing else than the classical electrodynamics in
nonlinear dielectric media which has been extensively used in the first part of the
thesis; as it is well-known, such a theory well describes the dynamics of coherent
laser light in conventional material.
In chap.5, we exploit the analogy between the behavior of matter waves in optical
potentials and the behavior of light waves in dielectric structures in order to study
the atomic reflection from optical lattices: as in the case of the electrons moving in a
crystal or in the case of light propagating along a DBR mirror, the atomic dispersion
in the periodic optical potential is characterized by allowed bands and forbidden
gaps and the effective mass at band edge can be much lighter than the free-space
mass. This suggests that a slow modulation of the optical lattice parameters could
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act as a confining potential on atomic waves and eventually give rise to quasi-bound
states similar to the localized modes of a DBR microcavity.124, 125 The very light
atomic mass leads to an enhanced spacing of such cavity modes with respect to
free-space and the confinement can be provided within a characteristic length scale
of the order of a few optical wavelengths: this two facts cooperate in giving FabryPerot modes with spacings as large as one tenth of the atomic recoil energy. In
addition, such modes can be easily driven by an external atom laser beam inciding
on the lattice and give rise to very narrow features in the transmission spectra which
can be exploited either as velocity filters or as resonant modes for the observation
of nonlinear atom optical effects.
Two possible applications238 of atomic reflection on optical lattices to the measurement of the atom laser coherence properties have been discussed in sec.5.4: a first
method exploits the frequency dependence of the optical lattice transmittivity in order to filter the different atomic velocities in the beam and therefore determine its
spectral distribution. The second method is instead based on the diffraction of light
on the phase grating created by the atomic standing wave profile which is present
in front of a good atomic mirror.
Given the narrow linewidth and the tight confinement of the mode wavefunction
which can be obtained for matter waves using atomic Fabry-Perot interferometers
based on modulated optical lattices, nonlinear atom optical effects are expected to
occur at rather low intensities; with respect to the photonic counterpart, atom-atom
interactions are generally much stronger and, for the specific arrangement of sec.5.3,
the atomic flux value required for the switching on of the atomic bistable element
has been estimated to be of the order of 1013 at/cm2 s; a similar value for the case of
visible light would correspond to an intensity of the order of a few µW/cm2 .
As new kinds of optical cavities are being actively studied so as to observe nonlinear
optical effects at a low light level and therefore have the possibility to taylor the
coherence properties of the transmitted beam down to the single photon level, the
very low threshold atomic fluxes which are required for the observation of nonlinear
atom optical effects look very promising from the point of view of controlling the
quantum correlations of a beam down to the single atom level. Very remarkably, the
modulated optical lattice arrangement proposed in chap.5 should be able to give
interaction energies large enough for the nonlinearity parameter No = γ/ωnl to be
appreciably smaller than 1.

Conclusions and perspectives
The third part of the thesis is devoted to the study of effects which go beyond the
mean-field description of the (atomic or photonic) Bose field. In chap.6, a singlemode system will be discussed, whose formal simplicity allows for a numerical
study in terms of quantum master equation; in particular, we shall check the accuracy of the mean-field results in the weak nonlinearity limit. In the opposite strong
nonlinearity case, the discrete nature of the field turns out to be instead important
and peculiar nonclassical correlations appear in the transmitted beam.
While for the simplified single-mode problem a numerical solution of the quantum
master equation is a tractable problem, it quickly becomes unfeasible if the problem
involves even just a few modes of the field. In particular, such an approach can
not be used for planar systems such as DBR microcavities, in which confinement
is present only in one dimension and the particles are free to move along the two
other dimensions. Similar difficulties are encountered also in the study of current
Bose condensed atomic clouds, for which the trapping frequencies are definitely not
strong enough for a single-mode approximation to be valid and interactions may
give rise to a small but finite non-condensed fraction even at zero temperature.
The absence of simple and efficient analytical or numerical schemes allowing for
calculations to be performed in the general case of multimode systems with strong
interactions has encouraged the quest for different formulations of the quantum
Bose field problem. In chap.7 we shall discuss the principles of a novel approach
based on the stochastic evolution of a macroscopic wavefunction; after proving on a
mathematical basis its validity and stability properties in the most general case, we
shall present first examples of its application to simple physical systems.
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Part III
Quantum (atom) optics
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Introduction
After having given in the previous two parts a detailed account of the mean-field dynamics of matter and light fields in respectively optical lattices and semiconductor
DBR microcavities, this third part will cope with effects which can not be described
in the framework of a mean-field theory since they involve the detailed quantum
statistical properties of the Bose field under examination.
Although quantum optics of the light field has been an active field of research already for several decades, the weakness of the optical nonlinearity of current materials has in most cases forbidden the observation of quantum effects which are much
more than a correction to the classical mean-field result. For this reason, much of the
calculations have been performed with approximate theories which keep track of
quantum fluctuations around the mean-field in a linearized way; only very recently,
an active interest has been focussed on the possibility of achieving a regime in which
photons interact strongly with each other: optical materials with very strong nonlinearities as well as very high Q-valued cavities have been investigated so as to
realize systems in which the optical nonlinearity is triggered by a very small number of photons. In this case, the quantum state of the field can be manipulated down
to the single quantum level so as to generate nonclassical and even entangled states
of the field.
On the other hand, recent theoretical work on atomic Fabry-Perot interferometers
has shown that the use of spatially modulated optical lattices allows for well separated cavity modes with narrow linewidths and tight longitudinal confinement and,
in particular, atom-atom interactions have been predicted to give rise to atom optical
bistability with a very low threshold value of the order of 1013 at/cm2 s for the incident atomic flux. Provided transverse motion is appropriately frozen by means of a
single-mode atomic waveguide, the isolated cavity resonance can show a nonlinear
coupling ωnl comparable or even larger than the mode linewidth γ so as give a criti-
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cal number No smaller than one. Since in this regime a very small number of atoms
is required in the cavity mode to substantially affect its transmission properties, the
mean-field approach can not be accurate and the peculiar coherence properties of
the cavity field have to be described by a complete quantum theory.
This third part of the thesis is devoted to the discussion of effects which go beyond
the mean-field description of the atomic or photonic Bose field. In the first chap.6
we consider a single-mode system which, thanks to its simplicity, allows for an exact
numerical solution of the quantum master equation directly in the Fock state basis.
Our calculations confirm the expectation that mean-field theory gives results which
are correct in the weak nonlinearity (No  1) case, i.e. when a large number of
field quanta in the cavity mode are necessary for appreciable nonlinear effects; in
this case, quantum fluctuations can be accurately described in a linearized way by
the stochastic differential equations of Positive-P representation in their linearized
version. The discrete nature of the field results instead important in the opposite
strong nonlinearity (No ≤ 1) case, in which peculiar nonclassical correlations appear
in the transmitted beam in both the optical limiting and the optical bistability cases.
While the evolution in terms of quantum master equation in a Fock state basis is
a numerically tractable problem in the case of the single-mode cavity, it quickly
becomes unfeasible if the problem involves even just a few modes of the field; in
particular, it can not be applied to planar geometries such as DBR microcavities in
which confinement is present in just one dimension and the particles are free to
move along the two other dimensions. Although at mean-field level the symmetry of the system guarantees conservation of the momentum along the plane for
all particles, collisional effects beyond the mean-field are expected to produce correlated pairs of quanta with non-vanishing relative momentum; this means that all the
modes of the field have to be simultaneously considered in the calculations, which
results into a Hilbert space of an enormous dimensionality. A similar problem is
encountered in the study of current trapped Bose condensates, in which the rather
weak confinement frequency of the magnetic or optical trap prevents the singlemode approximation from being valid. In addition to the thermal cloud of uncondensed atoms unavoidably present at finite temperature, interactions can themselves give a small quantum depletion of the condensate even at zero temperature.
Several techniques have recently been developed for the determination of the dynamical and coherence properties of such a multimode quantum field. Besides
the quantum kinetic theories of Gardiner and Zoller and the classical many-body

Introduction
techniques, the complexity of which falls beyond the scope of the present thesis, a
straightforward generalization of the Positive-P representation to multi-mode systems has been applied to strongly interacting systems; although some interesting
results have been obtained with such a technique, the usual divergence problems
have forbidden it from being applied in full generality.
For this reason, an intense quest for new formulations of the bosonic many-body
problem have been pursuited by several groups: in chap.7, we shall present a novel
approach based on the stochastic evolution of a macroscopic wavefunction. The
general idea of the method consists in generalizing the Gross-Pitaevskii equation
introducing a new stochastic term in the evolution of the macroscopic wavefunction so as to recover the exact dynamics after the average over the stochastic noise.
Under appropriate conditions on the specific form of the stochastic terms, we shall
prove that the time evolution described by the stochastic dynamics is equivalent
to the complete many-body problem and therefore able to recover all the quantum
correlations which appear in the quantum gas following atom-atom interactions.
Thanks to the fact that the conditions for recovering the exact dynamics do not
completely determine the form of the stochastic equation, different schemes with
profoundly different statistical and stability properties can be chosen. One of such
schemes is a reformulation of the Positive-P representation: since the solution of
the stochastic equations are subject to divergences within a finite time, this scheme
has a limited practical utility. Our approach being very general, it has been possible to find schemes which have regular solutions for all times; in this case, the only
limitation turns out to be the computational time required for an accurate Monte
Carlo sampling of the observables. The chapter is concluded with the presentation
of two examples of application of the method to simple physical systems such as a
two-mode model of a Josephson junction and a one dimensional Bose gas. For the
two-mode system, a direct numerical integration of the Schrödinger equation in the
Fock basis can also be performed: the successful comparison with Monte Carlo calculation has provided further confirmation to our stochastic wavefunction method.
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Chapter 6
Quantum theory of the single-mode
nonlinear (atomic) Fabry-Perot cavity
In the present chapter, we investigate the coherence properties of the atomic beam
which is transmitted through a single-mode atomic cavity when the cavity is driven
by a monochromatic and coherent atom laser beam: the field dynamics is numerically studied by solving the full quantum master equation for the cavity mode and
the results are physically interpreted in comparison with the available approximate
theories. Given the strict analogies between the behaviour of light waves in DBR
microcavities and matter waves in optical lattices, these predictions are definitely
not limited to atomic systems, but can be freely transferred to photonic systems as
well.
As expected, mean-field theory is found to be accurate in the weak nonlinearity
limit in which an appreciable nonlinear modulation of the transmission requires the
presence of a large number of atoms in the cavity mode. Within MFT, the atomic
Bose field is considered as a classical C-number field and its fluctuations around
the classical steady-state are treated in a linearized way by means of the stochastic
differential equations of Positive-P representation in their linearized form.
In the opposite strong nonlinearity case, when the transmission state is substantially modified by the presence of a single atom in the cavity mode, the discrete
nature of the matter field results important: MFT, which is based on a classical field
assumption, breaks down and a full quantum calculation results necessary in order
to accurately describe the peculiar nonclassical properties of the transmitted beam.
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For the specific case of an incident field at resonance with the empty cavity mode,
the numerical solution of the full master equation predicts a sort of atom blockade
effect, which closely reminds the well-known Coulomb blockade effect of electronic
transport through microscopic structures: if the electrostatic potential change following the injection of a single carrier is able to substantially affect the injection of
the successive carriers, the current shot-noise results strongly suppressed. Analogously, atom-atom interactions in our FP cavity can be so strong that the presence of
a single atom shifts the mode frequency off-resonance from the incident atom laser
beam and the following atoms are effectively forbidden from resonantly entering
the cavity before the first atom has left. For moderate incident intensities, the cavity therefore behaves as a two-level system and the transmitted atomic beam has
the usual nonclassical properties of resonance fluorescence light, such as a strong
antibunching.
Only at very large incident intensities –much larger than the saturation intensity of
the effective two-level system– more than one atom can be forced to be in the cavity mode at the same time and a peculiar dependence on the incident intensity is
found for both the coherent and the incoherent transmission. In this regime, some
of the most peculiar features resulting from the numerical calculation are well explained by a dressed cavity model, in particular the frequencies of the incoherent
transmission peaks.
For the case of a blue detuned incident atom laser beam and repulsive atom-atom
interactions, the feedback of the nonlinearity on the transmission is instead positive
and optical bistability is predicted by mean-field theory. Given the discrete nature
of the field, quantum fluctuations may however allow for tunneling events from
one branch of the bistability curve to the other so that the mean-field steady states
are not true steady states for an indefinite time any more; as expected, the larger
the critical number No , the smaller the tunneling rate. From the point of view of
the density matrix, there is just one steady state of the system which consists of a
(generally statistical) mixture of the two mean-field steady states, the “transmitting”
and the “non-transmitting” ones; the slow tunneling rate from one of them to the
other reflects into the appearance of a slow time scale τs in the correlation functions,
much slower than the characteristic damping time of the cavity γ −1 .
If the detuning is such that the energy of the cavity filled of N atoms is exactly
on resonance with the injection process of N atoms, a sort of N -atom transmission
process occurs, which is the atom optical analog of N -photon absorption; in the
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weak incident intensity limit, atoms are therefore most likely transmitted in bunches
containing a number of atoms of the order of N and separated by intervals in which
no atom is present; this reflects into peculiar coherence properties of the transmitted
beam.
In sec.6.1, we shall introduce the Hamiltonian of the model and we shall describe
the physical processes involved, as well as the physical parameters which control
them.
In sec.6.2 we shall address the weak nonlinearity case, in which the full numerical
calculation is well reproduced by the mean-field theory with a linearized treatment
of fluctuations.
In the two following sections, we shall discuss the numerical results obtained for
the opposite case of a strong nonlinearity: the former (sec.6.3) deals with the case of
a resonant incident atom laser, for which MFT would predict optical limiting. The
latter (sec.6.4) deals instead with an incident beam blue detuned with respect to the
empty cavity so as to give a positive feedback on the transmission; for this case,
MFT would predict optical bistability.

6.1 The model
Consider a quasi-cw beam of atoms coherently extracted from a trapped Bose Einstein condensate (BEC) by means of a radio-frequency field or of a pair of optical
beams in a Raman configuration. As we have discussed in detail in chap.4, given
the coherent nature of the outcoupling mechanism used to transfer atoms from the
trapped BEC to the propagating beam, the all-order coherence of the BEC is expected to transfer into a similar property for the atom laser beam. If the intensity of
the outcoupled beam is weak enough not to deplete substantially the trapped BEC
or this is continuously replenished, the atom laser can be modeled as a monochromatic classical C-number wave; phase fluctuations (sec.5.4) are neglected assuming
their characteristic time scale to be much longer than all other characteristic times
of the problem.
As shown in fig.6.1, suppose to inject such an outcoupled wave into a single mode
atomic waveguide215–225 in order to freeze the transverse atomic motion; in this
way, the system behaves as a one-dimensional one. At the same time, the use of
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a horizontal waveguide allows to counteract the effect of gravity, so that the longitudinal wavefunction of the outcoupled beam is simply a plane wave ψ(x, t) =
ψinc ei(kL x−ωL t) of frequency ωL and momentum kL .
Suppose now to send such a cw coherent atomic beam onto an atomic Fabry-Perot
(FP) cavity, formed by a pair of parallel atomic mirrors which confine atomic matter waves in the space between them; atomic motion between the mirrors is quantized in discrete cavity modes, which are coupled to externally propagating modes
because of the non-perfect reflectivity of the cavity mirrors. The most interesting
schemes which realize such a device have been analyzed in detail in the chap.5:
they are in general based on the optical potential applied to the atoms by far offresonance laser fields: some of them209–211 use a blue detuned laser field to create
potential hills between which the atoms are confined; some others124, 125, 212, 213 use
optical lattices in order to create the atomic analog of DBR microcavities and give
features which are generally more favorable from the nonlinear atom optics point
of view.
If the frequency ωL of the incident atom laser beam is far from resonance with all the
cavity modes, the atomic beam is effectively forbidden from entering the cavity and
therefore is nearly completely reflected back. On the other hand, if ωL is close to the
frequency ωo of one of the cavity modes, this latter is resonantly excited: a substantial fraction of the incident atoms resonantly enter the cavity and are transmitted on
the other side where they form the transmitted beam.

F IGURE 6.1: Sketch of the experimental scheme under examination
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If we assume that the frequency spacing of the different cavity modes is much larger
than both the laser linewidth and the atom-atom interaction energy, and if we suppose the atom laser frequency ωL to be close to a cavity resonance, only this mode
is effectively excited, while the other ones are safely neglected. If we develop the
atomic field inside the cavity on its eigenstates
ψ̂(x) =

X

φα (x)ĉα ,

(6.1)

α

this single-mode approximation is equivalent to assuming all the ĉα to be effectively
negligible but for one of them, which will be called in the following â; let φ(x) be
the wavefunction of such mode.
Under this approximation, the driven atomic cavity can be described by the same
model Hamiltonian used for the single-mode nonlinear Fabry-Perot interferometer
in sec.2.2
H = ~ωoâ† â + ~ωnl â† â† ââ + i~kinc ψinc â† e−iωL t + h.c.
(6.2)
where â and â† are respectively the destruction and creation operators for the localized cavity mode; thanks to the Bose nature of the atomic species under examina

tion, such operators satisfy the usual Bose commutation relation â, â† = 1.

The first term of the Hamiltonian eq.(6.2) describes linear oscillations at frequency
ωo ; the second term keeps track of the (collisional) atom-atom interactions, whose
strength is quantified by the ωnl parameter. This is easily related to the cavity mode
wavefunction φ(x) and the s-wave scattering length ao :135
Z
2π~ao
ωnl =
d3 x |φ(x)|4 ;
(6.3)
m
as expected, its sign is positive (negative) for repulsive (attractive) interactions.
Since the atomic density inside the cavity is, at resonance, much larger than the
density in the incident atom laser beam, atom-atom interactions outside the cavity
are safely neglected; in addition, the single-mode approach neglects all those processes in which atoms are transferred from the mode â to the other modes of the
cavity by the interactions; such an approximation is generally justified provided the
interaction energy is much smaller than the spacing of adjacent cavity modes and
parametric resonances of the kind 2ωα = ωα0 + ωα00 are absent.
The driving of the cavity mode by the incident atom laser beam is taken into account
by the last two terms; thanks to the all-order coherence assumption, the driving
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field is well modeled as a monochromatic and classical C-number field ψinc e−iωL t
which forces the cavity mode to oscillate; in particular, the coupling coefficient kinc is
proportional to the transmission amplitude of the front cavity mirror. Analogously,
the amplitude of the transmitted field through the cavity ψ̂tr is proportional to the
internal amplitude â times a ηtr coefficient proportional to transmission amplitude
of the back mirror; all the statistical properties of the transmitted field can therefore
be expressed in terms of the internal field ones.1, 49
From the point of view of the sole cavity, the coupling to the continuum of propagating external modes through the non-perfectly reflecting mirrors, which underlies
the driving of the cavity mode by the incident beam as well as the formation of the
transmitted beam, is a dissipative process and thus can not be included in a simple
Hamiltonian formalism.
From the general theory of quantum damping, it follows that the dynamics of the
single-mode cavity under examination is completely described by the following
master equation for the density matrix ρ̂
∂ ρ̂
i
= [ρ̂, H] + γD [â] ρ̂;
∂t
~

(6.4)

the first (Hamiltonian) term keeps track of the driving, the linear oscillations and the
atom-atom interactions, while the second term keeps track of the dissipative effects.
This latter has been written in terms of the superoperator D [â] ρ̂, defined as usually
as

1 †
D [â] ρ̂ = âρ̂â† −
â âρ̂ + ρ̂â† â ;
(6.5)
2
the coefficient γ has the usual meaning of damping rate of the cavity excitation.
In our actual calculations, the steady-state of the density matrix ρ̂eq is determined by
letting ρ̂ evolve according to eq.(6.4) for a time much longer than the characteristic
D E
relaxation time of the system under examination. The expectation values Ô of

the observables Ôh of interest
are calculated as mean values over the steady-state
i
density matrix Tr ρ̂eq Ô ; for the determination of a two-time correlation function
D
E
Ô2 (t)Ô1 (0) , we have first to apply the observable Ô1 to the left of ρ̂eq , then to

let the resulting density matrix Ô1 ρ̂eq evolve for a time t according to the master
equation eq.(6.4) and finally to take the expectation value of second observable Ô2 .
From a numerical point of view, several different representations can be chosen for
ρ̂;49, 157, 244 our actual simulations have been performed using a Fock representation
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in which the density matrix is expanded in the number-state basis Mn,n0 = hn|ρ̂|n0 i.
The time evolution is numerically performed using a standard fourth order RungeKutta method and then checking the numerical stability of the result with respect to
a reduction in the integration time step.
In the case of symmetric systems, in which the front and back mirrors have the same
transmission properties, the kinc and ηtr coefficients are related to the damping γ by
the relations kinc = (γv/2)1/2 and ηtr = (γ/2v)1/2 , which follow from the well-known
property that the transmission through any linear, symmetric and non-absorbing
cavity is, at exact resonance, exactly one [50, chap.9]; v = (2~ωo /m)1/2 denotes the
(group) velocity of free atoms which incide on the cavity at resonance.
Depending on the specific scheme adopted for the cavity, processes of different
kinds can be responsible of additional incoherent non-radiative losses which are
the atomic analog of light absorption in materials; as we have seen in sec.4.1, if the
confinement is a magnetic one, Majorana spin flips may occur, while spontaneous
emission of light may take place in presence of an optical confinement. Such effects have to be handled by means of additional terms in eq.(6.4) of the same form
γabs D [â] ρ̂: their main consequences are a broadening of the resonance and a reduction of the peak transmittivity by a factor (γ + γabs )/γ.
When the single-mode nonlinear cavity model is applied to the optical case, the
field operator â describes the amplitude of the electromagnetic field in the cavity
mode and the nonlinear interaction between photons results from eq.(2.11) proportional to the third-order nonlinear polarizability χ(3) of the cavity material. The main
difference consists in the strength of the nonlinear coupling, which can be quantified by the critical number No = γ/ωnl of quanta which are necessary for having an
appreciable nonlinear effect on the transmittivity. Since the optical nonlinearity of
usual materials is very weak, conventional optical resonators are characterized by
No  1, which means that a huge number of photons have to be excited inside the
cavity before the effect of optical nonlinearity to be apparent. For the description
of such systems, the mean-field approximation performed in sec.2.2 is expected to
give accurate results; in the next sec.6.2 we shall confirm this statement by directly
comparing the mean-field predictions with the results of the exact numerical calculation.
Very recently, an active interest has been focussed on the possibility of achieving the
No ≤ 1 regime with light: optical materials with very strong nonlinearities as well as
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very high Q-valued cavities have been investigated in order to generate nonclassical
states of the field and even entangled ones.
First of all, high finesse optical cavities containing a small number of atoms have
been investigated in the realm of cavity quantum electrodynamics:245 in this case,
the nonlinearity mechanism is the intrinsic one of two-level atoms: with a smaller
number of atoms, a smaller number of photons is required for the saturation of the
transition, but at the same time the weaker polarizability imposes a stronger requirement on cavity finesse. Furthermore, an additional loss channel is introduced
by the spontaneous decay of excited atoms.
Secondly, quantum coherence effects in multilevel atoms dressed by strong pump
fields have been theoretically shown to give enhanced nonlinear susceptibilities
as well as depressed absorptions:246–250 apart from some difficulties related to the
specific level scheme chosen,251–255 such arrangements are now beginning to be exploited for low intensity nonlinear optics experiments256, 257 as well as for the study
of very slow pulse propagation.258
Finally, new cavity geometries with enhanced Q-factors are also being investigated:
in particular, the whispering gallery modes of cylindrical or spherical resonators
look very promising, since fused silica spheres and disks with spatial sizes of the
order of micrometer and very weak surface roughness are currently available; unfortunately, the nonlinear susceptibility of fused silica is very weak and the insertion
of active impurities may result necessary for the study of nonlinear processes.28, 259
On the other hand, recent theoretical work on atomic Fabry-Perot interferometers124, 125
has shown that the use of spatially modulated optical lattices allows for well separated cavity modes with narrow linewidths and tight longitudinal confinement: in
particular, it has been shown that atom-atom interactions can give rise to atom optical bistability with a very low threshold intensity of the order of 1013 at/cm2 s. Provided transverse motion is appropriately frozen by means of a single-mode atomic
waveguide,215–225 such systems behave as effectively one dimensional ones; thanks
to the transverse confinement, the isolated cavity resonance can show a nonlinear
coupling ωnl comparable or even larger than the mode linewidth γ and therefore
a critical number No ≤ 1. In this regime, MFT breaks down and a full quantum
calculation based on the master equation eq.(6.4) is required; the peculiar coherence
properties which result from the calculations will be discussed in sec.6.3.
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6.2 Weak nonlinearity case: mean field theory and linearized fluctuations
In the mean-field theory, the atomic field is described by a classical
D
EC-number field
equal to the mean value of the quantum field ψ(x, t) = ψ̂(x, t) and factorization is assumed for the operator products involved in the motion equation for the
macroscopic wavefunction ψ(x, t).
Using the many-body theory of 3D Bose gases,182, 260 this approach can be proven to
be accurate in the case of dilute systems for which the mean interparticle distance
n−1/3 is much larger than the scattering length ao ; current trapped atomic condensates well satisfy such a inequality. In other terms, for a constant mean-field interaction energy (proportional to nao ), MFT is valid in the ao → 0 and n → ∞ limit in
which the interaction energy per particle is vanishing small and the discrete nature
of the matter field effectively washed out.
For the single mode cavity actually under examination, the mean-field approach
leads to a single differential equation for the mean value of the cavity field a(t) =
hâ(t)i of the form

γ
da
= −i ωo + 2ωnl |a|2 a + kinc ψinc e−iωL t − a
dt
2

(6.6)

from which we can immediately obtain the steady state value a(t) = āe−iωL t with
ā =

ikinc ψinc
.
ωL − ωo − 2ωnl |ā|2 + iγ/2

(6.7)

If fluctuations of the cavity field are completely neglected, the transmitted field
ψ̂tr = ηtr â has the same all-order coherence properties as the incident one.
For a given value of the mean-field interaction energy ωmf = 2ωnl |ā|2 , this approximation is valid in the limit of very a small interaction energy ωnl per atom; in this
case, in fact, fluctuations are irrelevant and the discreteness of the atomic field is
canceled by the very large number of atoms present in the cavity.
Although the application of Positive-P representation to the present system suffers
from the usual divergence problems,169 lowest-order fluctuations around the mean
value can however be obtained by studying the linearized160 version of the same
stochastic equations for which the solution is mathematically defined at any time.
In some sense, this linearization procedure generalizes to driven dissipative systems
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the well-known Bogoliubov approach260 for the description of the lowest-order fluctuations in Bose condensates.
Within the Positive-P representation of the quantum field, the dynamics of the field
in a nonlinear single-mode cavity is described by a pair of stochastic differential
equations
h
p
γ i
dα = −i (ωo + 2ωnl α∗ α) α + kinc ψinc e−iωL t − α dt + −2iωnl α2 dη1
(6.8)
2
h
p
γ i
∗
∗
(6.9)
dα∗ = i (ωo + 2ωnl αα∗ ) α∗ + kinc
ψinc
eiωL t − α∗ dt + 2iωnl α∗2 dη2
2

for the field variables α and α∗ , which are now complex conjugate of each other only
in the mean. The noise terms dηi are independent Gaussian noise terms (dηi = 0,
dηi dηj = δi,j dt).239 In terms of the stochastic field variables α and α∗ , the mean value
of any normally ordered observable can be expressed as
â†m âm = α∗m αm .

(6.10)

Linearizing the stochastic equations eqs.(6.8) and (6.9) around the steady-state α =
āe−iωL t , α∗ = ā∗ eiωL t of the deterministic evolution, we get to a pair of linear stochastic equations for the slowly-varying field fluctuations δα = αeiωL t − ā and δα∗ =
α∗ e−iωL t − ā∗
h
p
γ i
2
2
∗
d δα = −i −∆ω + 4ωnl |ā| δα − 2iωnl ā δα − δα dt + −2iωnl ā2 dη1 (6.11)
2
h
p
γ ∗i
2
∗
∗
∗2
d δα = i −∆ω + 4ωnl |ā| δα + 2iωnl ā δα − δα dt + 2iωnl ā∗2 dη2 . (6.12)
2
from which all the stationary moments can be extracted using the standard techniques for the solution of linear stochastic differential equations.239 We shall not
reproduce here all the details of the calculations, which can be found in the original
paper,160 but we shall only give the final results and compare them with the exact
result of our numerical calculations.
The mean transmitted intensity results given by
Itr = Icoh + Inc



2
γ †
γ
ωmf
=
â â =
N+
;
2
2
2 |λ(ωL )|

(6.13)

the first term Icoh , which describes the coherently (i.e. elastically) transmitted intensity, corresponds to the mean-field amplitude ā; the second one Inc accounts for
quantum fluctuations and therefore describes the incoherently (inelastically) transmitted intensity. With ∆ω = ωL − ωo we have denoted the detuning of the incident
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atom laser beam with respect to the empty cavity mode; N = |ā|2 is the mean-field
number of quanta in the cavity mode and ωmf = 2ωnl N is the corresponding frequency shift of the cavity mode; finally, for notational simplicity, we have set
n

γo
λ(ω) = i [(ω − ωL ) + (∆ω − 2ωmf )] +
·
n 2
γo
2
· i [(ω − ωL ) − (∆ω − 2ωmf )] +
− ωmf
(6.14)
2

As expected, for a fixed value of the mean-field interaction energy ωmf , the contribution of fluctuations is inversely proportional to the number of atoms in the cavity
mode and thus vanishing small in the classical limit (ωnl → 0, N → ∞). With a
similar procedure we can determine the one-time second order correlation function
g (2) (0):
â† â† ââ
ωmf
g (2) (0) =
(∆ω − ωmf ) .
(6.15)
=1+
2
|λ(ωL )| N
hâ† âi

Finally, a Fourier transform of the two-times first order correlation function leads to
the spectrum of the transmitted intensity
S(ω) = Scoh (ω) + Snc (ω) =

γ
Ft â† (t)â(0) =
2


2
γ
ωmf
=
(6.16)
N δ(ω − ωL ) +
2
2π |λ(ω)|2

in which we again recognize the elastic and inelastic contributions; the former corresponds to the delta-function peak at ωL , while the latter gives a pair of (inelastic)
Lorentzian peaks at the frequencies
q
2
ω = ωL ± ∆ω 2 − 4∆ω ωmf + 3ωmf
;
±

(6.17)

which correspond to the dressed states of the driven system. As we have discussed
in sec.3.3, poles at these same frequencies appear in the linear response of the driven
system to additional probe beams. Whenever the argument of the square root is
negative, the two peaks coalesce into a single one at ωL .
These results are to be compared to the exact solution of the full master equation
eq.(6.4) obtained using the numerical technique sketched in the previous section. In
fig.6.2, we have plotted the coherent and the incoherent transmitted intensities Icoh
and Inc vs. the incident intensity Iinc = v |ψinc |2 for different values of the critical
number No = γ/ωnl at zero detuning ∆ω = 0. In the plots, the intensities have been
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F IGURE 6.2: Transmission properties of a nonlinear Fabry-Perot interferometer
in the weak nonlinearity (large No ) regime: in the upper panel, coherent intensity Icoh as a function of the incident intensity Iinc ; in the lower one, incoherent
intensity Inc . All intensities have been normalized to the characteristic intensity γ 2 /ωnl . In the upper panel, the solid curve is the result of the linearized
approach, while the long- and short-dashed ones correspond to the exact calculations respectively for No = 8 and No = 2. In the lower panel, the solid and the
long-dashed lines are again the approximate results, while the short-dashed and
the dot-dashed are the exact ones. The upper curves are for No = 2 the lower
ones are for No = 8.

normalized in units of the characteristic intensity γ 2 /ωnl = γNo , so that the meanfield curves for the coherently transmitted intensity superimpose on each other exactly.
In the zero detuning ∆ω = 0 case we are considering, MFT (eq.(6.7)) predicts an optical limiter behavior for the transmitted intensity: for growing intensities, in fact,
the mean-field interaction energy 2~ωnl |a|2 tends to shift the cavity mode out off
resonance with respect to the incident beam and thus to lower the effective transmittivity. In particular, while at low intensity the transmitted intensity grows linearly with the incident intensity, in the large intensity limit the transmitted intensity
grows only as its power 1/3. In a log-log scale, the transition between these two
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regimes can be observed as a rather smooth bending.
The discrepancy of the MF result for the coherently transmitted intensity with respect to the exact one is concentrated mostly in the crossover region and, as expected, tends to disappear in the classical limit No → ∞ (see upper panel of fig.6.2).
An analogous comparison can be made for the incoherently transmitted intensity
(see lower panel of the same figure): at lowest order (eq.(6.13)), such a quantity
is a factor of N lower than the coherent contribution and thus its relative weight
vanishes in the classical limit. As expected, the discrepancy of the MF result with
respect to the exact one is of higher order in No−1 .
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F IGURE 6.3: Coherence properties of the transmitted beam as a function of
the incident intensity Iinc : in the upper panel, long-time first-order coherence
η = Icoh /Itr ; in the lower panel, one-time second-order coherence g (2) (0) =
2
â† â† ââ / â† â . The solid and the dotted curves are the approximated results
of linearized theory respectively for No = 8 and No = 2, while the long-dashed
and the dot-dashed are the exact ones for the same parameter choices. The arrows in the lower panel are the predictions of the analytical expression eq.(6.21)
for g (2) (0) in the low-intensity limit.

In the upper panel of fig.6.3, we have plotted the first order long time coherence of
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the transmitted beam
η=

limt→∞ â† (t)â(0)
Icoh
=
Itr
hâ† (0)â(0)i

(6.18)

as a function of the (normalized) incident intensity for different values of the critical
number No . All curves show a single minimum at a value of the incident intensity
which, being related to the crossover in the optical limiter response curve, results
approximately proportional to γNo ; the depth of such a minimum is approximately
inversely proportional to No . Perfect coherence η = 1 is recovered in the classical
limit No → ∞.

A similar behavior is found also for the one-time second-order coherence g (2) (0)
which is plotted in the lower panel of the same figure; a value for g (2) (0) smaller
than 1 means that the transmitted beam is antibunched, i.e. has reduced intensity
fluctuations as compared to a classical coherent beam. Such a quantum property
is a consequence of the optical limiter response and is at lowest order inversely
proportional to No .
As previously, the MF result is found to keep track in a correct way of the lowest
order fluctuations: the discrepancy with the exact result is in fact of higher order in
No−1 for any incident intensity. In particular, for the low intensity limit Iinc → 0 the
mean field theory predicts g (2) → 1 (see eq.(6.15)), since in this regime the system
behaves as an effectively linear one. On the other hand, the exact calculation gives a
value lower than 1, which is an unambiguous signature of the discrete nature of the
field: while the C-number variable which describes the field in the linearized treatment can assume any value, the quantum system can only be in a discrete ladder of
states. For an incident beam at exact resonance with the empty cavity, the |n = 1i
state is on resonance, while the second excited one |n = 2i is already out of resonance of a finite frequency 2ωnl . A straightforward but somewhat lengthy analytical
calculation for the steady state value of the density matrix ρ̂eq at lowest order in Iinc
leads to the expressions
4 |kinc ψinc |2
ρeq
'
(6.19)
11
γ2
and
ρeq
22 '

8 |kinc ψinc |4
2
γ 2 (γ 2 + 4ωnl
)

(6.20)

eq
for the matrix elements ρeq
11 = hn = 1|ρ̂eq |n = 1i and ρ22 = hn = 2|ρ̂eq |n = 2i. From
these expressions, it is immediate to obtain an expression of the one-time second
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order coherence function
g (2) (0) =

1
2ρeq
22
=
,
eq 2
1 + 4/No2
(ρ11 )

(6.21)

which is valid in the low-intensity limit for any value of No . This exact analytical
prediction is marked with horizontal arrows in the lower panel of fig.6.3 and the
agreement with the numerical result is excellent. As expected, in the classical N o →
∞ limit, the analytical expression eq.(6.21) tends to the mean-field prediction of 1
and, at lowest order, the discrepancy is proportional to No−2 .
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F IGURE 6.4: Incoherently transmitted intensity spectra: in the upper panel,
No = 8; in the lower one, No = 2. The solid lines refer to the exact calculations, while the dot-dashed ones are the result of the linearized approach. The
incident intensities are equal to Iinc = 0.64 and Iinc = 16 for the upper panel
spectra, and to Iinc = 0.1 and Iinc = 20 for the lower panel ones.

Finally, in fig.6.4 we have plotted a few spectra of the inelastically transmitted intensity in the zero detuning (∆ω = 0) case and we have compared the approximate
result of MFT to the exact one. Apart from the small central peak at ω = ωL = ωo
which appears at smaller values of No , both the position and the intensities of the
external peaks as predicted by the MFT are in excellent agreement with the exact
result. As previously, the larger the No parameter, the closer the similarity.
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In the present section, we shall not specifically address the case of a detuned driving
field ∆ω 6= 0 and we shall limit ourselves to a few remarks. In the case where the
detuning has opposite sign with respect to the nonlinear frequency shift of the cavity mode, the feedback of the nonlinearity on the transmission is still negative and
leads to the same optical limiter behavior previously described; only the frequencies of the dressed modes eq.(6.17) result different. On the other hand, when the
detuning has the same sign as the nonlinear shift, the feedback of the nonlinearity
results positive and MFT predicts the possibility of multiple steady-state solutions
of eq.(6.7) for a single value of the incident intensity.63 In this case, the linearized
theory can account only for the fluctuations occurring in the neighborhood of each
steady-state,160 but it does not keep track of effects related to quantum tunneling
from one steady-state to another.49, 156, 244, 261, 262 Nevertheless, the numerical solution
of the full master equation eq.(6.4) can provide us exact results for the coherence
properties of the transmitted beam; this topic will be matter of sec.6.4.

6.3 Strong nonlinearity: the (atom) blockade effect
In the previous section we have discussed the solution of the quantum master equation eq.(6.4) in the weak nonlinearity No  1 regime in which the exact numerical
solution is accurately approximated by the analytic mean-field result. In that case,
in fact, the behavior of the quantum field has been shown to be well reproduced by
a classical field while the discrete nature of the field was taken into account simply
by means of noise terms in the stochastic motion equations eq.(6.11)-(6.12). Unfortunately, an exact solution of the complete Positive-P equations eq.(6.8)-(6.9) does
not mathematically exist for small values of the critical number No because of the
well-known divergences of the wavefunction.169 Since a relatively small value of the
critical number No implies that only a moderate number of Fock states are actually
involved in the dynamics, a numerical calculation in the Fock basis can be easily
performed within a reasonable computation time; moreover, the results of the numerical calculations are themselves best understood in the number-state basis |ni.
In this basis, the Hamiltonian of the driven nonlinear single-mode cavity has the

Quantum theory of the single-mode nonlinear (atomic) Fabry-Perot cavity
form:
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For a vanishing driving Ei = ikinc ψinc , the eigenvectors of H are the Fock states |ni
themselves, and their eigenenergies are equal to nωo + n(n − 1)ωnl ; because of the
presence of nonlinear interactions, the energy splitting of adjacent modes, given by
ωo + 2nωnl , is a monotonically increasing (decreasing) function of n for repulsive
(attractive) interactions.
In the zero-detuning (∆ω = 0) case, only the transition |n = 0i → |n = 1i is on
resonance with the driving field; indeed, the higher states are shifted off the n-atom
resonance of a frequency (n−1)ωnl . In particular, an incident intensity of the order of
2
8ωnl
/γ = 8γ/No2 is required for the Rabi frequency |Ei | of the driving field to be equal
to the detuning of the |n = 2i level and thus for this to be effectively populated.

This physical picture is confirmed by the results of the numerical calculations reproduced in fig.6.5 and 6.6: for moderate intensities Iinc  I2 = γ/No2 , the cavity
shows a behavior analogous to the one of a driven two-level system; in particular,
the transmitted atomic beam has the same statistical properties as the resonance fluorescence from a single two-level atom.1, 49 Such an effect is the atom optical analog
of the well-known Coulomb blockade of electronic systems263–266 in which the change
in the electrostatic potential following the injection of a single carrier inside the device is able to bring the energy of its electronic states above the Fermi level of the
injector and thus forbid the injection of other carriers. In the atomic case, the collisional interaction energy following the presence of a single atom is able to shift the
cavity mode frequency of an amount equal to 2ωnl ; if the incident beam is initially
on resonance with the cavity, and if we are in a strong nonlinearity regime ωnl  γ,
the entrance of a second atom in the cavity is an off-resonant process, and thus it is
strongly suppressed. This means that before a second carrier can enter the cavity,
the first one must have left. As usual, the antibunching of the transmitted beam
which follows from this atomic blockade effect results in a suppression of intensity
fluctuations well below the shot-noise limit.
For strong nonlinearities (No  1), the characteristic incident intensity scale Isat for
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F IGURE 6.5: Transmission and coherence properties of a nonlinear Fabry-Perot
interferometer in the strong nonlinearity regime (No = 0.125) as a function of
the incident intensity: in the upper panel, transmitted intensity Itr (solid line),
coherent Icoh (dashed line) and incoherent Inc (dot-dashed) components. In the
lower panel, long time first order coherence η (solid line) and one-time second
order coherence g (2) (0) (dashed line). Atom Blockade behavior occurs for Iinc
comprised between Isat = γ and I2 = 64γ (vertical dashed lines).

the saturation of the two-level system, which is of the order of γ, is well separated
from the characteristic intensity I2 = γ/No2 for substantial population of the |n = 2i
state. Hence it exists an intensity window Isat  Iinc  I2 in which the two-level
system is effectively saturated but the higher excited states are still unpopulated: in
this window (denoted by the vertical dashed lines in fig.6.5) the atom blockade is
most effective in imposing the strict upper limit Itr ≤ γ/4 to the total transmitted
intensity. In this same intensity window, the spectral distribution of the transmitted
intensity is characterized by the usual coherent delta-like peak at ωL due to coherent
(elastic) transmission plus a triplet of peaks (the so-called Mollow triplet91 ) resulting
from incoherent transmission (see fig.6.6).
The intensity scale separation Isat  I2 translates into the characteristic dependence
of the total transmitted intensity on the incident intensity that can be observed in
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F IGURE 6.6: Incoherently transmitted intensity spectra in the strong nonlinearity regime (No = 0.125) for growing values of the incident intensity: in the upper
panel, Iinc = 0.2, 2, 6.5; in the lower one, Iinc = 20, 60, 240. The arrows correspond to the transition frequencies resulting from the dressed cavity approach;
the chosen parameters are the same (Iinc = 6.5, 240) as for the solid line spectra. In the lower panel, solid arrows correspond to transitions involving only
the |n = 0, 1i states, while the dotted and dashed ones correspond to weaker
transitions which involve respectively the |n = 2i and the |n = 3i states.

the upper panel of fig.6.5: first of all, when the two-level system is not saturated,
the transmitted intensity is a linear function of the incident one; then, for Iinc of
the order of γ, saturation of the two-level system occurs and the response flattens.
Finally, for Iinc of the order of γ/No2 , the transmitted intensity starts to grow again
thanks to the contribution of the |n = 2i state.

The behavior of the single coherent and incoherent contributions to the transmitted
intensity as functions of the incident intensity can also be interpreted within this
same picture. As in the classical two-level system,1 at low incident intensities most
of the transmission is coherent, since the coherent fraction Icoh is a linear function
of Iinc and the incoherent fraction Inc a quadratic one. When the two-level system is
appreciably saturated, the incoherent fraction starts to dominate, while the coherent
one drops to nearly zero. As the incident intensity grows even further, more than
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one atom can be simultaneously stored in the cavity mode, so that the |n = 2i state
results populated as well; therefore the coherent component starts to grow again,
while the incoherent one to decrease. In other terms, the first order coherence η
shows a minimum as a function of the incident intensity at a value corresponding to
the saturation plateau of the two-level transition. The population of the |n = 2i state
can be singled out just by looking at the one-time second-order coherence function
g (2) (0): for the ideal two-level system this quantity is rigorously zero for any value
of Iinc ; any departure from this value is a unambiguous signature of a population of
the |n ≥ 2i levels. For low incident intensities g (2) (0) has the very small value No2 /4
(see eq.(6.21)), while it is substantially larger than zero only above the saturation
plateau.
In order to explain the incoherent transmission spectra reproduced in fig.6.6, it can
be useful to apply the dressed states technique to the physical system formed by the
cavity plus the driving field.1, 267 In analogy to what is usually done in the dressed
atom model, we shall label the quantum states of such system with a pair of integer
numbers (N , n), respectively denoting the number of atoms in the driving field and
in the cavity mode. In the dressed atom model, the integer number n is generally
replaced by a discrete index running over the different internal states of the fluorescing atom and N has the physical meaning of number of photons in the incident
laser beam.
Neglecting for the moment the radiative damping of the cavity mode, the total number of atoms NT = N + n is a conserved quantity; since N is assumed to be very
large, adjacent manifolds have the same structure and are spaced from each other by
an amount equal to the incident laser frequency ωL ; in particular, the corresponding
eigenstates only differ for the number N of atoms in the driving field. Within each
constant NT manifold, the Hamiltonian of the dressed system in the Fock |ni basis
has the simple form



0
Ei
0
0
√
 ∗
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 Ei −∆ω
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As it is sketched in fig.6.7a, transitions between one manifold to the immediately
lower one occur because of radiative losses through the non-perfectly reflecting mir-
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rors and give rise to the incoherent component of the transmitted beam. Denoting
with ωα the energy of the |ψα i eigenstate of a manifold, we expect that the spectrum
of incoherently transmitted atoms will be peaked at the frequencies ωL + (ωα − ωβ );
the intensity of each peak is proportional to the matrix element of the corresponding
transition |hψα |â|ψβ i|2 times the population Nα of the departure level |ψα i.

For moderate intensities Iinc  γ/No2 the mixing of the bare states into the new
dressed states is limited to the two lowest states of the manifold, while the upper
states nearly coincide with the |n ≥ 2i states and are nearly unpopulated; for this
reason transitions involving these upper states give a negligible contribution to the
incoherent transmission spectra. In this regime, these spectra are thus the usual
Mollow spectra of resonance fluorescence from driven two-level systems: at very
low intensity, there is a single peak at ωo ; for intensities at least of the order of the
saturation intensity |Ei | ' γ, there starts to be a symmetric triplet of peaks at respectively ωo and ωo ± |Ei |, the central peak having a height three time larger than the
lateral ones (see fig.6.6b).
At stronger intensities, when a larger number of states of the cavity begins to be
effectively populated, the structure of the manifolds becomes more complex and
additional peaks can be found in the wings of the fluorescence spectra; the stronger
the driving field, the larger the mixing of |n ≥ 2i states with the lower ones and
consequently the stronger the intensity of the peaks corresponding to transitions
involving such states.
A simple numerical diagonalization of the Hamiltonian eq.(6.23) gives the frequencies of the peaks: in fig.6.7b we have reproduced the dependence of the frequency of
the lowest dressed states on the driving strength. Obviously, since the higher state
population is very small as well as the matrix elements of the transitions reaching
them, only a few peaks are visible in the actual spectra plotted in fig.6.6. Comparison between the two approaches is easily made: the transition frequencies as they
are predicted by the dressed state picture have been marked by vertical arrows; the
agreement with the numerical peaks is excellent. Solid arrows refer to the transitions
involving only |n = 0i and |n = 1i, which are visible at any intensity; on the other
hand, dotted (dashed) arrows denote transitions which involve the |n = 2i ( |n = 3i)
state as well; given their weakness, the corresponding peaks can be distinguished
from the underlying pedestal only at high intensities.
Remarkably, the intensity of the central peak at ωo decreases for growing intensity
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F IGURE 6.7: Strong nonlinearity regime (No = 0.125): sketch of the dressed
cavity level scheme (panel a); dressed state frequencies (panel b) as a function
of the incident intensity Iinc for the ∆ω = 0 case. The vertical dashed lines
correspond to the intensity values used in fig.6.6.
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with respect to the first pair of side peaks: this evolution suggests a smooth transition towards the two-peaked spectra obtained by means of the semiclassical approach described in the previous section; at very high driving intensity, in fact, when
the mean occupation number of the cavity is much larger than one, fluctuations result again well described by the linearized theory of the previous section.
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F IGURE 6.8: Effect of a finite detuning ∆ω on the incoherently transmitted intensity spectra in the strong nonlinearity regime (No = 0.125, Iinc = 160): in the
upper panel, spectra for ∆ω/γ = −8, 0, 8 (respectively, dashed, dot-dashed and
solid lines); arrows indicate the transition frequencies according to the dressed
cavity model: solid arrows refer to the ∆ω/γ = 8 spectrum, dotted arrows to
the ∆ω/γ = −8 one. In the lower panel, plot of the dressed state frequencies as
function of the detuning ∆ω. The vertical dashed lines correspond to the values
of the detuning which have been used in panel (a).

The dressed cavity model can be extended to the case of a non-vanishing detuning
∆ω as well: the positions of the peaks are again well reproduced in terms of transitions connecting dressed states of adjacent manifolds. In the upper panel of fig.6.8
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we have plotted a series of spectra for different detunings: the spectra are centered
at the incident frequency ωL , i.e. the spacing between adjacent manifolds.
When ∆ω and ωnl have opposite signs, the nonlinear feedback on transmission is
negative and the population of the upper states of the manifold is further reduced
with respect to the ∆ω = 0 case; the lateral peaks in the spectra are therefore even
weaker. On the other hand, when ∆ω and ωnl have the same sign and the nonlinear
feedback is positive, the population of the upper states of the manifold is enhanced
and the spectra show a larger number of peaks. As previously, their frequencies result in good agreement with the predictions of the dressed cavity model, which are
marked with arrows in the figure. In the lower panel of the same fig.6.8, we have
specifically plotted the position of the different dressed states as function of the detuning as they have been determined by numerically diagonalizing the Hamiltonian
eq.(6.23).

6.4 Quantum tunneling effects in optical bistability
In the previous section we have studied the coherence properties of the transmitted
atomic beam in the case the incident beam is exactly on resonance with the empty
cavity; these effects are the generalization to the quantum No ≤ 1 regime of the wellknown optical limiting effect which is observed whenever the nonlinearity gives a
negative feedback on the transmittivity.
For the case of repulsive interactions, the nonlinear shift ωmf of the cavity resonance
is a positive quantity and optical limiting occurs if ωL ≤ ωo ; on the other hand, optical bistability is expected to occur in the opposite ωL > ωo case, when the nonlinear
feedback on the transmission is positive.
In this case, the mean-field steady-state equation eq.(6.7) possesses multiple solutions for a given range of incident intensities; if all fluctuations are neglected, such
solutions correspond to true steady states which last for an indefinite time. This
picture is clearly correct only for sufficiently large values of No : as we have discussed in the previous section, the amplitude of quantum fluctuations is inversely
proportional to No , so that a large No means that the fluctuations explore only a
small neighborhood of the steady state and the probability of a fluctuation large
enough to induce a tunneling event from one steady state to another is exponentially small.156, 261, 262
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For smaller values of the critical number No , tunneling effects from one branch of
the bistability curve to the other start to be important even for a perfectly coherent
incident beam; in this case, a linearized treatment of fluctuations is not sufficient any
more and a full quantum calculation has to be performed by numerically solving
the complete quantum master equation in some representation;244 given the range
of parameters we are interested in, our numerical calculations have been performed
in the same Fock state basis as before.
From the point of view of the master equation, optical bistability emerges in the
steady-state of the density matrix simply as a statistical mixture of the two steadystates of the mean-field approach, the “transmitting” and the “non-transmitting”
ones; formally, the density matrix can therefore be written in the form
(2)
ρss = α1 ρ(1)
ss + α2 ρss

(6.24)

(1,2)

where each of the components ρss describes a state in which the number of quanta
in the cavity is almost constant and equal to the corresponding mean-field solution;
the fact that the steady-state density matrix is a mixture physically follows from
the tunneling events which connect one state to the other and determine the relative weights α1,2 of the two components. From the point of view of the correlation
functions of the cavity field, optical bistability reflects into the appearance of two
different time scales in the relaxation dynamics: a fast τf ≈ γ −1 time scale corre(1,2)
sponds to the equilibration of each of the ρ(1,2) towards its steady-state ρss , while
the slow τs time scale corresponds instead to the final equilibration of the weights
of the two components α1,2 through the tunneling events.
In the left panel of fig.6.9, we have plotted the characteristic transmitted vs. incident intensity curve for an example of nonlinear cavity: unlike the mean-field result,
the full quantum calculation for the mean transmitted intensity does not show any
(1,2)
bistable behaviour, the resulting value being the average over the two ρss components. This can be better observed in the probability distribution for the number of
quanta in the cavity that has been plotted in the right panel: as expected, this shows
two maxima for incident intensities within the mean-field bistability loop;156 the
smooth transition from a single peak around the empty cavity (“non-transmitting”
state) towards a single peak at a non-zero value (“transmitting” state) follows the
smooth rearrangement of the weights α1,2 of the two components.
The characteristic bi-peaked shape of the atom-number probability distribution reflects into a peculiar behaviour (fig.6.10) of the second-order coherence function: at
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F IGURE 6.9: Left panel: Characteristic transmitted vs. incident intensity curve;
∆ω = 3γ, ωnl = 0.5γ. Solid line: quantum calculation. Dashed line: meanfield result. Vertical lines correspond to the incident intensities used in the right
panel and in fig.6.10. The disagreement at large incident intensities is due to
quantum fluctuations around the (single) mean-field steady state. Right panel:
Atom-number probability distribution for different values of the incident intensity Iinc /γ = 0.28 (solid), 2.8 (dashed), 3.1 (long-dashed), 6.7 (dot-dashed).
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F IGURE 6.10: Second-order coherence function g (2) (t) for different values of the
incident intensity Iinc /γ = 0.28 (solid), 2.8 (dashed), 3.1 (long-dashed), 6.7 (dotdashed). Same cavity parameters as in fig.6.9.
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very short times g (2) (t ' 0) shows a value definitely larger than one; after a few
oscillations, quickly damped on a time scale of the order of τf , g (2) (t) exponentially
relax to the long-time value of 1 within a slow characteristic time τs  τf determined by the tunneling rate. This behaviour is easily explained: the detection of a
first atom projects the density matrix mainly on its large n component; the observation of a second atom after a short time has now an enhanced probability; the fast
relaxation follows from the fact the projected density matrix is not exactly equal to
(2)
the steady-state ρss . At longer times, tunneling events tend to reequilibrate ρ to the
steady state ρss ; as we can see in fig.6.11, for incident intensities within the meanfield hysteresis loop, the characteristic time τs of the exponential decay turns out to
be much longer than the cavity damping time γ −1 .
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F IGURE 6.11: Tunneling time τs as a function of the incident intensity. Same
cavity parameters as in fig.6.9. Vertical lines correspond to the boundaries of the
mean-field bistability region.

If the detuning of the incident beam ∆ω = ωL − ωo is such that the cavity energy
nωo + n(n − 1)ωnl is on resonance with the incident beam after the injection of n = Nr
atoms
∆ω
,
(6.25)
Nr = 1 +
ωnl
a sort of n-atom transmission process is expected, in much the same way as nphoton absorption occurs if a laser beam is resonant with a n-photon atomic transition at ωa = nωL . In physical terms, we expect that the transmitted beam in the
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limit of very low incident intensity will be formed by a sort of discrete bunches containing a number of atoms of the order of Nr and separated by intervals of time in
which no atom is present; since there is no physical binding between the atoms in
the transmitted beam, the bunches are quickly spred out because of the curvature
of the atomic dispersion and thus can be observed only at moderate distances from
the cavity.
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F IGURE 6.12: Value of the nth order coherence function g (n) (0) as a function of
n in the weak incident intensity limit. ∆ω/ωnl = 3 (solid: Nr = 7), 2.5 (dashed:
Nr = 6), 2 (long-dashed: Nr = 5); ωnl = 0.5γ. Dot-dashed line: g (n) (0) for the
case of a thermal beam.

This physical idea can be formalized268 in terms of the coherence functions of the
transmitted beam: if we plot the value of the nth -order coherence function g (n) (t =
0) as a function of the order n, we expect it to be peaked around the number of
atoms within the bunch. From the numerical calculations summarized in fig.6.12
it is immediate to observe that the value of g (n) can be substantially larger than
the corresponding value for a chaotic thermal beam: this is a clear signature of a
strong bunching effect. Furthermore, the maximum of g (n) is found around n ≈ 2Nr
and the maximum of its slope is around n ≈ Nr ; these last results are in qualitative
agreement with the simple physical picture of the discrete bunches.
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6.5 Conclusions and perspectives
In the present chapter we have investigated the nonlinear atom optical effects which
arise from atom-atom collisional interactions in a single-mode atomic Fabry-Perot
cavity driven by a coherent atom laser beam; in particular, we have numerically
solved the full quantum master equation in a number-state basis and we have given
a physical interpretation of the obtained results.269
Provided the nonlinear interaction energy per atom is small, the exact results are
well reproduced by the mean-field theory in which the atomic field is described as
a classical C-number field and quantum fluctuations are taken into account using
a linearized version of the stochastic differential equations of Positive-P representation.
In the opposite limit of strong nonlinearity, the mean-field theory breaks down; for
an incident beam exactly on resonance with the empty cavity, a sort of atom blockade effect is predicted: the presence of a single atom in the cavity mode pushes the
mode frequency off-resonance from the incident field so that a second atom can not
enter the cavity but at very large incident intensities. The statistical properties predicted by the numerical calculations are very similar to the resonance fluorescence
ones from a two-level system. A very strong incident beam is necessary for several
atoms to be simultaneously forced into the cavity mode; this is reflected in a peculiar behavior of the transmitted intensity a function of the incident intensity. The
multiplet of peaks which characterizes the spectral distribution of the incoherently
transmitted atoms can be interpreted as arising from radiative transitions between
dressed states of the driven cavity: the agreement between the predictions of the
dressed cavity model and the frequencies of the numerical peaks is excellent.
For the case of a positive nonlinear feedback on transmission, mean-field is wellknown to predict atom optical bistability. A complete treatment of the problem in
terms of the density matrix has confirmed the expectation that the steady state density matrix is a statistical mixture of the two mean-field steady states (the “transmitting” and the “non-transmitting” ones) and tunneling events allow for transitions
from one of them to the other in a finite time τs ; the larger the critical number No ,
the longer the tunneling time and therefore the more “classical” the behaviour of the
system. From the point of view of the coherence functions, in addition to the usual
damping time τf ≈ γ −1 , a longer time scale appears, corresponding to the tunneling
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time τs ; as an example, the second-order coherence shows a long-time exponential
tail with a time constant equal to τs .
If the detuning of the atom laser from the cavity mode is such that the simultaneous
injection of Nr atoms is a resonant process since Nr ωL = Nr ωo + Nr (Nr − 1)ωnl , a sort
of Nr -atom transmission phenomenon occurs, in which the atoms are most likely
transmitted in bunches containing a number of atoms of the order of Nr separated
by time intervals in which no atoms are present. Such a simple physical picture is
confirmed by numerical calculations for the coherence function g (n) (0) of the transmitted beam as a function of n.
Although all the discussion is mainly focussed on the case of atomic Fabry-Perot
cavities, similar results hold for optical resonators filled of a nonlinear medium; in
this latter case, since the intrinsic optical nonlinearity of current materials is generally very weak, clever schemes have to be adopted in order to enhance the nonlinear
coupling per photon and depress losses so to attain the quantum No ≤ 1 regime. On
the other hand, the Fabry-Perot cavity for atomic matter waves proposed in chap.5
is expected to be already close to this condition.

173

Chapter 7
A stochastic macroscopic
wavefunction approach to the
interacting Bose gas
In the previous chapter we have studied the quantum dynamics of an interacting
Bose field spatially localized in a Fabry-Perot cavity driven by an external coherent
field: the discrete mode structure of the cavity has suggested a single-mode approximation which has allowed for calculations to be performed in a reasonably small
Hilbert space.
Here we shall address the much more difficult case of a spatially distributed field
for which a large number of modes has to be taken into account: for instance, this
is the case of a trapped atomic Bose condensates. A brute force approach to the
N −body problem inside a trap would require to cope with a Hilbert space with a
dimension equal to mN , m being the number of field modes to be considered; for any
practical case, such a task is numerically untractable and other techniques have to
be developed; the calculations described in the previous chapter have been possible
only thanks to the m = 1 condition.
At very low temperature, a simple theoretical description of the dynamics of these
multimode systems is obtained by making the usual mean-field approximation, in
which all the atoms are assumed to share a single quantum state and the uncondensed fraction is completely neglected. In this approach, the wave function of the
condensate obeys the Gross-Pitaevskii equation eq.(4.21) in which the interactions
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between the atoms are described by a simple cubic term; such an approach neglects
two- and more-particle correlations and is valid at zero temperature under a diluteness condition which is usually stated in terms of the density n and the scattering
length a of the gas as (na3 )1/2  1; current gaseous condensates satisfy such a condition but finite temperature phenomena are not included in this mean field approach.
In the present chapter, we shall describe the principles of a novel approach to the exact time-evolution of an interacting Bose gas: we shall discuss how a generalization
of the Gross-Pitaevskii equation including a stochastic term leads to an exact reformulation of the time-dependent N -body bosonic problem in terms of the stochastic
evolution of single particle wavefunctions. In this way, an exact and numerically
tractable approach to the problem of the interacting Bose gas is obtained, an approach not restricted to thermal equilibrium case but which allows for the study of
the time evolution of any observable of the quantum gas under examination.
The principle of the method is based on the stochastic evolution of an Hartree state
ansatz in which all atoms share the same wavefunction and this latter evolves according to a stochastic partial differential equation. Depending on the specific form
of the Hartree states – either Fock states with a fixed number of atoms or coherent
states can be used – different forms of the stochastic evolution can be obtained with
completely different statistical properties. Since the exactness conditions do not
completely determine the form of the stochastic evolution within a given ansatz,
a further freedom in the choice of the specific form of the stochastic equations is
available for the optimization of the statistics and the stability of an actual simulation. As a particular solution within the coherent state ansatz, we have recovered
the stochastic scheme of the positive-P representation;49, 170, 270 although this specific
choice is well-known to have serious instability problems,169 other schemes have
been found to give differential equations with a regular solution for all times; in
these cases, the efficiency of the method is only limited by the computational time.
In sec.7.1, we shall present the stochastic formulation of the many-body problem
and we shall determine the conditions for recovering the exact evolution after the
average over the stochastic noise. The following sec.7.2 is devoted to the presentation of two particular schemes implementing this stochastic formulation: we first
present a simple scheme, which minimizes the statistical spread of the calculated N atom density matrix, and then a more elaborate scheme in which the trace of the
calculated density matrix is strictly fixed in the evolution so as to reduce the statistical error of an actual simulation. With this latter constraint, we recover for the
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coherent state ansatz the known stochastic simulation associated with the positive-P
representation;170 unfortunately, such constant trace simulations are subject to divergences of the norm of the wavefunction which explodes to infinity after a finite time.
In secs.7.3 and 7.4 we finally investigate two examples (a two-mode model and a
one-dimensional Bose gas) which illustrate the accuracy and the limitations of the
methods. Generally speaking, we find that the simple simulations are only limited
by the computation power: the number of realizations needed for a good statistical
accuracy increases exponentially with the time with an exponent γ ∝ N V (0). For
this reason, these simple schemes are not well suited to determine small deviations
from the mean-field approximation in the large N limit but can be more efficiently
applied to systems with a small number of particles, such as small atomic clouds
tightly trapped at the nodes or antinodes of an optical lattice. On the other hand,
the divergences of the norm of the wavefunction which characterize the constant
trace simulations impose serious limitations to their practical use.
Although the discussion of the present chapter is mainly focussed on the dynamics of trapped atomic ensembles, there is no reason not to extend the approach to
multimode nonlinear photonic systems such as planar microcavities: thanks to the
analogy between interacting matter and light waves, the same interaction Hamiltonian used for the collisional atom-atom interactions can be applied to describe the
third order polarizability of nonlinear optical materials with an intensity-dependent
refraction index.
In particular, the stochastic techniques developed in the present chapter can be applied to the study of the quantum correlations among the different transverse modes
of the light field of a planar system: in this case, in fact, the transverse modes are
not well spaced in energy and a single mode approximation is not allowed; as the
quantum depletion of the condensate or the damping of large amplitude collective
excitations can give rise to a cloud of non-condensed atoms, in the same way nonlinear photon-photon interactions can populate modes other than the driven one.
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7.1 Stochastic formulation of the N -boson problem using Hartree functions
The Hamiltonian of the trapped interacting Bose gas under examination can be written in terms of the Bose field operator Ψ̂(x) as:
Z
Z Z
1
†
H = dx Ψ̂ (x)h0 Ψ̂(x) +
dx dx0 Ψ̂† (x)Ψ̂† (x0 )V (x − x0 )Ψ̂(x0 )Ψ̂(x)
(7.1)
2

~
∇2 + Vext (x) is the
where x is the set of spatial coordinates of a particle, h0 = − 2m
single particle Hamiltonian in the external confining potential Vext and where interactions are assumed to occur via a two-body potential V (x − x0 ).
2

In practice we consider the dilute gas and the low temperature regimes, which correspond respectively to n|a|3  1 and |a|  λ for a three-dimensional problem
(λ = h/(2πmkB T )1/2 is the thermal de Broglie wavelength). The true interaction
potential can then be replaced by a simpler model potential leading to the same
scattering length a provided that the range b of this model potential is much smaller
than the healing length ξ = (8πna)−1/2 and than λ. This ensures that the physical results do not depend on b. For simplicity we will use here repulsive Gaussian
potentials corresponding to a positive scattering length a > 0.

7.1.1 A stochastic Hartree Ansatz with Fock states
From a mathematical point of view, the exact evolution of the N -body density matrix ρ can be obtained from the Hamiltonian eq.(7.1) using the quantum-mechanical
equation of motion
1
ρ̇(t) =
[H, ρ(t)]
(7.2)
i~
but any concrete calculation is impracticable even for moderate particle numbers N ,
due to the multi-mode nature of the problem leading to a huge dimensionality of
the N −body Hilbert space.

For this reason approximate theories have been developed in order to get useful
results at least in some specific ranges of parameters; the simplest one is the socalled mean-field theory, in which the N -particle density matrix is approximated by
a Fock state Hartree ansatz
ρ(t) = |N : φ(t) ih N : φ(t)|.

(7.3)
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The evolution of the normalized condensate wave function φ is determined using a
variational procedure. The result of such a procedure is the well-known mean-field
equation

 2 2

Z
∂φ(x)
~ ∇
0
0
0 2
i~
= −
+ Vext (x) φ(x) + (N − 1)
dx V (x − x ) |φ(x )| φ(x). (7.4)
∂t
2m

For an interaction potential V (x − x0 ) modeled by a contact term gδ(x − x0 ) (where
g = 4π~2 a/m in a three-dimensional problem) it reduces to the Gross-Pitaevskii
equation commonly used to analyze the dynamics of pure Bose-Einstein condensed
gases.
A first attempt to improve the accuracy of the Hartree ansatz eq.(7.3) is to allow for
a stochastic contribution dB in the evolution of the macroscopic wave function φ:
φ(t + dt) = φ(t) + F dt + dB

.

(7.5)

In all this chapter the noise dB is treated in the standard Ito formalism:239 it is assumed to have a zero mean dB = 0 and to have a variance dB 2 ∝ dt; a deterministic
contribution is given by the force term F dt. In this framework, the N -body density
matrix would result from the stochastic mean over noise or, in other terms, from
a mean over the probability distribution P(φ) in the functional space of the wave
functions φ:
Z
D
E
?
ρ(t) = |N : φ(t) ih N : φ(t)|
= Dφ P(φ) |N : φ(t) ih N : φ(t)|.
(7.6)
stoch

An immediate advantage of this prescription over the pure state ansatz eq.(7.3) is
that it can deal with finite temperature problems.271 However as shown in sec.7.1.4,
the simple generalization eq.(7.5) of the Gross-Pitaevskii equation cannot lead to an
exact solution of the N -body problem (a) . We have therefore to enlarge the family of
dyadics over which we expand the density operator; more precisely we use Hartree
dyadics in which the wave functions in the bra and in the ket are different:
σ(t) = |N : φ1 (t) ih N : φ2 (t)| .

(7.7)

The two wave functions φ1 (x) and φ2 (x) are assumed to evolve according to Ito
stochastic differential equations:
φα (t + dt) = φα (t) + Fα dt + dBα
(a)

(α = 1, 2).

(7.8)

One can show that the distribution P(φ) evolves according to a functional Fokker-Planck equation with a non-positive diffusion coefficient and therefore cannot be simulated by a Brownian
motion of φ. In quantum optics this problem is known to occur in the Glauber-Sudarshan Prepresentation of the density matrix [239, chap.10, §7].
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The expansion eq.(7.6) is then replaced by
D
E
=
ρ(t) = |N : φ1 (t) ih N : φ2 (t)|
stoch
Z
Z
=
Dφ1 Dφ2 P(φ1 , φ2 ) |N : φ1 (t) ih N : φ2 (t)|. (7.9)
We will see in the following that within this extended Hartree ansatz one can find a
stochastic evolution for φ1,2 reproducing the exact time evolution.

Actual calculations (sec.7.3 and 7.4) will be performed with a Monte-Carlo technique, in which the evolution of the probability distribution P is simulated by a
(i)
large but finite number N of independent realizations φ1,2 (t), i = 1, . . . , N . At any
time the (approximate) density matrix ρ is given by the mean over such an ensemble
of wave functions:
N
1 X
(i)
(i)
ρ(t) '
|N : φ1 (t) ih N : φ2 (t)|.
(7.10)
N i=1
The expectation value of any operator Ô is thus expressed by:

N
E
D E
1 XD
(i)
(i)
N : φ2 (t)|Ô|N : φ1 (t) .
Ô '
N i=1

(7.11)

For an Hermitian operator one can equivalently consider only the real part of this
expression since the imaginary part is vanishingly small in the large N limit.

Consider as an example the one-particle density matrix of the gas, usually defined
as:
D
E
ρ(1) (x, x0 ) = Ψ̂† (x0 )Ψ̂(x) .
(7.12)
Inserting in this expression our form of the complete density matrix eq.(7.10), we
obtain the simple result
D
E
ρ(1) (x, x0 ) = N φ1 (x)φ∗2 (x0 ) hφ2 |φ1 iN −1
(7.13)
stoch

from which it is easy to obtain the spatial density n(x) = ρ(1) (x, x) and the correlation function g (1) (x, x0 ) = ρ(1) (x, x0 )/(n(x)n(x0 ))1/2 . Also, the condensate fraction can
be obtained from the largest eigenvalue of ρ(1) (x, x0 ).
Remarks:

1. The desired stochastic evolution, which has to satisfy Tr[ρ] = 1, cannot preserve the normalization of φ1,2 to unity; we can write indeed
D
E
Tr[ρ(t)] = hφ2 (t)|φ1 (t)iN
=1
(7.14)
stoch
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which for |φ1 i 6= |φ2 i imposes ||φ1 || ||φ2 || > 1.
2. The expansion eq.(7.9) is always possible with a positive distribution function
Pt (φ1 , φ2 ). We prove this statement by showing that a general density operator
ρ can be written as in eq.(7.10) in the limit N → +∞. Using the identity
M

1 X
IdN = lim
|N : ψ (j) ihN : ψ (j) |
M→+∞ M
j=1

(7.15)

where the functions ψ (j) have a uniform distribution over the unit sphere in
the functional space, we obtain
ρ=

M
1 X
|N : ψ (j1 ) ihN : ψ (j2 ) | hN : ψ (j1 ) |ρ|N : ψ (j2 ) i.
M→+∞ M2
j ,j =1

lim

1

(7.16)

2

This expression is not yet in the form of eq.(7.10) since the matrix elements
hN : ψ (j1 ) |ρ|N : ψ (j2 ) i are complex. Fortunately we can always write this matrix
element as the 2N -th power of the complex number ξ(j1 ,j2 ) . It is then sufficient
(j ,j )
(j ,j )
∗
to set φ1 1 2 = ψ (j1 ) ξ(j1 ,j2 ) and φ2 1 2 = ψ (j2 ) ξ(j
, to put N = M2 and to
1 ,j2 )
reindex (j1 , j2 ) as a single index i, in order to recover the expansion eq.(7.10).
Note that this expansion is not unique and does not have the pretension to
be the most efficient one. For instance if the system is initially in a Hartree
state |N : φ0 i, such a procedure is clearly not needed since one has just to set
(i)
(i)
φ1 (t = 0) = φ2 (t = 0) = φ0 . This will be the case of the numerical examples
in sections 7.3 and 7.4.

7.1.2 Stochastic evolution of a Fock state Hartree dyadic
In this subsection we calculate the stochastic time evolution during an infinitesimal
time interval dt of the dyadic σ(t) given in eq.(7.7). This will be used later in a
comparison with the exact master equation.
After dt, the dyadic σ has evolved into:
σ(t + dt) = |N : φ1 + dφ1 ih N : φ2 + dφ2 |,

(7.17)

where dφ1 and dφ2 , defined according to eq.(7.8), contain both the deterministic contribution Fα dt and the stochastic one dBα . Splitting each contribution into a lon-
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gitudinal and an orthogonal component with respect to φα and isolating a GrossPitaevskii term in the deterministic contribution, we can write:
dBα (x) = φα (x) dγα + dBα⊥ (x)

(7.18)

Fα (x) = FαGP (x) + λα φα (x) + Fα⊥ (x).

(7.19)

Our choice of the Gross-Pitaevskii term is the following one:


Z
1
(N − 1)
0
0
0 2
GP
dx V (x − x ) |φα (x )| φα (x)
Fα (x) =
h0 +
i~
kφα k2


1 (N − 1) hφα φα |V |φα φα i
−
φα (x).
i~
2
kφα k4

(7.20)

The first term gives the standard Gross-Pitaevskii evolution, i.e. the kinetic term, the
potential energy of the trap and the mean-field interaction energy; the second term,
which arises naturally because we are considering Fock states (rather than coherent
states as commonly done) takes into account the difference between the total meanfield energy per particle of the condensate and its chemical potential µ.272
We split the field operator in its longitudinal and transverse components, keeping
in mind that the wave functions φα are not of unit norm:
Ψ̂† (x) =
with
a†φα

=

φ∗α (x) †
aφ + δ Ψ̂†α (x)
kφα k2 α

Z

dx φα (x) Ψ̂† (x).

(7.21)

(7.22)

The relevant bosonic commutation relations then read:
[aφα , a†φα ] = kφα k2

and

[aφα , δ Ψ̂†α (x)] = 0.

We will also need the projector Qα onto the subspace orthogonal to φα :
Z
φα (x)
(x)
0
0
Qα [ψ(x, x , . . .)] = ψ(x, x , . . .) −
dy φ∗α (y) ψ(y, x0, . . .).
2
||φα ||

(7.23)

(7.24)

This projector arises in the calculation as we have introduced a component of the
R
field operator orthogonal to φα . Using dx φα (x) δ Ψ̂†α (x) = 0 we shall transform
integrals involving δ Ψ̂†α (x) as follows:
Z
Z
0
†
0
†
dx ψ(x, x , . . .)δ Ψ̂α (x) = dx Q(x)
(7.25)
α [ψ(x, x , . . .)]δ Ψ̂α (x).
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Inserting these definitions in eq.(7.17) the expression for σ at time t + dt can be
written as
(0)

σ(t + dt) − σ(t) = S1 |N : φ1 ih N : φ2 | + e.c.
Z
(1)
+
dx S1 (x)δ Ψ̂†1 (x)|N − 1 : φ1 ih N : φ2 | + e.c.
ZZ
(2)
+
dx dx0 S1 (x, x0 )δ Ψ̂†1 (x)δ Ψ̂†1 (x0 )|N − 2 : φ1 ih N : φ2 | + e.c.
ZZ
+
dx dx0 S (1,1) (x, x0 )δ Ψ̂†1 (x)|N − 1 : φ1 ih N − 1 : φ2 |δ Ψ̂2 (x0 )

(7.26)

where the notation e.c. stands for the exchanged and conjugate of a quantity, i.e. the
complex conjugate of the same quantity after having exchanged the indices 1 and 2.
(i)
The explicit expressions for the Sα are:
(0)

S1
(1)

= N

S1 (x) =

√

φ1 |F1GP
kφ1 k2

dt + N λ1 dt + N dγ1 +

N (N − 1) 2 N 2
dγ1 +
dγ1 dγ2∗
2
2
(7.27)

n

(x) 
N Q1 F1GP (x) dt + F1⊥ (x)dt + dB1⊥ (x)+

+(N − 1)dγ1 dB1⊥ (x) + N dB1⊥ (x) dγ2∗
p
N (N − 1) ⊥
(2)
S1 (x, x0 ) =
dB1 (x) dB1⊥ (x0 )
2
S (1,1) (x, x0 ) = N dB1⊥ (x) dB2⊥∗ (x0 ).
(0)

(1)

(7.28)
(7.29)
(7.30)

(2)

Analogous expressions for S2 , S2 , S2 are obtained by exchanging the indices 1
and 2. In the next subsection, we evaluate the exact evolution of the same dyadic
during a time interval dt, so that we can determine the constraints on the force and
noise terms entering into these equations.

7.1.3 Exact evolution of a Fock state Hartree dyadic
To make the stochastic scheme described in the previous sections equivalent to the
exact dynamics as it is given by eq.(7.1), the final result of the previous subsection
eqs.(7.26-7.30) has to be compared with the exact evolution of the density matrix
σ(t). Consider a dyadic σ = |N : φ1 ih N : φ2 | at time t; according to the equation of
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motion eq.(7.2), after an infinitesimal time step dt it has evolved into:
dt
(Hσ(t) − σ(t)H) =
i~
(0)
= σ(t) + E1 |N : φ1 ih N : φ2 | + e.c. +
Z
(1)
+
dx E1 (x)δ Ψ̂†1 (x)|N − 1 : φ1 ih N : φ2 | + e.c.
ZZ
(2)
+
dx dx0 E1 (x, x0 )δ Ψ̂†1 (x)δ Ψ̂†1 (x0 )|N − 2 : φ1 ih N : φ2 | + e.c.

σ(t + dt) = σ(t) +

(7.31)

(i)

where the Eα are given by


N dt hφ1 |h0 |φ1 i (N − 1) hφ1 φ1 |V |φ1 φ1 i
(0)
E1 =
+
(7.32)
i~
2
kφ1 k2
kφ1 k4
√



Z
(N − 1)
dt N (x)
(1)
0
0
0 2
Q1
h0 +
dx V (x − x ) |φ1 (x )| φ1 (x)
E1 (x) =
i~
kφ1 k2
(7.33)
p
dt N (N − 1) (x) (x0 )
(2)
Q1 Q1 [V (x − x0 )φ1 (x)φ1 (x0 )].
(7.34)
E1 (x, x0 ) =
2i~
(0)

(1)

(2)

Analogous expressions for E2 , E2 , E2 are obtained by exchanging the indices 1
and 2.

7.1.4 Validity conditions for the stochastic Fock state Hartree ansatz
The similarity of the structures of eq.(7.26) and eq.(7.31) suggests the possibility of
a stochastic scheme equivalent to the exact evolution: to achieve this, it is necessary
to find out specific forms of deterministic eq.(7.19) and stochastic eq.(7.18) terms for
(i)
(i)
which the mean values of the Sα equal the Eα :
(0)

(0)∗

S1 + S 2
(1)
Sα (x)

(0)

(0)∗

= E1 + E2

= Eα(1) (x)

(2)

(7.35)
(7.36)

Sα (x, x0 ) = Eα(2) (x, x0 )

(7.37)

S (1,1) (x, x0 ) = 0.

(7.38)

From the last equation eq.(7.38), it follows immediately why independent bras and
kets are needed in the ansatz eq.(7.7): in the case φ1 = φ2 = φ such a condition
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would in fact lead to a vanishing orthogonal noise and finally to the impossibility
of satisfying eq.(7.37).
In terms of the different components, these conditions can be rewritten as:
(N − 1)  2
∗
dγ1 + dγ22 + N dγ1 dγ2∗ = 0
2
⊥
F1 (x) dt + (N − 1)dB1⊥ (x) dγ1 + N dB1⊥ (x) dγ2∗ = 0
(λ1 + λ∗2 ) dt +

F2⊥ (x) dt + (N − 1)dB2⊥ (x) dγ2 + N dB2⊥ (x) dγ1∗ = 0
dt
0
dBα⊥ (x)dBα⊥ (x0 ) = Qxα Qxα [V (x − x0 )φα (x)φα (x0 )]
i~
∗
dB1⊥ (x)dB2⊥ (x0 ) = 0.

(7.39)
(7.40)
(7.41)
(7.42)
(7.43)

As we shall discuss in detail in sec.7.2, several different stochastic schemes can be
found satisfying eqs.(7.39-7.43); each of them gives an evolution identical in average
to the exact one, but the statistical properties can be much different.

7.1.5 A stochastic Hartree ansatz with coherent states
Up to now we have worked out the case of a Fock state ansatz |N : φ1 ih N : φ2 |. Both
in quantum optics and in condensed matter physics, coherent states are often used
rather than Fock states We now show that a stochastic approach can be developed
using a coherent state ansatz of the form:
(7.44)

σ(t) = Π(t) |coh : φ1 ih coh : φ2 |,
where



|coh : φα i = exp N̄

1/2

Z

†

dx φα (x)Ψ̂ (x)



|vaci

(7.45)

and N̄ is the mean number of particles. We have included here a prefactor Π(t)
which was absent in the case of the Fock state ansatz eq.(7.7); in the Fock state case
indeed such a prefactor could be reincluded into the definition of φ1 and φ2 . The
wave functions φα (x) and the prefactor factor Π evolve according to Ito stochastic
differential equations
dφα = Fα dt + dBα
dΠ = f dt + db.

(7.46)

Ψ̂(x) = N̄ 1/2 φα (x) + δ Ψ̂α (x)

(7.47)

Splitting the field operator as
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and using
(7.48)

δ Ψ̂α (x) |coh : φα i = 0.

we find that the equivalence of the stochastic scheme and the exact evolution translates into the set of conditions:
f =0

(7.49)

dt
1
db dB1 (x) = h0 φ1 (x)
Π
i~
dt
1 ∗
F2 (x)dt + ∗ db dB2 (x) = h0 φ2 (x)
Π
i~
dt
dBα (x)dBα (x0 ) = V (x − x0 )φα (x)φα (x0 )
i~
∗ 0
dB1 (x)dB2 (x ) = 0.

(7.50)

F1 (x)dt +

(7.51)
(7.52)
(7.53)

As we shall see in sec.7.2, such conditions are satisfied by several stochastic schemes.
Very remarkably, the stochastic evolution deduced from the positive-P representation arises naturally as one of them.
Within this coherent state ansatz the one-particle density matrix is evaluated using
D
E
ρ(1) (x, x0 ) = N̄ φ1 (x)φ∗2 (x0 ) Π(t) exp(N̄ hφ2 |φ1 i
.
(7.54)
stoch

In a practical implementation of the simulation it turns out to be numerically more
efficient to represent Π(t) as the exponential of some quantity
Π(t) = eN̄ S(t)

(7.55)

and to evolve S(t) according to the stochastic equation
Z
dS = − dx [dB1 (x)φ∗1 (x) + dB2∗ (x)φ2 (x)]+
Z
Z


N̄ dt
−
dx dx0 V (x − x0 ) |φ1 (x)|2 |φ1 (x0 )|2 − |φ2 (x)|2 |φ2 (x0 )|2 . (7.56)
2i~

7.2 Particular implementations of the stochastic approach
In the previous section we have derived the conditions that a stochastic scheme has
to satisfy in order to recover the exact evolution given by the Hamiltonian eq.(7.1); in
the case of the Fock state ansatz eq.(7.7), we get to the system eqs.(7.39-7.43), while in
the case of the coherent state ansatz eq.(7.44) we get to the conditions eqs.(7.49-7.53).
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As the number of these equations is actually smaller than the number of unknown
functions there is by no mean uniqueness of the solutions, that is of the simulation
schemes. We need a strategy to identify interesting solutions.
We therefore start this section by considering various indicators of the statistical
error of the simulation (sec.7.2.1 which can be used as guidelines in the search for
simulation schemes. These indicators are defined as variances of relevant quantities
which are conserved in the exact evolution but which may fluctuate in the simulation. We show that these indicators are non decreasing functions of time; attempts
to minimize the time derivative of a specific indicator will lead to particular implementations of the general stochastic method, such as the simple scheme (sec.7.2.2)
and the constant trace scheme (sec.7.2.3).

7.2.1 Growth of the statistical errors
The first indicator that we consider measures the deviation of the stochastic operator
σ(t) from the exact density operator ρ(t):
D
E
∆(t) = Tr[(σ † (t) − ρ(t))(σ(t) − ρ(t))]

=
D
E
†
= Tr[σ (t)σ(t)]

stoch

stoch



− Tr ρ(t)2 . (7.57)

We now show that ∆(t) is a non-decreasing function of time. When the stochastic
scheme satisfies the validity conditions derived in the previous section, we can write
the stochastic equation for σ as:
dσ =

dt
[H, σ] + dσs
i~

(7.58)

where dσs is a zero-mean noise term linear in dBα (and db for the coherent state
simulation). In the case of simulation with Fock states it is given by

dσs = N

1/2

Z

dx dB1 (x)Ψ̂† (x)|N − 1 : φ1 ih N : φ2 | +

Z
∗
+ dx dB2 (x)|N : φ1 ih N − 1 : φ2 |Ψ̂(x) . (7.59)
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In the case of simulation with coherent states it is given by
dσs = db|coh : φ1 ih coh : φ2 |+
Z
1/2
+ N̄ Π
dx dB1 (x)Ψ̂† (x)|coh : φ1 ih coh : φ2 |+

Z
∗
+ dx dB2 (x)|coh : φ1 ih coh : φ2 |Ψ̂(x) . (7.60)
We calculate the variation of ∆ during dt, replacing σ by σ+dσ in eq.(7.57) and keeping terms up to order dt. Using the invariance of the trace in a cyclic permutation
and averaging over the noise between t and t + dt we finally obtain
D
E
d∆ = Tr[dσs† dσs ]
,
(7.61)
stoch

which is a positive quantity. Minimization of this quantity is the subject of sec.7.2.2.
Physically d∆ ≥ 0 means that the impurity of the stochastic density operator σ
always increases in average, while the exact density operator has a constant purity
Tr [ρ2 ].
The second kind of indicator that we consider measures the statistical error on constants of motion of the exact evolution. Consider a time independent operator X
commuting with the Hamiltonian. The stochastic evolution leads to an error on the
expectation value of X with a variance given by the ensemble average of
∆X (t) =

D

Tr[Xσ(t)] − Tr[Xρ(t)]

2E

=
D
2E
= Tr[Xσ(t)]

stoch

stoch

2

− Tr[Xρ(t)] . (7.62)

From eq.(7.58) we obtain the variation after a time step dt of the expectation value
of X along a stochastic trajectory:
d(Tr[Xσ]) =

dt
Tr (X[H, σ]) + Tr[Xdσs ].
i~

(7.63)

Using the invariance of the trace under cyclic permutation and the commutation
relation [H, X] = 0 we find that the first term in the right hand side of eq.(7.63)
vanishes so that
D
E
d∆X =

Tr[Xdσs ]

a quantity which is always non-negative.

2

stoch

,

(7.64)
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Using expression eq.(7.64) one can design simulations preserving exactly the conserved quantity, the constraint to meet being Tr[Xdσs ] = 0: for instance in the Fock
state simulation, one first chooses the transverse noises dBα⊥ satisfying eqs.(7.427.43); then one simply has to take for the longitudinal noise of φ1 :
−1 Z
1 
dγ1 = − √
hN : φ2 |X|N : φ1 i
dx dB1⊥ (x)hN : φ2 |Xδ Ψ̂†1 (x)|N −1 : φ1 i (7.65)
N
and a similar expression for dγ2 ; finally the force terms Fα are adjusted in order to
satisfy eqs.(7.39-7.41). As natural examples of conserved quantities one can choose
X = 1 or X = H; the former case is discussed in detail in sec.7.2.3.

7.2.2 The simple schemes
This scheme is characterized by the minimization of the incremental variation of the
statistic spread of the N -particle density matrix σ(t), a spread that we have already
quantified in eq.(7.57) by ∆(t). To be more specific we assume that we have evolved
a dyadic up to time t, and we look for the noise terms that minimize the increase of
Tr[σ † σ] between t and t + dt.
Simulation with Fock states
In the case of the Fock state ansatz, we calculate explicitly the variation of Tr[σ † σ]
from eq.(7.59) and we get:
dTr[σ † σ]
= N (dγ1 + dγ2∗ ) (dγ1∗ + dγ2 ) +
N Tr[σ † σ]
Z
X
−2
+
||φα ||
dx dBα⊥ (x)dBα⊥∗ (x) + [dγ1 + dγ2∗ + c.c.] . (7.66)
α=1,2

We now look for the noise terms dγα and dBα⊥ minimizing this quantity under the
constraints eqs.(7.39-7.43).
We first note that we can choose dγ1 = dγ2 = 0 without affecting the transverse
noises, as shown by eqs.(7.39-7.43): the correlation function of the transverse noises
do not involve the dγα , and we can accommodate for any choice of dγα by defining
appropriately the force terms Fα⊥ , λα . In the particular case defining our simple
scheme we take all these force terms equal to zero; note that the choice of vanishing
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dγ’s immediately leads to a vanishing noise term in eq.(7.66). Since the deterministic
part of the evolution is described by Gross-Pitaevskii equations which preserve the
norm of φ1,2 , and the eigenvalues ζ1,2 of the noise covariance operator dBα (x)dBα∗ (x0 )
have the upper bound ζ1,2 ≤ V (0)dt||φ1,2 ||2 /~, the stochastic equations do possess a
regular and non-exploding solution valid for all times so that no divergences can
occur within a finite time [273, §4.5].

Secondly the terms involving the transverse noise in eq.(7.66) are bounded from
below: As the modulus of a mean is less than or equal to the mean of the modulus,
we have
dBα⊥ (x)dBα⊥ (x) ≤ dBα⊥ (x)dBα⊥∗ (x) ,
(7.67)

with the left hand side of this inequality fully determined by condition eq.(7.42).

For the remaining part of the present section sec.7.2.2 we assume that the interaction
potential V (x) has a positive Fourier transform:
Ṽ (k) ≥ 0 for all k
where the Fourier transform of V (x) is defined as
Z
Ṽ (k) = dx V (x)e−ikx ;

(7.68)

(7.69)

the repulsive Gaussian interaction potential used in sec.7.4 satisfies the condition
eq.(7.68). Note that as a consequence of eq.(7.68) and of the inverse Fourier transform formula the model interaction potential is maximal and positive in x = 0:
V (0) ≥ |V (x)| for all x.

(7.70)

Under the assumption eq.(7.68) we have found for the transverse noise a choice
which both fulfills eqs.(7.42-7.43) and saturates the inequality eq.(7.67). We first
discretize the Fourier space with an arbitrarily small wavevector step dk and we set
"
#
√
 1/2
1/2
X dk 
dt
Q(x)
φα (x)
eikx eiθα (k)
(7.71)
Ṽ (k)
dBα⊥ (x) =
α
d/2
i~
(2π)
k
where d is the dimension of position space. The phases θα have the following statistical property:
eiθα (k) eiθα (k0 ) = δk,−k0
(7.72)

and θ1 , θ2 are uncorrelated. In practice for half of the k-space (e.g. kz > 0) θα (k) is
randomly chosen between 0 and 2π; for the remaining k’s we take θα (−k) = −θα (k).
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One can then check that this choice for the transverse noise reproduces the correlation function eqs.(7.42-7.43).
We show now that the implementation eq.(7.71) saturates the inequality eq.(7.67)
and therefore leads to the minimal possible value for dTr[σ † σ] within the validity
constraints of the stochastic approach. We calculate explicitly the right hand side of
eq.(7.67):

dt  (x)∗ (x0 )
=
Qα Qα [V (x − x0 )φ∗α (x)φα (x0 )]
~
x=x0

Z
dt
|φα (y)|2
hφα , φα |V |φα , φα i
2
= |φα (x)| V (0) − 2 dy
V (x − y) +
(7.73)
~
||φα ||2
||φα ||4

dBα⊥ (x)dBα⊥∗ (x) =

where Q∗α projects onto the subspace orthogonal to φ∗α and where we have used the
positivity of the Fourier transform Ṽ of the model interaction potential. The left
hand side of eq.(7.67) is calculated using eq.(7.42):
dBα⊥ (x)2



Z
|φα (y)|2
hφα , φα |V |φα , φα i
dt 2
V (x − y) +
. (7.74)
= φα (x) V (0) − 2 dy
i~
||φα ||2
||φα ||4

As the expressions between square brackets in eqs.(7.74-7.73) are real we deduce the
equality in eq.(7.67).
We can now calculate explicitly the variation of Tr[σ † σ] by integrating eq.(7.73) over
x:
"
#
X hφα , φα |V |φα , φα i
dt
dTr[σ † σ]
2V (0) −
.
(7.75)
=
N Tr[σ † σ]
~
||φα ||4
α=1,2
This expression is particularly useful since it allows one to derive an upper bound
on the increase of Tr[σ † σ]: as we assume here a positive Fourier transform of the
potential V (x − x0 ), the matrix element hφα , φα |V |φα , φα i is also positive so that the
right hand side of eq.(7.75) is smaller than 2V (0)dt/~. After time integration we
obtain
Tr[σ † σ](t) ≤ Tr[σ † σ](0)e2N V (0)t/~ .

(7.76)

Using eq.(7.57) and the fact that the trace of the squared density operator ρ2 is a constant under Hamiltonian evolution we can deduce an upper bound on the squared
statistical error ∆(t):


∆(t) + Tr[ρ2 ] ≤ ∆(0) + Tr[ρ2 ] e2N V (0)t/~ .

(7.77)

189

190

Quantum (atom) optics
Note that it involves the model dependent quantity V (0) and not only the physical
parameters of the problem such as the chemical potential or the scattering length.
It may be therefore important to adjust the model interaction potential V (x − x0 ) in
order to minimize the growth of the statistical error for given physical parameters.
Simulation with coherent states


In the case of the coherent state ansatz, an explicit calculation of d Tr σ † σ from
eq.(7.60) gives:
dTr[σ † σ]
db
=
+ N̄
†
Tr[σ σ]
Π

Z

2

dx

dB1 (x)φ∗1 (x)

+

dB2∗ (x)φ2 (x)

+

#
X Z
db
∗
+ N̄
dx dBα (x)dBα (x) + c.c +
+
Π
α=1,2
Z
+ N̄ dx dB1 (x)φ∗1 (x) + dB2∗ (x)φ2 (x). (7.78)
"

We now proceed to the minimization of the increment of Tr[σ † σ] within the coherent
state ansatz along the same lines as the previous subsection. First we optimize the
noise db on the normalization factor Π:

Z
∗
∗
(7.79)
db = −N̄ Π
dx dB1 (x)φ1 (x) + dB2 (x)φ2 (x) .
This choice leads to a vanishing noise term in eq.(7.78). We insert this expression for
db in the validity conditions eq.(7.50) and eq.(7.51) and we obtain:


Z
1
0
0
0 2
h0 + N̄ dx V (x − x )|φα (x )| φα (x).
(7.80)
Fα (x) =
i~
Finally minimization of the contribution of the noise terms dBα with the constraint
eq.(7.52) is achieved with the choice
√
 1/2
1/2
X dk 
dt
φα (x)
dBα (x) =
eikx eiθα (k)
(7.81)
Ṽ
(k)
d/2
i~
(2π)
k
where the phases θα (k) are randomly generated as in eq.(7.72).
The first equation eq.(7.80) fixes the deterministic evolution to the usual mean-field
equation eq.(7.4). We note here that the mean-field term in eq.(7.80) does not contain
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the normalization of the spatial density N̄ |φα (x0 )|2 by ||φα ||2 , a feature present in the
Fock state simulation (see eq.(7.20)). This is a disadvantage of the coherent state
simulation since this normalization factor appearing in the Fock state simulation has
a regularizing effect: the norms ||φα || may indeed deviate significantly from unity
in the stochastic evolution. The second equation eq.(7.81) determines the stochastic
noise on the wave functions in a way very similar to the Fock state case eq.(7.71). In
particular the evolutions of φ1 and φ2 are still uncorrelated. The only difference is
the disappearance of the projector Qα in the expression of the noise, which leads to
an increased noise with respect to the simulation with Fock states.
As in the Fock state case, the deterministic evolution of the present scheme has a
Gross-Pitaevskii form and therefore conserves the norms ||φ1,2 ||; this means that the
stochastic equations are again regular at all times and no divergences occur within
a finite time.
As in the previous subsection we now estimate the squared error ∆. We calculate
the variation of Tr[σ † σ] for the choice of noise eq.(7.81):
1 dTr[σ † σ]
N̄ V (0) X
=
||φα ||2 .
(7.82)
Tr[σ † σ]
dt
~ α=1,2
The average over all stochastic realizations of the norm squared of the wave functions can be calculated exactly:
D
E
D
E
||φα ||2
(t) = etV (0)/~ ||φα ||2
(0).
(7.83)
stoch

stoch

This leads to a remarkable identity on the trace of σ † σ:
D
E
ln Tr[σ † σ]
(t) =
stoch
D
E
E
D X
†
tV (0)/~
2
= ln Tr[σ σ]
(0) + N̄ e
−1
||φα ||
stoch

α=1,2

stoch

(0). (7.84)

Using finally the concavity of the logarithmic function, leading to the logarithm of
a mean being larger than the mean of the logarithm we obtain a lower bound on the
squared error ∆ on the N −body density matrix:


∆(t) + Tr[ρ2 ] ≥ A exp 2B N̄ etV (0)/~ − 1
(7.85)
where we have introduced the constant quantities
hD
E
i
†
A = exp ln Tr[σ σ]
(0)
stoch
D
E
1 X
||φα ||2
(0)
B =
2 α=1,2
stoch

(7.86)
(7.87)
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We recall that a vanishing V (0) would correspond here to an identically vanishing
interaction potential V (x), according to eq.(7.70).

Final remark on the simple schemes
In the simple schemes the N −body density operator is obtained as a stochastic average of dyadics such as |coh : N̄ 1/2 φ1 ihcoh : N̄ 1/2 φ2 | or |N : φ1 ihN : φ2 |, where the
evolutions of φ1 and φ2 are fully decoupled and uncorrelated. This allows for an
interesting reinterpretation of our representation of the N −body density operator:
if the initial density operator is given by ρ(t = 0) = |N : φ0 ihN : φ0 |, at a time t it
will be given by
ρ(t) = |Ψ(t)ihΨ(t)|

(7.88)

where the N −particle state vector is equal to
|Ψ(t)i = limN →∞

N
1 X
|N : φ(j) (t)i;
N j=1

(7.89)

here φ(j) are stochastic realizations with the initial condition φ(j) (t = 0) = φ0 .

7.2.3 The constant trace schemes
We have given the expression of the one-body density matrix ρ(1) in terms of φα (x)
for the simulation with Fock states eq.(7.13). This expressions shows that ρ(1) is very
sensitive in the large N limit to fluctuations of hφ2 |φ1 i. The same remark applies
to two-body observables. In order to improve the statistical properties of the simulation one can consider the possibility of a simulation scheme exactly preserving
hφ2 |φ1 i = 1 at any time. This actually corresponds to a conserved trace of each single
dyadic σ(t). For the case of the coherent state ansatz, such a requirement leads to
the well-known positive-P representation.

Simulation with Fock states
Within the Fock state ansatz, the conservation of the trace of the dyadic Tr[σ] can
be achieved by (i) choosing the transverse noises dBα⊥ according to the formula
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eq.(7.71) and (ii) using the expression eq.(7.65) for the longitudinal noise with X = 1.
Point (ii) gives:
Z
dγ1 = −hφ2 |φ1 i−1

dx φ∗2 (x)dB1⊥ (x).

The forces terms λα and Fα are fixed by the conditions eqs.(7.39-7.41):
Z
N −1
−2
dx dx0 φ∗2 (x)φ∗2 (x0 )dB1⊥ (x)dB1⊥ (x0 )
hφ2 |φ1 i
λ1 dt = −
2
and

F1⊥ (x)

dt = (N − 1)hφ2 |φ1 i

−1

Z

dx0 φ∗2 (x0 )dB1⊥ (x0 )dB1⊥ (x).

(7.90)

(7.91)

(7.92)

The expressions for dγ2 , λ2 and F2⊥ (x) are obtained by exchanging the indices 1 and
2 in these results.
Simulation with coherent states
In the case of the coherent state ansatz, the value of dσs , which is the zero-mean
noise term entering the variation of the dyadic σ during a time step dt, is given in
eq.(7.60). The requirement of a constant trace Tr[σ] = ΠeN̄ hφ2 |φ1 i leads to the following condition on the noise terms
Z
db + N̄ Π dx (φ∗2 (x)dB1 (x) + dB2∗ (x)φ1 (x)) = 0.
(7.93)

We choose the noise terms dBα as in eq.(7.81). The remaining parameters Fα are
now unambiguously determined by eqs.(7.50-7.51):


Z
1
0
∗ 0
0
0
F1 (x) =
h0 + dx N̄ φ2 (x )V (x − x )φ1 (x ) φ1 (x)
(7.94)
i~


Z
1
0
∗ 0
0
0
F2 (x) =
h0 + dx N̄ φ1 (x )V (x − x )φ2 (x ) φ2 (x).
(7.95)
i~
This scheme exactly recovers the stochastic evolution in the positive-P representation, which was originally obtained with a different mathematical procedure.157

7.3 Stochastic vs. exact approach for a two-mode model
In order to test the convergence of the stochastic schemes developed in the previous section we now apply this method to a simple two-mode system for which the
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exact solution of the N -body Schrödinger equation can also be obtained by a direct
numerical integration. This allows (i) to check that the stochastic methods when averaged over many realizations give the correct result indeed, and (ii) to determine
the statistical error for each of the four implementations of the stochastic approach
(constant trace vs. simple, Fock vs. coherent states).
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F IGURE 7.1: Two-mode model: mean fraction of atoms in the mode a as function of time, obtained with (a) the positive-P representation, (b) the Fock state
simulation with constant trace, (c) the simple simulation with coherent states,
and (d) the simple simulation with Fock states. The solid line represents the average over N = 2 × 105 simulations, with corresponding error bars. The dashed
line is the direct numerical solution of the Schrödinger equation. The number
of atoms is N = 17, initially all in mode b. The interaction constant is κ = 0.1Ω.
The calculations in (a) and (b) have been stopped after the divergence of one
realization.

The toy-model that we consider describes the dynamics of two self-interacting condensates coherently coupled one to the other. It can be applied to the case of two
condensates separated by a barrier193 (Josephson-type coupling) or condensates in
two different internal states coupled by an electromagnetic field274 (Rabi-type coupling). In this model we restrict the expansion of the atomic field operator to two
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orthogonal modes,
(7.96)

ψ̂(x) = â ua (x) + b̂ ub (x).
The Hamiltonian eq.(7.1) takes the simple form:
H=




~Ω  †
â b̂ + b̂† â + ~κ â†2 â2 + b̂†2 b̂2
2

(7.97)

+

<Tr(σ σ)>stoch

where â, b̂ annihilate a particle in modes A and B, κ characterizes the strength of
the atomic interactions inside each condensate and Ω is the Rabi coupling amplitude between the two condensates. Here we have restricted for simplicity to the
case where (i) the condensates have identical interaction properties, (ii) the interactions between atoms in different modes are negligible, and (iii) the Rabi coupling is
resonant. The most general two-mode case could be treated along the same lines.
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F IGURE 7.2: Statistical error on the N −body density matrix for the two-mode
model: (a) simple scheme with coherent states and (b) simple scheme with Fock
states. The solid line is the numerical result of the simulations. The dashed lines
in (a) and (b) correspond respectively to the lower and upper bounds eq.(7.85)
and eq.(7.77). The parameters are the same as in figure 7.1.

The direct numerical solution of the Schrödinger equation is performed in a basis
of Fock states |na , nb i with na,b particles in modes A, B. The numerical integration
is simplified by the fact that na + nb is a quantity conserved by the Hamiltonian
evolution. We start with a state in which all atoms are in mode B, either in a
Fock state |na = 0, nb = N i (for the Fock state simulations) or in a coherent state
∝ exp(N 1/2 b̂† )|0, 0i (for the coherent state simulations). We watch the time evolution of the mean fraction of particles in mode A, pa ≡ hâ† âi/N .
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Mean-field theory (the Gross-Pitaevskii equation), valid in the limit N  1 with
a fixed κN/Ω,275, 276 predicts periodic oscillations of hâ† âi/N ; the peak-to-peak amplitude of the oscillations is equal to unity if κN/Ω < 1, and is smaller than one
otherwise.135 In the exact solution the oscillations are no longer periodic due to
emergence of incommensurable frequencies in the spectrum of H.

In the simulation method we evolve sets of two complex numbers representing the
amplitudes of the functions φ1 (x) and φ2 (x) on the modes ua,b (x) (plus the Π coefficient in the coherent state case). The results are presented in figure 7.1 for N = 17
particles which κ/Ω = 0.1 together with the result of the direct integration of the
Schrödinger equation.

The first row in the figure concerns the constant trace simulations. Figure 7.1a shows
results of the simulation based on the positive-P representation, that is the constant
trace simulation with coherent states. As well known169 this scheme leads to divergences of the norm ||φ1 || ||φ2|| for some realizations of the simulation. We have cut
the plot in figure 7.1 at the first divergence. The same type of divergences occurs in
the constant trace simulation with Fock states. Note however that the characteristic
time for the first divergence to occur is somewhat longer. We have checked that
the probability distribution of ||φ1 || ||φ2 || broadens with time, eventually getting a
power law tail. The corresponding exponent α decreases in time below the critical
value αcrit = 3 for which the variance of ||φ1 || ||φ2 || becomes infinite. This scenario is
identical to the one found with the positive-P representation.169
The simple simulation schemes plotted on the second row of figure 7.1 provide results which are at all time in agreement with the direct integration within the error
bars. Contrarily to the constant trace schemes we do not observe finite time divergences in the simple schemes. For a given evolution time we have checked that the
√
error bars scale as 1/ N where N is the number of stochastic realizations. For a
given N we found that the error bars increase quasi-exponentially with time.

The noise in the simple simulation schemes
isEinvestigated in more details in figure
D
7.2 which shows the error estimator Tr[σ † σ]
as function of time, for coherent
stoch
states in figure 7.2a and for Fock states in figure 7.2b. The coherent state result
confirms the prediction eq.(7.85). The Fock state result is found to be notably smaller
than the upper bound eq.(7.77). This is due to the fact that the terms proportional
to hφα , φα |V |φα , φα i in eq.(7.75) are not negligible as compared to the term V (0). We
have checked these conclusions for various values of N and κ/Ω.
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F IGURE 7.3: Fraction of atoms in mode a in the two-mode model, for the parameters of figure 7.1. The solid line with error bars is the result of the simple
scheme simulation with Fock states with N = 108 realizations. The dashed line
is the direct numerical solution of the Schrödinger equation. The quantum phenomenon of collapse and revival of the oscillation amplitude clearly apparent
on the exact result is well reproduced by the simulation.

For a large number of particles it is known277 that the oscillations of hâ† âi experience
a collapse followed by revivals. These revivals are purely quantum phenomena for
the field dynamics and they cannot be obtained in classical field approximation such
as the Gross-Pitaevskii equation. We expect to see a precursor of this phenomenon
even for the small number of particles N = 17. As the simple scheme simulation
with Fock states is the most efficient of the four schemes for the investigation of
the long time limit, we have pushed it to the time at which a revival can be seen, as
shown in figure 7.3. This figure is obtained with N = 108 simulations.
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7.4 Stochastic approach for a one-dimensional Bose gas
The physical problem of the interacting Bose gas is in general a multi-mode problem, and the simulation schemes may have in this case a behavior different from the
one in a few-mode model such as in sec.7.3. We have therefore investigated a model
for a one-dimensional Bose gas. The atoms are confined in a harmonic trap with
an oscillation frequency ω. They experience binary interactions with a Gaussian
interaction potential of strength g and range b:
V (x − x0 ) =



g
0 2
2
exp
−(x
−
x
)
/(2b
)
.
(2π)1/2 b

(7.98)

At time t = 0 all the atoms are in the same normalized state φ solution of the time
independent Gross-Pitaevskii equation
Z
~2 d 2 φ 1
2 2
+ mω x φ(x) + (N − 1) dx0 V (x − x0 )|φ(x0 )|2 φ(x).
(7.99)
µφ(x) = −
2m dx2 2
At time t = 0+ the trap frequency is suddenly increased by a factor two, which
induces a breathing of the cloud.278–280
This expected breathing is well reproduced by the numerical simulations. The mean
squared spatial width R2 of the cloud as function of time is obtained by taking Ô =
PN 2
k=1 x̂k /N in eq.(7.11) where x̂k is the position operator of the k−th particle. The
quantity R2 is shown in figure 7.4 for the simulation schemes with Fock states. One
recovers the key feature of the constant trace simulation, that is a divergence of the
norm ||φ1 || ||φ2 || in finite time for some realizations. Before the occurrence of the first
divergence the stochastic variance of the size squared of the cloud, defined as
2

Var(R )stoch
with

N
2
1 X 2
=
Ri (t) − R2 (t)
N i=1

h
i
(i)
(i)
Ri2 (t) = Re hN : φ2 (t)|Ô|N : φ1 (t)i

(7.100)

(7.101)

is notably smaller in the constant trace scheme than in the simple scheme, as shown
in figure 7.5a. This contrast between the two schemes for the statistical error on
one-body observables was absent in the two-mode model of sec.7.3.
We Dhave also
E investigated the noise on the N −body density matrix characterized
by Tr[σ † σ]
(see figure 7.5b). As expected this error indicator is smaller with
stoch
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F IGURE 7.4: Mean squared spatial width R2 of a harmonically confined cloud
of N = 10 atoms as function of time. The breathing of the cloud is induced by
an abrupt change of the trap frequency from ω to 2ω. The width R is measured
in units of the harmonic oscillator length aho = (~/(mω))1/2 . The interaction
potential is chosen such that b = 0.5aho and g = 0.4~ωaho leading to a chemical
potential µ = 1.7~ω in the Gross-Pitaevskii equation eq.(7.99). The calculation is
performed on a spatial grid with 32 points ranging from −6aho to +6aho (with
periodic boundary conditions). •: constant trace simulation with N = 1000
realizations. For ωt > 3.5 a divergence has occured for one of the realizations
and the calculation has been stopped. 2: simple scheme simulation with N =
40000 realizations.

the simple scheme. For this simple scheme it varies quasi exponentially with time
with an exponent γ ' 4ω, which is smaller by a factor roughly 2 than the one of
the upper bound eq.(7.77). This difference is due to the fact that the range b of the
interaction potential is chosen here of the same order as the size R of the cloud so
that the terms hφα , φα |V |φα , φα i neglected in the derivation of the upper bound are
actually significant. We have checked for various ranges b much smaller than R that
γ then approaches the upper bound 2N V (0)/~.

7.5 Conclusions and perspectives
In this chapter we have developed a new approach to the time-dependent bosonic
N −body problem.177 The principle of the approach is to add to the usual mean-field
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F IGURE 7.5: For the one-dimensional Bose gas in the conditions of figure 7.4, (a)
stochastic variance of the size squared of the cloud and (b) noise on the N −body
density matrix. Solid lines: simple scheme with Fock states. Dashed lines: constant trace scheme with Fock states.

Gross-Pitaevskii equation a stochastic term which recovers in the average the effect
of the atoms in modes other than the condensate. The general conditions ensuring
that the average over all possible realizations of this stochastic equation reproduces
the exact N −body Schrödinger equation have been determined and some of the
possible solutions characterized; each of them corresponds to a simulation scheme
with different statistical and stability properties.
Among the many possible ones, schemes which evolve either a Fock state (i.e. number states) ansatz or a coherent states one have been investigated, as well as schemes
which either minimize the statistical error on the N -body density matrix (simple
schemes) or keep the trace of the density matrix constant during the whole evolution (constant trace schemes). Fock states are in fact best suited for dealing with
situations in which the total number of particles is conserved, such as a trapped
atomic Bose condensate, while coherent states are most likely to be useful when
there is a coherent external driving; the simple schemes are mathematically regular
at all times, while a practical use of the constant trace ones is made difficult by the
occurrence of divergences. In particular, the constant trace scheme with coherent
states recovers from a different point of view the well-known positive-P representation of quantum optics, which is here obtained following a procedure which is
alternative to the usual derivation based on analyticity properties.
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These simulation schemes have been applied to a two-mode model and to a onedimensional Bose gas. In both cases we have found that the constant trace schemes
lead to some diverging realizations, while the simple schemes lead to a statistical
spread on the N −body density operator increasing exponentially with time with an
exponent γ ∝ N V (0). The simple schemes are therefore not well suited to determine small deviations from the mean-field approximation in the large N limit but
can be more efficiently applied to systems with a small number of particles, such as
small atomic clouds tightly trapped at the nodes or antinodes of an optical lattice.
Although in the numerical calculations of the present work we have limited ourselves to simple one-body observable such as the size of the atomic cloud, the same
technique is immediately generalized to more elaborate observables such as the first
and second order correlation functions of the field. We have not presented here numerical results for such quantities since the Hartree state taken as the initial state
of the system gas does not make much physical sense for what concerns higher order correlations. More realistic initial states such as thermal equilibrium ones could
however be implemented simply by performing some evolution in imaginary time
in order to get the correct initial state and then a real time evolution in order to
follow the dynamics.
As a further possible extension of the present work, one could also try to use more
sophisticated ansatz than the simple Hartree state, such as squeezed states, or even
multimode ansatz, such as coherent superpositions of number states in several adjustable modes of the field.
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Conclusions and future developments
Although the physical systems which have been considered in the present thesis
are apparently completely different from each other, all of them can be considered
as different realizations of the same physical concept, the interacting quantum Bose
field; the propagation of light waves in nonlinear semiconducting microstructures
and of collisionally interacting atomic matter waves can be described within very
similar theoretical frameworks and the strict analogies have allowed for a very fruitful exchange of ideas between the two fields.
The first part of the thesis contains a detailed discussion of nonlinear (photon) optical effects which can be observed in semiconducting dielectric structures; the linear refractive index profile of the system modifies the mode structure of the photonic field, while the optical nonlinearities give additional coupling terms between
modes. In particular, we have addressed the case of DBR microcavities, which show
energetically well-spaced and spatially localized cavity modes (chap.1); if the cavity
is grown with a material showing an intensity-dependent refractive index (chap.2),
optical bistability and optical limiting can be observed at reasonable values of the
incident light intensity.26, 64 With an eye to all-optical signal processing, we have
discussed configurations which could result useful for either the amplification of an
optical signal (optical transistor) or the realization of a bit of optical memory.70, 75
The following chap.3 is devoted to the analysis of a different kind of optical nonlinearities, which arise in DBR microcavities from resonant two-photon processes such
as resonant second-harmonic generation and resonant two-photon absorption.76, 77
Specific signatures of the optical nonlinearity have been discussed in the transmission spectra of the cavity, such as a two-photon Rabi splitting of the resonant tunneling peak. In addition, we have considered the linear optical response to a weak
probe beam when the cavity is dressed by a strong and coherent pump beam; in
analogy with the usual optical Stark effect, the resulting shifts and splittings of
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the excitonic spectral features for growing pump intensity have been interpreted
as a two-photon optical Stark effect. A quantitative estimate of the light intensities
needed for the actual observation of such effects in GaAs based systems has been
given.
The second part of the thesis is focussed on the propagation of interacting matter
waves through optical lattices: thanks to the strict analogy between the coherent
light field of an optical laser and the coherent matter waves of Bose-condensates
and atom lasers which is described in full detail in chap.4, the same ideas described
in the first part of the thesis for the case of semiconducting structures can be applied
to the propagation of matter waves in optical lattices. The periodic optical potential can be interpreted as forming a distributed Bragg reflector for matter waves; an
atomic Fabry-Perot cavity is readily obtained by using a spatially modulated optical
lattice.124, 125 Localized discrete quasi-bound states are apparent in the corresponding transmission spectra and can be used in nonlinear atom optical experiments to
observe atom optical limiting and atom optical bistability. Furthermore, we have
shown how the reflection of matter waves on optical lattices can be used for the
experimental determination of the coherence length of an atom laser.238
Thanks to the much stronger collisional atom-atom interactions with respect to the
effective photon-photon ones in nonlinear dielectric media, nonlinear optical effects
at low intensities should be more likely to be observed with matter waves than with
light waves; this means that the Gross-Pitaevskii equation for the atomic field is
more likely to fail than the wave equation of classical Maxwell’s electrodynamics in
nonlinear dielectric media. In particular (chap.6), if the transmission properties of a
single-mode nonlinear device are substantially modified by the presence of a very
small number of quanta, the transmitted field can have definitely nonclassical properties, while it is well approximated by a classical field if the nonlinearity threshold
corresponds instead to a large number of quanta.269
While the simplicity of the single mode model has allowed for a complete solution of
the quantum optical properties in terms of the quantum master equation in the Fock
basis, an analogous approach for a multimode system is practically unfeasible because of the huge dimensionality of the corresponding Hilbert space. We conclude
the thesis (chap.7) with a detailed account of a novel reformulation of the interacting
Bose gas problem in terms of the stochastic evolution of Hartree states:177 such an
approach is expected to be able to handle the non-trivial correlations which appear
in a non-dilute magnetically trapped Bose condensed cloud as well as the photon
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statistics in a strongly nonlinear planar cavity; in particular, it looks most promising
for the numerical study of multimode systems involving a relatively small number
of strongly interacting particles. Among the many possible implementations of the
method, schemes have been found which are not subject to the divergences typical
of Positive-P calculations since the corresponding stochastic differential equations
have a regular solution for all times; Positive-P representation naturally arises as
the constant trace scheme with coherent states. First examples of application of the
approach to simplest physical systems such as a two-mode model of a Josephson
junction and a one-dimensional Bose gas have been discussed.
At the end of these lengthy discussions, we may be tempted to conclude that physics
is a sort of Sysiphus torment: the more problems you solve, the more unsolved
problems you will find yourself interested in. But, as it is well known by any atomic
physicist, Sysiphus is a good guy who can never disappoint us, so let’s try to enumerate the most interesting steps to do in the next future.
Most of the subjects discussed in the thesis allow for a number of possible developments: first of all, while nonlinear optical effects are currently observed with light
waves, the development of nonlinear atom optics will be matter of intense investigations in the next years both from the theoretical and the experimental points
of view. The discussion of the atomic Fabry-Perot cavity contained in chap.5 has
dealt with a very simplified one-dimensional model with a continuous wave coherent driving; since a cw atom laser has not been realized yet and truly single-mode
atomic waveguides are difficult to obtain, an extension of our calculations to more
realistic geometries could reserve interesting surprises. In particular, since the loading of a BEC in a magnetic waveguide has been recently obtained, predictions for
the behaviour of a finite pulse of atoms interacting with an optical lattice within
a waveguide will hopefully be soon necessary for the interpretation of experimental data; such a geometry corresponds to the propagation of a strong light pulse
through a nonlinear optical cavity: thanks to the nonlinear atom-atom interactions,
pulse compression and reshaping via mode-locking effects could eventually be observed.
In the last years there has been a renewed interest for two-quantum nonlinear processes such as the second harmonic generation and the two-photon absorption considered in chap.3: the forthcoming realization of molecular condensates coherently
coupled to atomic ones via photo-association transitions can in fact be considered
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as a sort of second harmonic generation of matter waves. While the mean-field theory of such a system can be easily developed as a set of Gross-Pitaevskii equations
mutually coupled by quadratic terms, a complete characterization of the quantum
effects which may arise is far from being available; as in the case of the quartic interaction term in the Hamiltonian, only a linearized analysis has been done so far
and a discussion of the correlations within each of the modes as well as between the
modes still has to be done. If we are allowed to perform a few-modes approximation like in chap.3, an exact calculation can be performed in terms of the quantum
master equation in a simple Fock basis as in chap.6; in this way, all the coherence
properties of the system can be completely characterized. However, since conventional magnetic and optical traps are not tight enough for only a small number of
field modes to be relevant, a theory capable to handle a multimode and spatially
distributed field is necessary but, unfortunately, is not available yet. For this reason, an extension of the stochastic approach of chap.7 to other forms of nonlinear
coupling could therefore have important applications for the study of the quantum
correlations in coupled atomic and molecular condensates.
As we have previously discussed, the stochastic wavefunction method itself deserves further developments both from the point of view of the improvement of its
efficiency and from the point of view of its application to concrete problems. On
one hand, a generalization of the initial ansatz by including squeezed states or multimode Fock states from the beginning should give an even larger freedom in the
choice of the simulation scheme and therefore improve the efficiency of practical
numerical calculations: a wider ansatz allows in fact for a reconstruction of a given
quantum state in terms of a smaller number of states and therefore requires a smaller
number of Monte Carlo realizations for an efficient sampling of the observables. In
order to correctly implement the initial state of the system as either the ground state
of the many-body system or a thermodynamical equilibrium state at temperature T,
a straightforward extension of the stochastic approach to imaginary time evolution
can be used. Unlike conventional quantum Monte Carlo techniques, the stochastic
wavefunction approach should be able to handle all kinds of observables and all
kinds of Hamiltonians; in particular, it could be applied also to many-body problems of large actual relevance such as the enucleation and the stability of vortices in
Bose-condensed clouds.
In the domain of optics, our stochastic method could for example be applied to
the dynamics of the light field in planar microcavities: while a weak nonlinearity
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regime can be successfully handled in terms of the linearized equations of PositiveP representation, the strong nonlinearity regime requires a treatment able to recover
all the peculiar coherence properties of such a strongly-interacting two-dimensional
Bose gas. From the experimental point of view, planar microcavities provide in
fact an alternative route towards the realization of two-dimensional Bose gases and
the strong coupling of light to delocalized excitonic states can be exploited to enhance the strength of the nonlinear interaction. With respect to atomic systems,
experimental access to the coherence properties of the gas can be obtained simply
by looking at the transmitted light through the cavity: as a simplest example, the
Bogoliubov dispersion of the fluctuations should reflect in the angular pattern of
incoherently transmitted light. In addition, solid-state samples allow for the investigation of the response of the interacting photon gas to external disturbances such as
cavity roughness, phonons and even localized optical transitions: the modification
of the dispersion relation from the one of a non-interacting gas to the Bogoliubovlike one of the interacting gas is expected to have profound consequences on such
effects, which could be interpreted as the photonic analog of the superfluidity of
4
He.
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Other research activities
Brevity and clarity reasons have forced me to skip in the present thesis several interesting topics which have been subject of intense work during this three-year period,
but do not fit in the main development of my research activity.
The first of them is certainly the theoretical analysis of prof.M.Inguscio’s experiment for the measure of the fine structure constant α on 4 He atoms, from which
my interest in atomic physics has begun: in the first months of 1998, the helium experimental group at LENS (Firenze), which was spectroscopically measuring some
transition frequency, had remarked a slight dependence of the linecenter position
on the parameters of the experimental setup and, in particular, on the interaction
time between the atoms and the light. Since the purpose of the experiment was
a precision measure of the transition frequency in order to infer a reliable value of
the α fine-structure constant,281 such a slight frequency shift had an interest not only
from a fundamental point of view, but also from an applicative one, since it risked to
compromise the precision of the measure. In close connection with numerical simulations performed by G.Giusfredi and in collaboration with M.Artoni, a theoretical
model has been developed, which has been able to account for the experimental results and to give a simple physical picture of the effect in terms of Doppler cooling
and heating.
• F.Minardi, M.Artoni, P.Cancio, M.Inguscio, G.Giusfredi and I.Carusotto, Frequency-shift in saturation spectroscopy induced by mechanical effects of light, Phys.
Rev. A 60, 4164 (1999)
Abstract: We report on a substantial light-force-induced line-center shift of the
sub-Doppler dip in a saturation spectroscopy configuration where mechanical
effects are expected to be negligible. We observe the shift on the 23 S1 → 23 P1
open transition of 4He that is relevant for a determination of the fine-structure
constant [Phys. Rev. Lett. 82, 1112 (1999)]. We discuss the physical origin
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of the shift and we provide a numerical analysis to support our interpretation.
The shift can be quite important for various other high-precision spectroscopy
measurements
• M.Artoni, I.Carusotto and F.Minardi, Light-force induced fluorescence line-center
shifts in high precision optical spectroscopy: simple model and experiment, Phys. Rev.
A 62, 023402 (2000)
Abstract: We calculate the effect of light–induced forces on the fluorescence
line–shape of a two–level atom crossing at right angle a lin k lin polarized
standing wave laser field in a common configuration for ultra-high precision
optical spectroscopy. For an incident atomic beam with a narrow spread of
transverse velocities the dipole force induces a red–shift of the fluorescence
maximum while in the reverse case of a wide spread of transverse velocities
the radiation–pressure force induces a blue–shift of the saturation dip minimum. We then use our theory to explain a blue-shift of the saturation line–
center dip occurring for the closed transition 2 3 S1 → 2 3 P2 of a 4 He beam. The
observed shift, which is in quite good agreement with the theory, can be of the
order of 1/10 of the transition natural linewidth and hence quite important for
ultra high–precision spectroscopy measurements.
In the last months of 1998, a collaboration with prof.F.Beltram’s experimental group
has taken place on the subject of resonant second-harmonic generation in ZnSe DBR
microcavities: as we have discussed in detail in chap.3, resonant enhancement of
the generated harmonic intensity is a key tool both for obtaining high conversion
efficiencies in the generation of blue-green light and for the observation of novel
nonlinear optical effects. Our work has consisted in a quantitative estimation of
the generated harmonic intensity and, specifically, of the enhancement factor introduced by the resonance of the harmonic frequency with a cavity mode in the actual
experimental setup.
• V.Pellegrini, R.Colombelli, I.Carusotto, F.Beltram, S.Rubini, R.Lantier,
A.Franciosi, C.Vinegoni and L.Pavesi, Resonant second harmonic generation in
ZnSe bulk microcavity, Appl.Phys.Lett 74, 1945 (1999)
Abstract: Room-temperature resonant second harmonic generation is demonstrated in a ZnSe bulk microcavity with Si3 N4 /SiO2 Bragg reflectors. The resonance occurs at the second harmonic wavelength in the blue-green spec-
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tral region and yields an enhancement of one order of magnitude in the second harmonic process. Tunability of the resonant effect between 480nm and
500nm is achieved by varying the angle of incidence.
In the first half of 1999, during my stay at the Laboratoire Kastler-Brossel in Paris,
my research activity has been followed by prof.J.Dalibard and prof.Y.Castin and has
been mainly focussed on two theoretical projects in the field of quantum atom optics and atom lasing. The first project, which has absorbed the greatest portion of
my time, consists in the development of a novel reformulation of the interacting
bosonic N -body problem in terms of the stochastic evolution of Hartree states and
has been described in full detail in chap.7. The other project consists in the study
of evaporative cooling of an atomic beam which is propagating along a magnetic
atomic waveguide; cooling is provided by transverse evaporation and thermalization of the third degree of freedom is guaranteed by elastic collisions. Calculations
have been performed mainly by E.Mandonnet, A.Minguzzi and R.Dum using two
different and complementary methods, an approximate analytical solution of the
Boltzmann equation and an atom dynamics Monte-Carlo simulation; the results of
the two approaches are in very good agreement with each other. My main task has
been the study of the final stage of the evaporation at the onset of quantum degeneracy, when stimulation of the collisional cross-section begins to be important; at the
moment, a complete theory has not been developed yet, but interesting results have
already been obtained both for the case of single-mode waveguide and for the case
of a multi-mode one. The experiment has recently started in the same laboratory
and seems very promising from the point of view of a obtaining a continuous wave
atom laser.
• E.Mandonnet, A.Minguzzi, R.Dum, I.Carusotto, Y.Castin and J.Dalibard, Evaporative cooling of an atomic beam, Eur.Phys.J.D 10, 9 (2000)
Abstract: We present a theoretical analysis of the evaporative cooling of an
atomic beam propagating in a magnetic guide. Cooling is provided by transverse evaporation. The atomic dynamics inside the guide is described by solving the Boltzmann equation with two different approaches: an approximate
analytical ansatz and a Monte-Carlo simulation. Within their domain of validity,
these two methods are found to be in very good agreement with each other.
They allow us to determine how the phase-space density and the flux of the
beam vary along its direction of propagation. We find a significant increase for
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the phase-space density along the guide. By extrapolation, we estimate the
length of the beam needed to reach quantum degeneracy.
• Y.Castin, R.Dum, E.Mandonnet, J.Dalibard, A.Minguzzi and I.Carusotto, Coherence properties of a continuous atom laser, submitted for publication on Journal
of Modern Optics (2000)
Abstract: We have recently proposed to evaporatively cool an atomic beam in
a magnetic guide to produce a continuous “atom laser”. The coherence properties of the atomic beam in the quantum degenerate regime are investigated
here at thermal equilibrium. The gas experiences two-dimensional, transverse
Bose-Einstein condensation rather than a full three-dimensional condensation
because of the very elongated geometry of the magnetic guide, First order
and second order correlation functions of the atomic field are used to characterize the coherence properties of the gas along the axis of the guide. The
coherence length of the gas is found to be much larger than the thermal de
Broglie wavelength in the strongly quantum degenerate regime. Large intensity fluctuations present in the ideal Bose gas model are found to be strongly
reduced by repulsive atomic interactions; this conclusion is obtained with a
one-dimensional classical field approximation valid when the temperature of
the gas is much higher than its chemical potential kB T  |µ|.
In the first months of 2000, we have started to study the propagation dynamics of
ultra-slow light pulses in coherently driven Bose condensed atomic gases and, in
particular, the effect of atomic recoil on the group velocity of light. Calculations
performed in collaboration with M.Artoni have shown that, depending on the chosen geometry and level scheme, a lower bound to the observable group velocities
can be observed as well as pulse propagation at negative group velocities without
appreciable absorption.
• I.Carusotto, M.Artoni and G.C.La Rocca, Atomic recoil effects in slow light propagation, JETP letters 72, 420 (2000).
Abstract: We theoretically investigate the effect of atomic recoil on the propagation of ultra-slow light pulses through a coherently driven Bose-Einstein
condensed gas. For a sample at rest, the group velocity of the light pulse
is the sum of the group velocity that one would observe in the absence of
mechanical effects (infinite mass limit) plus the velocity of the recoiling atoms
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(light dragging effect). We predict that atomic recoil may give rise to a lower
bound for the observable group velocities as well as to pulse propagation at
negative group velocities without appreciable absorption.
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J.A.Levenson, Second-harmonic generation in a doubly resonant semiconductor microcavity, Opt.Lett. 22, 1775 (1997).
[88] E.Rosencher, B.Vinter and V.Berger, Second-harmonic generation in nonbirefringent semiconductor optical microcavities, J.Appl.Phys. 78, 6042 (1995).
[89] R.Paschotta, K.Fiedler, P.Kürz and J.Mlynek, Nonlinear mode coupling in doubly
resonant frequency doublers, Appl.Phys.B 58, 117 (1994).
[90] H.J.Kreuzer, Nonequilibrium thermodynamics and its statistical foundations
(Clarendon Press, Oxford) (1981).
[91] B.R.Mollow, Power spectrum of light scattered by two-level systems, Phys.Rev. 188,
1969 (1969).
[92] F.Y.Wu, R.E.Grove and S.Ezekiel, Measurement of the spectrum of resonance fluorescence from a two-level atom in an intense monochromatic field, Phys.Rev.Lett.35,
1426 (1975).
[93] S.Haroche and F.Hartmann,
Phys.Rev.A6, 1280 (1972).

Theory of saturated-absorption line-shapes,

[94] B.R.Mollow, Stimulated emission and absorption near resonance for driven systems,
Phys.Rev.A5, 2217 (1972).
[95] F.Y.Wu, S.Ezekiel, M.Ducloy and B.R.Mollow, Observation of amplification in
a strongly driven two-level atomic system at optical frequencies, Phys.Rev.Lett.38,
1077 (1977).
[96] F.Quochi, G.Bongiovanni, A.Mura, J.L.Staehli, B.Deveaud, R.P.Stanley,
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suo incoraggiamento ad allargare le mie vedute facendo conoscenza e collaborando
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