Computational Algebra

Willem de Graaf






Contents

1 Grobner Bases

3

1.1

1.2

1.3

Grobner bases . . . . . ..o
1.1.1 Polynomial rings . . . . . . .. .. ...
1.1.2 Polynomials in one variable . . . . . .. .. ... ... ... ...
1.1.3 Monomial orders . . . . . . . ... L
1.1.4 Polynomial division for multivariate polynomials . . . . . . .. .. ..
1.1.5. Monomial ideals . . . . . . .. .. ...
1.1.6  Grobner bases . . . . . . . ...
1.1.7  Computing Grobner bases . . . . . . . . . . ...
Applications of Grébner bases . . . . . . .. ..o
1.2.1 Solving polynomial equations . . . . . . .. ... .. ... ...
1.2.2  Applications of Grobner bases in geometry . . . . . . ... ... ...
1.2.3  An application in combinatorics: Alon’s non-vanishing theorem . . . .
1.2.4  An application in cryptography: Polly-cracker . . . . . . . . ... ...
Exercises . . . . . . e

Integer Factorisation

2.1
2.2

2.3
24

The Miller-Rabin primality test . . . . . . ... ... ... ... ... ...
Factorisation . . . . . . . . . .
2.2.1 The method of Fermat . . . . . . . ... ... ... ... ........
2.2.2  The continued fraction method (CFRAC) . . . ... ... ... ....
2.2.3 The elliptic curve method (ECM) . . . . . ... ... ... ... ....
2.2.4 Complexity . . . . . . ..
Primality proving with ellipticcurves . . . . . . . . . . .. ... .. ...
Exercises . . . . . o

Polynomial Factorisation

3.1
3.2
3.3
3.4

3.5

Some generalities on polynomials . . . . . . ... ... oL,
Berlekamp’s algorithm . . . . . . . . .. .. ... ...
The algorithm of Cantor-Zassenhaus . . . . . ... ... ... ... ......
Factorization of polynomials over Q . . . . . . . .. ... ... ... .....
3.4.1 Hensel lifting . . . . . ... L
3.4.2 Hensel lifting for more factors . . . . . . .. ... ... .o,
Exercises . . . . . e

O© O UL W W = =

I I R e
UL i W 00 Ut Ut O

29
29
32
32
33
43
50
50
o1



Chapter 1

Grobner Bases

The term “Grobner bases” was introduced by Bruno Buchberger

in his 1965 Ph.D. thesis (An algorithm for finding the basis elements of the residue class
ring of a zero dimensional polynomial ideal, University of Innsbruck) under the supervision
of Wolfgang Grobner. However, similar notions in different settings were around before that
date, and have been developed after. In 1900 Gordan appears to have used a very similar
concept. Furthermore, a “Grobner basis theory” for free Lie algebras was developed by
Shirshov in 1962 (Some algorithmic problems for Lie algebras, Sib. Mat. Zh). Also, the
so-called Knuth-Bendix algorithm (Knuth and Bendix, Simple word problems in universal
algebra, 1970) is a similar development in the theory of finitely-presented groups.

In this chapter we describe the theory of Grobner bases, and some of its applications, for
ideals in a polynomial ring.

Throughout we use the notation IN = Z>.

1.1 Grobner bases

1.1.1 Polynomial rings

Throughout k will denote a field, and k[z1, ..., x,] will be the polynomial ring in n variables,
wich coefficients in k. That is

Koy, o) ={ D il x| ey, €k}

i1,00in

Example 1.1.1 In the cases where we have one, two or three variables we also write, respec-
tively, k[x], k[z,y] and k[z,y, z].
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A more compact notation for the exponents is useful on many occasions. For a =
(a1,...,00), a5 € N, we define z* = 27" - - - 2%". Such an element is called a monomial.

Example 1.1.2 22y2'0 is a monomial, and 22y + 3yz is a polynomial.

So in general we can write a polynomial as ) cqoz®.
Recall that a ring R is said to be commutative if fg = gf for all f,g € R. So polynomial
rings are commutative.

Definition 1.1.3 Let R be a commutative ring. A subset I C R is called an ideal if
-0el;

-if f,g€ I then also f+g € I;

-if felandge R thengf e l.

In this chapter we deal exclusively with polynomial rings k[x1,...,2,]. In such rings we
have a particular class of examples of ideals, that are described as follows.
Let f1,...,fs € k[x1,...,2,] and set

I= {Zgifi | gi € k[z1,...,20]}
=1

Then obviously I is an ideal of k[x1, ..., z,]. Later we will see that overy ideal of k[x1, ..., ;]
is of this form.

Notation. We will denote the ideal I above with I = (fi,..., fs), and say that I is
generated by fi,..., fs.

Fundamental problem: “Given I = (fi,...,fs) and g € k[x1,...,z,] decide whether
gel”

Example 1.1.4 Let R = k[z,y,2], fi = zyz — 2y, fo = 2%y —yz and g = yz? — yz. The
question is whether g € (f1, fa).
Observe that

zfi — 2fy = =2’y + y2*
so we add fo and find
vh—zfot+ o=y —yz=yg
and hence g = zf1 + (1 — 2) f2 € (f1, f2).

Example 1.1.5 Let I C k[z,y, 2] be the ideal generated by fi = z%yz —yz — z, fo =
xy’z —xy — vy, f3 = xyz? — 2y — 2. Then 22 — 22 and y — z lie in I. But it certainly is not
obvious.

We see that checking whether g € (f1,..., fs) can be a rather complicated thing. But at
least we know that we have to find h; with f =", h;f;. To show that g & (f1,..., fs) seems
even more difficult.
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1.1.2 Polynomials in one variable

If we are dealing with polynomials in a single variable, then the fundamental problem has an
easy solution.

Lemma 1.1.6 Let I C k[z] be an ideal. Then there exists h € k[x] with I = (h).

PROOF. Let h be a nonzero element of I, of minimal degree. Let f € I. Then f =qh + 1
with ¢, € k[z] and deg(r) < deg(h).

Since r = f — qgh € I we get that » = 0 as h is of minimal degree in I. It follows that
f=qh. O

Now let I = (h) C k[z] and f € k[x]. From the proof of the preceding lemma we get the
following procedure to check whether f € I:

1) Write f = gh + r with deg(r) < deg(h). (Polynomial division.)
2) If r =0 then f € I otherwise f ¢ I.

(Note that if I is generated by h, then h is of minimal degree in I.)

We want to find some analogous procedure in the multivariate case. The key remark is
that in the case of one variable we use the degree of a polynomial. In other words, we use
an ordering on the monomials: ™ < x™ if m < n. We start be generalising that to the
multivariate situation.

1.1.3 Monomial orders

Recall the notation z® = z{* - - - 24", where a = (a1, ..., ay).

Definition 1.1.7 An order < on the set {x®} of the monomials of klx1,...,xzy] is called a
monomial order if

1) < is total, that is for all o, B we have 2 < 2P or 27 < z°.
2) < is multiplicative, that is, if x* < xP then x®2Y < 2827 for all ~.

3) There are no infinite descending chains 1) > 2 > (in other words, < is a well-
ordering).

We identify {z® | « € N"} and IN" by 2% < a.
So from an order < on the set of monomials we get an order on IN” by o < 3 if 2 < 2.
Then the conditions for < to be a monomial order translate to:

1) <is total.
2) If a« < 8 then o+ < S+~ for all ~.
3) There are no infinite descending chains.

In the sequel, when we speak about monomial orders we freely interchange between an
order on the set of monomials and on IN", whichever is the most convenient.
The following observation is useful.
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Lemma 1.1.8 Set vy = (0,...,0) € N" and let < be a monomial order. Then o > vy for all
ae N a# .

PROOF. If a < 7 then o+ a < a+ vy = a. In the same way we find that (k+ 1)a < ka. So
we have constructed an infinite descending set. O

Example 1.1.9 (Lexicographical order.) Is denoted <jx. By definition, a <jex 8 if oy < f3;
where 4 is the minimal index with a; # 3;.
For example in k[z,y, z] we have

nyZIOO lex x2yz

and
3
TYZ <lex TY"-

The claim is that <o, is a monomial order.
PRrROOF. 1) It is obvious that it is a total order: if o # 8 then there is an index i with o; # 5;.
2) Suppose that a <jex 5 and let ¢ be minimal with «; # §;, and hence «; < ;. Then i
is also the minimal index with (o +7); # (8 + 7); and

(a+7)i=ai+% <Bitv=0B+7)

Therefore (a + ) <jex (8 +7)-

3) The most difficult thing to show is that there are no infinite descending chains. So
suppose there is one: (1) >jex @(2) >lex ... We use induction on n (i.e., the number of
variables) to obtain a contradiction.

For n = 1 it is obvious that there are no infinite descending chains (here the order reduces
to the normal degree order).

Assume that there are no infinite descending chains, with respect to <ijex, when there are
n — 1 variables.

Observe that 0 < a(7); < a(1);.

Hence

a(1)1
fal)i>1}= |J G
k=0

where C, = {a(i) |i > 1, a(i); = k}. N
So there has to be a ko with Cy, infinite. Then we set C, = {(a2,...,an) | @ € Ck, }.
But this is an infinite descending chain with respect to the <, order on n — 1 variables.
So we have our contradiction. ]

Example 1.1.10 (Graded lexicographical order.) Notation <gjex.
Define |a| = a1 + ... + ay,; this is the degree of the monomial z%. By definition o <gjex
if

- Jal < |8
- or |a| = |8] and a <jex B

It is abvious that <gjex is a monomial order.
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1.1.4 Polynomial division for multivariate polynomials

As before we write R = k[z1,...,x,]. In this section we fix a monomial order < on IN".

Let f =), caz® € k[z1,...,2,). o be maximal with respect to < with ¢, # 0. Then
x® is called the leading monomial of f, and denoted LM(f), wheras ¢, is called the leading
coefficient and denoted by LC(f).

With this notation we have the following division algorithm, which is a generalisation of
the division algorithm for polynomials in one variable.

Algorithm 1.1.11 (Polynomial division with remainder)

Given: f1,...,fs € R, g € R.

We compute: r € R such that g = h1f1 + ...+ hsfs + 1 with h; € R and no monomial of
r is divisible by an LM(f;).

1) Setg:=g, r:=0.
2) If g = 0 we stop.
3) Write x7 = LM(g), ¢ = LC(g). If there is an f; such that LM(f;) divides x7 then we set

9 =9~ fi

where 2PLM(f;) = 27. Otherwise we set

gi=g—cx’ e r:=r+ca’.
Return to 2).

Proposition 1.1.12 The algorithm 1.1.11 terminates correctly.

PROOF. In round of the algorithm LM(g) decreases. Hence the algorithm terminates as there
are no infinite descending chains.

Not that troughout the execution of the algorithm we have g — (g + r) € I, where I =
(f1,..., fs). Indeed, this is surely true initially (when g = g, 7 = 0). Assume it holds for g
and 7. If they get replaced by g1, r1, with

c
_ By _
gl g LC(fZ)x f’l € Tl T?
then c
_ (7 — a0 — (7 B r.
g—(1+r)=g (9+T)+Lc(mfﬂ fi

so also g — (g1 + 1) € I. If on the other hand g3 = g1 — cx” and r1 = r + ca” then
g—(1+r)=g—-(g+r)el

So the property continues to hold in the next round of the algorithm. (The property g — (g +
r) € I is said to be a loop-invariant of the algorithm.)
So upon termination we have g = 0 and g — r € I and therefore

g—T'Zhlfl—l—...—i-hsfS.

By construction we see that no LM(f;) divides a monomial in r. O
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Remark 1.1.13 We note that the algorithm, and hence its output, depends strongly on the
chosen monomial order. In the next example we see that there is another element of choice
in the algorithm that can also affect the output.

Example 1.1.14 Let fi = a2y + 1, fo =y+1e g = xzy —y. We use the monomial order
<:<glex-
We can perform the algorithm in two ways:

e First alternative:

1) g=zy—y,r=0;
2)929— =-y—1
3) =g+ f2=0;

4) r=0.

e Second alternative:

)

2) g=g—zfr=—x—y;

3) g=g+x=—y, r=—x;
4) g=g+ =1

5) g=g—1=0,r=—a+1;
6) r=—x+1

Definition 1.1.15 Let r be the output of Algorithm 1.1.11 with input f1,...,fs € R, and
g € R. Then r is called a remainder of g modulo f1,..., fs.

So from this example we see that there can be more than one remainder of g modulo
fi,---, fs. So the main problem is not solved as easily as in the univariate case. The main
idea is to find a different generating set G = {g1,..., g} of the ideal I = (f1,..., fs), with
the property that the remainder of a ¢ € R modulo G is unique, and moreover it is zero if
and only if g € I. Such a G will be called a Grébner basis.

First we study what happens in a relatively easy case.

1.1.5 Monomial ideals

Definition 1.1.16 Let A C IN" (possibly infinite). Then the ideal
I=@"|acA) CR=klzi,...,z)

1s called a monomial ideal.

Lemma 1.1.17 Let I = (z® | « € A) be a monomial ideal. Then h € I if and only if all of
it monomials lie in I.
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ProoOF. “<”. Obvious.

“=7”. Let h € I and write h = ) 4 cahax® with certain h, € R and a finite number of
the coefficients ¢, € k are nonzero.

Let 27 be a monomial of h. So x” is a monomial of at least one hox®. But

ho = i,uimﬁ(i) =  haz% = iuixﬁ(iHa.
i=1 i=1

So there is an 7 with
2V = 2P c T,

Lemma 1.1.18 Let the notation be as in the preceding lemma. We have x7 € I if and only
if 27 = 2Pz for certain f € N and a € A.

PRrOOF. Analogous to the proof of Lemma 1.1.17. O

Now we define a partial order < on IN” by o < 3 if a; < B; for all 4.

Example 1.1.19 We have (1,2,3) < (1,3,5). Furthermore, (1,2,3) £ (1,3,2) and (1, 3,2) £
(1,2,3).

Hence not all elements are comparable with the order <. We say that «, 5 € IN" with
a £ B and 8 £ a are uncomparable with respect to <.
A set A C IN” of which any pair of elements is uncomparable is called an antichain.

Lemma 1.1.20 FEwvery antichain in IN™ is finite.

PrOOF. For n = 1 this is obvious as in that case < is equal to the normal order < on the
inigers. (So an antichain has at most one element.)

Let n > 1 minimal such that there is an infinite antichain A C IN®. Let o« € A. Then for
all B € A with 8 # o there exists ¢ with ; < a; (and j with 8; > «;), because a and 3 are
not comparable. Then

Ax{a} = J{BeA|B <ai}.
=1

So since A is infinite, at least one set By, = {8 € A | B, < v, } is infinite. Write 0 = ay,.
Then Bj, = U)_4{B € A| Bi, = j}.
So at least one of these sets is infinite; let it be C' = {5 € A | Bi, = jo}. Set

C/ = {(617" . 7/3j0—1>6j0+11' . 76n) | ﬁ = (Bh'"aﬁn) c C}

But then also C” is an antichain and |C'| = |C] = .
As ¢ C IN"! we have reached a contradiction. OJ

Lemma 1.1.21 (Dickson) Let ACIN" el = (z® | a € A) C R =k[z1,...,2,]. Then there
exists an A" C A, with A’ finite and I = (z* | a € A').
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In other words, a monomial ideal is always generated by a finite number of monomials.
PROOF. Let B C A a maximal antichain (that means that there is no antichain B’ C A with
B’ D B and B’ # B). By Lemma 1.1.20 B is finite.

Observe that for all & € IN" the set {5 € N" | < a} is finite.

Set A’ = BUU,cp{B € A| B = a}. We claim that I = (z* | a € A’). The inclusion
“(2)” is obvious because A’ C A. In order to show “(C)” let 8 € A. We have to show that
there is a v € N” and a € A’ with z® = 27z

If 3 € B C A’ then there is nothing to show. Otherwise 8 ¢ B and hence there is an
a € B such that a and (3 are comparable (otherwise B U {3} is a bigger antichain). So there
are two pissibilities: « < g or 5 < a.

If @ < B then we take v = 8 — o and hence z” = 272, If B < « then 8 € A’ so we can
take v = (0,...,0) and o = . d

Theorem 1.1.22 Let < eb an order on IN™ with
1) < is total,

2) ifa<pthena+y <P+~ forally € N",
3) a>0=(0,...,0) for all « € N"™.

Then < is a monomial order.

Proor. We must show that there are no infinite descending chains. So suppose that we have
a(l) > a(2) >.

Let A ={«a(i) |i>1} and I = (z* | @ € A). By Dickson’s lemma we have that there
exists a finite A’ C A, with I = (z® | a € A').

Write A" = {5(1),...,8(r)} with (1) > B(2) > ... > B(r). We claim that a(i) > B(r)
for all 4.

Indeed, 2*) € I so by Lemma 1.1.18 there exists a B(7) e v € N" with 220 = g7gB0)
that is, a(i) = v + B(4).

By 3) we know that v > 0 = (0,...,0) hence

a(i) =+ B(j) >0+ B(j) = B(j) > B(r).

Let m be such that a(m) = B(r). Since a(m) > a(m +1) > ... > B(r) and a(m) = p(r)
it follows a(m) = a(m + 1) = .... So the chain cannot be infinite. O

Theorem 1.1.23 (Hilbert’s basis theorem) FEvery ideal of R = k[z1,...,xy,] is generated
by a finite number of elements.

PROOF. Let I C R be an ideal and J = (LM(f) | f € I) the ideal generated by the leading
monomials of the elements of I (with respect to a fixed monomial order).
Dickson’s lemma implies that there exist g1,...,9s € I with

J=(LM(g;) |1<i<s).
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These generate I. Indeed, let f € I, then using polynomial division with remainder we
find r € R such that there are hy,...,hs € R with f = h1g1 + ...+ hsgs +r and no monomial
of r is divisible by a LM(g;).

But r = f — > h;g; € I hence LM(r) lies in J. So there exists i such that LM(g;) divides
LM(r) (Lemma 1.1.18) but this is impossible except when r = 0. It follows that f = > h;g;. O

Corollary 1.1.24 If I, for k > 1, are ideals of R with Iy C Is C I3 C ... then there exists
m wzthIm: m+1l = Im+4+2 = .. ..

Proor. Let J = Ug>1l; which is an ideal of R. Theorem 1.1.23 says that there are
9is.---,9s € Jwith J = (g1, ..., 9s). Let k; be such that g; € I, and set m = max(ky,...,ks).
Then g1,...,9s € I, and hence I,,,y; = I, because I,;, C I,,,4; is given and I,,1; C J = I,,,. U

1.1.6 Grobner bases

Definition 1.1.25 Let I C R = k[z1,...,xy] be an ideal. Then the ideal (LM(f) | f € I) is
called the initial ideal of I. We write (LM(I)) = (LM(f) | f € I).

Definition 1.1.26 Let I C R = k[z1,...,x,] be an ideal, and G C I with (LM(I)) =
(LM(g) | g € G). Then G is called a Grobner basis of I.

Remark 1.1.27

e G =1 is a Grobner basis of 1.

e From the proof of Hilbert’s basis theorem we immediately get that every ideal has a
finite Grobner basis.

Lemma 1.1.28 Let I C k[zq,...,xy] be an ideal. Then G C I if a Grobner basis of I if and
only if for all f € I there is a g € G such that LM(g) divides LM(f).

PrOOF. We have that G is a Grobner basis of I if and only if
(LM(g) | g € G) = (LM(I))

so if and only if for all f € I there exists g € G such that LM(g) divides LM(f) (Lemma
1.1.18). O

Proposition 1.1.29 Let I C R = k[z1,...,%,] be an ideal and G C I a Grébner basis. Let
f € R andr € R a remainder of f modulo G. Then r is uniquely determined, that is, it does
not depend on the choices made during the division algorithm. Moreover, r = 0 if and only if

fel
PROOF. Suppose that
f:hlgil + ...+ hsgi, + 71 :legjl +.‘.+Btgjt+T2

with g;, and g;, in G and r; € R with the property that none of their monomials are divisible
by a LM(g) with g € G.
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Then
r =712 =higi + ...+ hsgi, + —higj, — ... — hegj, € 1

so by Lemma 1.1.28 there exists g € G such that LM(g) divides LM(r; —r2). But LM(r; —r2)
is a monomial of 1 or of ro (or of both). Hence r; — ro = 0 so that ry = 7.

If f eI then ry € I (because ri = f — Y _; hugi,). So there exists g € G such that
LM(g) divides LM(r1) (Lemma 1.1.28) whence r; = 0. The other direction is trivial. O

1.1.7 Computing Grobner bases

As before we write R = k[z1,...,%,] and we fix a monomial order <. Let G C R.

Let r € R be a remainder of f € R modulo G. Then we write r = f©.

If f¢ =0 then we say that f reduces to 0 modulo G.

Let f1, fo € R~ {0} and write () = LM(f;). Let v be defined by ; = max(a(1);, a(2);).
Then 27 is called the least common multiple of z*®) and 2*(2).

Furthermore,

x7 7
SUL 1) = T T LN

is called the S-polinomial of fi and fs.

fo

Example 1.1.30 Let f; = 22y2% — zy and fo = 322y?z — 5xyz. We use the order <glex- The
least common multiple of the leading monomials of f; and fo is 27 = 2%y?2? and

xy z 1 )
S(f1, f2) = 7(2933%22 —xy) — §(3$2922 —bxyz) = —5302212 + §$y22,

hence LM(S(f1, f2)) = x2y>.

We see that a remainder of S(fi, f2) modulo {fi, f2} is not zero because x%y? is not
divisible by LM(f1) or by LM(fs).

In particular, we se that {fi, fo} is not a Grobner basis of the ideal generated by it.

An element of the form cx® with ¢ € k is called a term.

Lemma 1.1.31 Let G C R = k[z1,...,2,) and f € R. Then if f reduces to zero modulo G
we have f = hig1 + ...+ hsgs with g; € G (not necessarily distinct) and where the h; € R are
terms with

LM(f) = LM(hlgl) > LM(hggg) >0 > LM(hsgS).

ProoF. This follows from the division algorithm. ([l

The next theorem gives us a criterion with which we can decide whether a given set G C R
is a Grobner basis (of the ideal it generates) or not.

Theorem 1.1.32 Let I C R be an ideal generated by a set G C I. Then G is a Grébner
basis of I if and only if S(gl,gg)G =0 for all g1,90 € G.
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PRroOOF.

“=” If G is a Grobner basis, then since S(g1,92) € I, this reduces to zero modulo G
(Proposition 1.1.29).

“<” Let f € I; we show that there exists a g € G such that LM(g) divides LM(f). Then
with Lemma 1.1.28 we conclude that G is a Grobner basis of 1.

We can write f = hig1 + ... + hsgs where the h; € R are terms and ¢g; € G. Write
m; = LM(h;g;) and m = m,. After maybe reordering, we may assume that

M=M] =My =...=My > Myt1 = ... > Mg.

Let us also assume that LC(g;) = 1 (if LC(g;) is not 1 then the same proof will go through,
but the notation becomes a bit heavier).

Choose an expression of the form f = hig1 + ...+ hsgs with m minimal, and among the
set of those expressions with v minimal.

Suppose that v > 1 and write h; = ¢;2*%. Then

f frd Clxa(l)gl + . + Csl,a(s)gs
= C ([L‘a(l)gl —_ xa(2)92) + (Cl + Cz)xa(2)92 _|_ . + Csan(s)gs.

Now let 7 be the least common multiple of LM(g;) and LM(go) and write 2° = m =
LM (z*(Mgy) = LM(2*®)gy). Then

Cﬂa(l)gl - xa@)gz =

because z° = z*OLM(g;).
Hence

z z
LM(g1) 9 LM(g2)

zWgy — 223 gy = 257 < 92> = 2°77S(g1, 92).

But S(g1,92) riduces to zero modulo G. Hence by Lemma 1.1.31
S(g1,92) = wigiy + ...+ wg,
where u; is a term and
z7 > LM(S(g1, 92)) = LM(u1gi,) > LM(u2gi,) > ... > LM(wg;,).

Therefore .

2*Wgy — 2P gy =3 "2 Vg,
=1

€ LM(iﬁ'&_'ijgij) < 2% = m. So since
f=ca (J:a(l)gl - ;,;a(2)92) + (c1 + 02)55‘1(2)92 +..+ Csl“a(s)gs

after subsituting we obtain an expression of the form f = hig; + ...+ hsgs with v decreased,
or in case v = 2 and c; + cg = 0, with m decreased. But this is impossible, hence v = 1.
It follows that m = LM(2*(Vg;) = LM(f) and hence LM(g;) divides LM(f). O
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Algorithm 1.1.33
Given: {q1,...,9s} generating the ideal I C klx1,...,x,] and a fired monomial order <.
We compute: a Grébner basis of I with respect to <.

1. Set Gy :={g1,...,9s}, and i := 0.

2. If S(f,g)G for all f,g € G; then G; is a Gréobner basis and we stop.

3. If there are f,g € G; with r := S(f, g)G # 0 then we set Giy1 = G, U{r}, i:=i+1,
and return to 2.

Proposition 1.1.34 Then algorithm 1.1.33 terminates correctly.

PRrROOF.
When the algorithm terminates G; is a Grobner basis of I because
- it generates I as it contains g1,...,9s and G; C I,

- by Theorem 1.1.32 G; is a Grobner of the ideal it generates.

Now to termination. Consider the ideals J; = (LM(g) | g € G;). We claim that G;1+1 2 G;
implies that J;+1 2 J;. Indeed, Gi+1 = G; U{r} and LM(r) is not divisible by any LM(g) for
g € G;. Hence LM(r) ¢ J; (Lemma 1.1.18). But LM(r) € J;41 so Jit1 2 J;.

By Corollary 1.1.24 there are no infinite increasing chains of ideals in R. Hence the algo-
rithm must terminate. O]

Example 1.1.35 Let ¢ = 2yz — zy and ¢2 = 2%y — yz. We use the order <glex With
z >glex Y >glex z.
We have Gy = {g1, 92} and
S(91,92) = xg1 — 292
= 2Pyz — 2Py — (2Pyz —y2?)

—22y + y2?
yz" —yz
g3-

Q

So G1 = {g1,92,93}. Next
S(g1,93) = 291 — xg3
= ay2® —zyz — (vy2® — 1y2)
=0

and

S(g2,93) = 2°g2 — g3

7= (a?y2’ — a?y2)

w2y2? — yz

2yz —y2S

Q

—y23 + xzy
ny . yZQ
—yz2 +yz
0.

ls I8 I8
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Hence G1 = {g1, 92,93} is a Grobner basis of I.

When computing a Grobner basis one can use a number of tricks that often make life
easier. First of all, one can divide every element by a constant in order to make the leading
coefficient equal to 1. A second trick is based on the following results.

Lemma 1.1.36 Let f,g € k[x1,...,x,] and assume that the least common multiple of LM(f)
and LM(g) is the product LM(f)LM(g) (so the greatest common divisor of LM(f) and LM(g)
is1). Let u,v € k[z1,...,xy] be such that LM(u) < LM(f), LM(v) < LM(g). Then ug+vf
riduces to 0 modulo {f, g}.

Proor. The leading monomial of ug + vf occurs in ug or in vf but not in both. Indeed,
if LM(ug) = LM(vf) then LM(u)LM(g) = LM(v)LM(f). So since LM(g) and LM(f) have
no common factors it follows that LM(g) divides LM(v). But LM(v) < LM(g) so this is not
possible.

It follows that LM(ug) # LM(vf) so the biggest of the two is LM(ug + v f).

Suppose that LM(ug + vf) = LM(ug). Hence LM(ug + vf) is divisible by LM(g) with
factor LM(u). So in the division algorithm ug + v is replaced by

ug +vf —cLM(u)g = (u — cLM(u))g + v f

where c € k.
We see that we have obtained an expression of the same form. So the division algorithm
proceeds until it obtains zero. O

Lemma 1.1.37 Let f,g € k[z1,...,x,] such that LM(f) and LM(g) have no common factors.
Then S(f,g) reduces to 0 modulo {f,g}.

PrROOF. Write f = c12® + 71 and g = caz” + 72, with 2% = LM(f) and 2” = LM(g). Then
the least common multiple of z® and zf is 2®18. It follows that

onrB $a+5 3
— o
S(f9) = pape (c1z® +11) — p; (coa” +12)
1 1
= —rzf — —ryz®
C1 Co
1 1
= E”’l(g —r2) — @Tz(f — 1)
1
= CIT(HQ —r2.f)
and LM(r1) < LM(f), LM(r2) < LM(g). By Lemma 1.1.36, r;g — 2 f riduces to zero modulo
{f. 9} O

Conclusion. When calculating a Grobner basis we don’t need to check S(f,g) if LM(f)
and LM(g) don’t have common factors.

Example 1.1.38 One problem with Grobner bases is that on many occasions they are diffi-
cult to compute because they can be very big. As example consider

h=+y+22 -1, o=+’ +2-1, fa=a+y"+2° - L
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A Grobner basis of the ideal generated by these polynomials with respect to <jey is:

X + y + 7467678205870943/65719095621171465%z~25 +
1906548593713883/4381273041411431%z°24 +
8191728039103700/13143819124234293%2"23 -
18118488190106417/65719095621171465%xz"22 -
40197573291173158/13143819124234293%z"21 -
60670103256071060/13143819124234293*z°20 -
1562406006738162748/65719095621171465%z~19 +
80624458839890252/13143819124234293*z°18 +
649226374687018607/65719095621171465%z"17 +
618150565337585002/65719095621171465%z"16 +
353034549878420633/65719095621171465%z15 +
238802559571273606/65719095621171465%z14 -
11655150926515255/4381273041411431%z"13 -
1972928184800696599/65719095621171465%z~12 -
775940019593808291/21906365207057155%z~11 -
1345970642704934506/65719095621171465%z~10 +
2087861421527788238/65719095621171465%xz"9 +
3117371817891097726/65719095621171465%z"8 +
374132655781594758/21906365207057155%z"7 -
437890362723893518/65719095621171465%z"6 -
60670429063906802/1991487746096105%z"5 -
42413702095534382/65719095621171465*z"4 -
28132496530919371/21906365207057155%z"3 +
702615426148730872/65719095621171465%z"2 -
80217895633896968/219063652070571565%z - 1,

y°2 - y - T467678205870943/65719095621171465%z~25 -
1906548593713883/4381273041411431%z~24 -
8191728039103700/13143819124234293%z"23 +
18118488190106417/65719095621171465%xz"22 +
40197573291173158/13143819124234293*z"21 +
60670103256071060/13143819124234293%z720 +
152406006738162748/65719095621171465%z~19 -
80624458839890252/13143819124234293*z°18 -
649226374687018607/65719095621171465%z"17 -
618150565337585002/65719095621171465%z16 -
353034549878420633/65719095621171465%z~15 -
238802559571273606/65719095621171465%z"14 +
11655150926515255/4381273041411431%z"13 +
1972928184800696599/65719095621171465%z~12 +
775940019593808291/21906365207057155%z"11 +
1345970642704934506/65719095621171465%z~10 -
2087861421527788238/65719095621171465%z"9 -
3117371817891097726/65719095621171465%z"8 -
374132655781594758/21906365207057155%z77 +
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437890362723893518/65719095621171465%z"6 +
60670429063906802/1991487746096105*%z"5 +
42413702095534382/65719095621171465*z"4 +
50038861737976526/21906365207057155%z"3 -
702615426148730872/65719095621171465%z2 +
80217895633896968/21906365207057155%z,

y*z + 114351761873236539/148963283407988654*z"25 +
209291487801391117/446889850223965962*z"24 +
52236360062652115/148963283407988654%z723 -
1468425502479577274/223444925111982981%z722 -
858875628508250933/223444925111982981%z721 -
616034236519743323/223444925111982981*z~20 +
8794492882346418295/446889850223965962*z"19 +
4815691490104347169/446889850223965962*z"18 +
1149199885582915487/446889850223965962%z"17 -
1088785538668067356/223444925111982981%z716 -
2515633540839994712/223444925111982981*z~15 +
6870511665918010699/446889850223965962*z~14 -
33317003410103522629/446889850223965962*z~13 -
1138745048309366852/74481641703994327*z~12 -
2405659933320304387/223444925111982981*z~11 +
16532107971394002975/148963283407988654*z~10 +
38492638078382481727/446889850223965962%z"9 -
17305956248039834578/223444925111982981*z"8 -
3042243532386622694/223444925111982981*z"7 -
8470564338716612201/74481641703994327*z"6 +
109793303496803963/1194892647657663*xz"5 -
1834169915554595837/74481641703994327*z 4 +
23672654350351476275/446889850223965962%z"3 -
2965819909779524184/74481641703994327xz"2 +
3212763377507509769/446889850223965962*z,

z726 - 9%z723 + 29%z720 - 6%z718 - 11xz2717 - 14xz716 + 27xz"15 - 110%z"14 +
37xz713 + 4*xz712 + 163*z"11 + 36*z710 - 173*z"9 + 28*z"8 - 146%*z"7 +
208*z"6 - 94%z75 + 89%z"4 - 91%z"3 + 37*z"2 - b*xz

1.2 Applications of Grobner bases

In this second section we see a few applications of Grébner bases. Of course, they solve the
main problem: given an ideal I C k[z1,...,z,] and f € k[z1,...,x,] decide if f € I. In order
to solve this problem we compute a Grébner basis G of I. Then f € I if and only if f& = 0.

1.2.1 Solving polynomial equations

Definition 1.2.1 A field k is called algebraically closed if every polynomial in k[x] has a
zero in k.

Example 1.2.2 For example k£ = C.
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The problem of this section is given f1, ..., fs in k[z1, ..., ky], to decide if there is a vector
(a1,...,an) € k™ with

filar,...,an) =...= fs(a1,...,a,) =0

and in the affirmative case to find such (ay,...,a,).
If the field is algebraically closed the first part of the problem can be solved with Hilbert’s
Nullstellensatz.

Theorem 1.2.3 (Hilbert’s Nullstellensatz) Let k be an algebraically closed field and R =
klxi,...,zy]. Let f1,..., fs € R. Then there ezists a = (a1,...,a,) € k" with fi(a) = ... =
fs(@a) =0 if and only if the ideal I = (f1,..., fs) does not contain 1.

In the proof we use a lemma that we do not prove.

Lemma 1.2.4 Let k C K be fields. Suppose that there are (1, ...,(s € K with the property
that every element of K can be written as polynomial in (q, ..., s with coefficients in k. Then
K is algebraic over k.

The intuitive idea of the proof of this lemma is as follows. If there is a transcendental
z € K, then k[z] is isomorphic to the polynomial ring in one variable, and k(z) is isomorphic
to the rational function field in one variable. But that field is not finitely generated over k.
PROOF. (of the Nullstellensatz). “=" Obvious. If a exists, then f(a) =0 for all f € I; hence
1¢1.

“<” Every infinite chain of ideals I = Iy C I} C Iy C ... has the property that there
exists r with I, = I, 41 = I, 492 = ... (Corollary 1.1.24). So there exists a maximal ideal of R,
J DI, J# R (note that 1 € I if and only if I = R). So K = k[z1,...,x,]/J is a field.

Write ; = x; mod J; then every element of K is a polynomial in the (; with coefficients in
k. Hence K is algebraic over k (Lemma 1.2.4). Since k is algebraically closed we have k = K.

Hence z; mod J = a; for certain a; € k and therefore z; — a; € J. But the ideal
(r1 — a1, ...,y — ap) is maximal and hence J = (1 — a1, ...,y — ap).

We conclude that for all f € J we have f(ai,...,a,) = 0 and in particular we get that
for all f € I. O

The work of David Hilbert (1862 - 1943)

is of great importance for the development and use of Grébner bases. However, interest-
ingly, his methods were not algorithmical at all. His proof of what is now known as Hilbert’s
basis theorem shows that every ideal has a finite number of generators, without giving a clue
as to what these generators are, or how many are needed. This prompted Gordan, famously,
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to exclaim “Das ist nicht Mathematik. Das ist Theologie.” (This is not mathematics. This
is theology.)

Using the Nullstellensatz we can decide whether or not a given set of polynomial equations
has a solution in an algebraically closed field. Indeed, we compute a Grébner basis G of the
ideal generated by the polynomials. Then 1 lies in the ideal if and only if 1¢ = 0.

Now we turn to the problem of actually determining a solution, if one exists. The following
lemma is trivial, but nonetheless important.

Lemma 1.2.5 Let I be the ideal generated by f1,..., fs € k[z1,..., 2], and leta = (a1, ...,a,) €
k™. Then fi(a) =...= fs(a) =0 if and only if f(a) =0 for all f € I.

PROOF. Note that f € I if and only if there exist hy,...,hs € Rwith f =hifi+---+hsfs. U

From this lemma we see that solving the polynomial equations fi = ... = fs = 0 is
equivalent to solving the equations g1 = ... = g, = 0, where {gi,...,g;} is any generating
set of the ideal generated by the f;. Next we see that Grobner bases with respect to the
lexicographical order are particularly useful in this respect.

Definition 1.2.6 Let I C k[z1,...,xy,] be an ideal and 0 <1 < n—1. Then INk[zi41,...,Tn],
which is an ideal of k[xi41,...,2y], is called the I-th elimination ideal of I.

The [-th elimination ideal eliminates the first [ variables.

Theorem 1.2.7 (Elimination theorem) Set R = k[z1,...,2,], and use the order <jex
With T1 >lex T2 >lex - -+ >lex Tn. Let I C R be an ideal and G a Grébner basis of I with
respect to <jex. Then G N klxii1,...,2y] is a Grobner basis of I N kx4, ..., xy].

PROOF. Set G; = GNEklxii1,...,xp) and [} = T N Ek[xpyq, ..., 2]

We need to show that (LM(I;)) = (LM(g) | g € Gi).

“3” Obvious as G C I;.

“C” Let f € I;. Then f € I and since G is a Grobner basis of I, there exists ¢ € G such
that LM(g) divides LM(f). But f € k[z;41,. ..,y so also LM(g) € k[xi41, ..., Tn].

Now let % be a monomial of g, % # LM(g). If a; > 0 for some i < [ then 2% >}, LM(g).
But that is impossible.

Hence z® € k[xi41,. .., %,) and therefore g € k[z;y1,...,zy]. It follows that g € G; whence
LM(f) € (LM(g) | g € Gy). .

Conclusion. With a Grobner basis with respect to <jex we immediately find Grobner bases
for

~

N klzy)]
N k[$n—17mn]

~

I N k[l‘g,...,xn]
I N klzy,...,z,] =1.
So the Grobner basis has a triangular structure that may help to solve the corresponding

polynomial equations.
Note: it is possible that I N k[z;11,...,2z,] = 0.
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Example 1.2.8 Consider the polynomials
fi=a?+y+z2—-1, fo=ax+y’+2—-1, fi=z+y+22—-1

We want to solve the system f; = fo = f3 =0.
A Grobner basis with respect to >y consists of the polynomials

g o= z+y+2-1
@ = yY¥-y—2+z
g3 = 2y22+z4 22
g1 = — 42t 4428 - 22 =22 (2 - 1)% (22 + 22— 1).

With I = (f1, f2, f3) we see that INk[z] is generated by g4, I Nk[y, z] is generated by g2, g3, 4.
Also we see that g4 = 0 gives a finite number of values of z, namely 0, 1 and —1 4 /2. If

z = 0 then also g3 = 0, but go = 0 implies that y can be 0 or 1. If y = z = 0, then from g; = 0

it follows that x = 1. We find the solution (1,0,0). Going on like this we find all solutions:

(1,0,0)
(0,1,0)
(0,0,1)
(-1 —v2,-1-v2,-1-V?2)
(14 V2, -1+ V2,-1+V2).

1.2.2 Applications of Grobner bases in geometry
Definition 1.2.9 Let I C k[z1,...,xy,] be an ideal. Then

VI={f€klxy,...,xn]| esiste m >0 con f™ € I}
1s called the radical of I.

Remark 1.2.10 /T is an ideal of k[zy,...,z,].

PROOF. Obviously 0 € 1. Let f € VT and g € k[zy,...,2,], so f™ € I for a certain m > 0.
Hence g™ f™ = (gf)™ € I so that gf € V/I.
If f,g € VT then we let m > 0 be such that f™,¢™ € I. Then

2m
(f+g)2mzz<2zn>fz 2m— ZEI

1=0

so f+ge VI O

Lemma 1.2.11 Let I = (f1,..., fs) C klz1,...,x,] be an ideal and f € k[x1,...,x,]. Then
f € VI if and only if 1 is contained in the ideal J = (f1,..., fs,1 —yf) C klz1,...,Tn,y].
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PROOF. “=" Suppose that f™ € I. Then y™ f™ € J (because I C J). But also

I=—y™f™M)=0-yfHA+yf+ @ +...+ @)™ Hed

soleld.
“<” If 1 € J then there exist p;, q € k[x1,...,2n,y] with

S
1= "pi(w1,. @, y) fi + (@1, 20, y) (1= yf).
=1

Now we formally subsitite y with % and get

. 1
1= pi(z1,...,2n, ?)fi.
i=1

1

Note that the p;(z1,...,xn, f) are rational expressions with denominators f” for certain

r > 0.
Hence there is an m with f™p;(z1,...,Zn, %) € klz1,...,x,) and therefore
> 1
=Y i e, ) f
i=1 f
so f™ e I, in other words f € V1. g

So with Grébner bases one can check whether f € /T or not. This leads to the following
algorithm.

Algorithm 1.2.12
Gien: fi,..., fs generating the ideal I C k[x1,...,x,], and a f € klx1,...,zy].
We decide f € VT or not.

1. Compute a Grébner basis G of J = (f1,..., fs, 1 —yf);
2. If 19 = 0 then f € VI, otherwise f ¢ \/I.

Definition 1.2.13 Let W = k™ be a vector space over k of dimensionn. Let I = (f1,..., fs)
be an ideal of klx1,...,xy,]. Then the set

V() ={(wy,...,w,) € W | fwi,...,w,) =0 per ogni f € I}

1s called the closed set corresponding to I.

Example 1.2.14 Let k = R. Let I C k[z,y] be generated by y — 22. Then V(I) consists of
the points of the graph
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Simlarly, if I = (2% + y? — 1), then V(I) consists of the points of

V(1)

Theorem 1.2.15 (Hilbert’s Nullstellensatz, strong form) Let k be an algebraically closed
field and I C k[xy,...,zy] an ideal. Let J C klx1,...,xy,] be the ideal defined by

J=Af€klry,...,x,) | flw)=0, Vwe V(I)}.

Then J = /1.

ProOF. If f € /T then there exists m > 0 with f™ € I and hence f™(w) = 0 for all
w e V(). But f™(w) = (f(w))™ so f(w) =0 for all w € V(I). Therefore f € J.

Now take f € J, that is, f(w) = 0 for all w € V/(I). Let I be generated by f1,..., fs €
klxy,...,zp]. Set I = (f1,...,fs, 1 —yf) C kl[z1,...,2n,y]. Let w = (w1,..., wp,wp4+1) €
k"1 We consider two cases:

- (wi,...,wy) € V(I). Then fi(w)=0fori=1,...,s. But f(w) =0s0 (1 —yf)(w) # 0.
- (wy,...,wy) € V(I). Then there is f; with f;(w) # 0.

Th econclusion is that {w = (w1, ..., wn1) | A(w) =0, Vh € I} = 0. By the weak form of
Hilbert’s Nullstellensatz (Teorema 1.2.3), 1 € I (k is algebraically closed). Hence by Lemma
1.2.11, f e VI. O
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Remark 1.2.16 One has
ViIOnVvV(J)=V({I+J)

where I + J is the ideal
I+J={f+g|fel,geJ}.

PrOOF. Let ve V(I)NV(J)and h=f+g e I+ J with f € I and g € J. Then
h(v) = f(v) +g(v) =0+0=0

sove V(I +J).
Conversely, let v € V(I + J). Since I C I + J we get h(v) = 0 for all h € I, whence
v € V(I). Analogously we get v € V(J). Therefore v € V(I) NV (J). O

From this it follows that for X C k™ there exists a unique minimal closed set containing
X. This is called the closure of X. Now let

Id(X) ={f € klx1,...,z,] | f(v) =0, Yv € X}
which is an ideal of k[z1,...,2,]. Then the closure of X is V(Id(X)).

Theorem 1.2.17 Let k be an algebraically closed field, and R = k[xi,...,x,], and I =
(fi,. ., fs) CR. Let m: k™ — k" be defined by m(vy,...,vn) = (Vip1,. .., 0n).

Let I} = k[zj3q,...,x) NI, the l-th elimination ideal of I. Then V(I}) is the closure of
m(V(I)).

Example 1.2.18 Let [ = (zy — 1) C k[z,y]. Consider 7 : k* — k with 7 (v1,v9) = va.
Then
V(I)={(v1,v2) | nive =1} = m(V({)) =k~ {0}.

Now I; = 0 which implies V(1) = k.

PROOF. (of Teorema 1.2.17) “D”. Let v = (v1,...,v,) € V(I). Then f(v) =0 for all f € I.
In particular for f € I} C klxjy1,...,2,] we have f(m(v)) = f(vig1,...,v) = 0.

So V (1I;) is a closed set containing m;(V(I)). hence V (I;) contains the closure of m;(V (I)).

“c” Let J =1d(m(V (1)) C k[z131, - - -, 2n). We claim that J C /I;. Indeed, f € J implies
f(Uig1,...,v,) =0 for all (vy,...,v,) € V(I). It follows that f(v) =0 for all v € V(I) and
hence, by Hilbert’s Nullstellensatz (Theorem 1.2.15), f € v/I. In other words, f™ € I.

But f € k[zi41,...,xy] so also f™ lives there. Therefore f™ € I Nk[xj41,..., 2, = ;. Tt
follows that f € v/T;.

We conclude that V(J) D V(v/T;) = V(I}). O

Conclusion. In view of the elimination theorem, using Grébner bases we can find the
closure of m;(U), where U C k™ is a clased set.

As an application we show how to find the closure of the image of a regular function.

A regular function h: k™ — k™ is given by m polynomials hq, ..., hy, € k[z1,...,2,], such
that h(v) = (h1(v), ..., hn(v)).

Let X = V(I) C k™ where I = (f1,..., fs) C k[z1,...,2,]. We want to find the closure
of h(X).
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Let
I={(v,h(v)) |veX}cCkEm

This is called the graph of h.

Observe that T' C k"™ is closed. Indeed, let J be the ideal of k[xy,...,2n, Y1, -, Ym]
generated by

{fl)"'?fsayl —hi, o Ym *hm}-

Then (v, w) € I' if and only if p(v,w) = 0 for all p € J (w = h(v) if and only if (y; —h;)(v,w) =
Ww; — hz(v) = O).

By computing a Grébner basis we can compute the closure of m, (I') where m,, : k"T™ — k™
is defined by

T (V1 ooy Upy W, e oy Wiy) = (W1, .oy W)

Now 7, (I') = h(X) so we see that we can compute the closure of h(X) (here we always

assume the field & to be algebraically closed).

Example 1.2.19 Let S = {(t2,#3) | t € C}. We compute the closure of S. Define h: C — C?
by h(t) = (t3,t3). Then S = {h(t) | t € C}. Consider the graph of h:

I'={(u,h(u)) |ue C}.

We have that T' = V(1) where I = (y; — 2,92 — t3) C k[t, y1, 2]
We compute a Grobner basis of I with respect to <jex With ¢ >1ex 1 >1ex Y2, and obtain

G = {t* —yi, ty1 — ya, ty2 — y1, v} — y3}.

So by the elimination theorem, a Grobner basis of I N k[y1,y2] is G N k[y1,y2] = {3 — y3}.
The conclusion is that the closure of S is V(J) where J is generated by v — 3.

Here we have V(I) = S, but this is not true in general.

The set S is the parametric form of a curve in €2, wheras the representation as V(J) is
called the implicit form of the curve. It is not true in general that the parametric form and
the implicit form define exactly the same set of points.

Divertimento: the real Nullstellensatz

In general the Nullstellensatz does not hold when the field is not algebraically closed. However,
when the field is R, then an interesting variant of the theorem is true. It is called the real
Nullstellensatz, (see G. Stengle. A Nullstellensatz and a Positivestellensatz in semi-algebraic
geometry, Math.Ann.(1974),pp. 87-97).

For this let I be an ideal of R = R|z1,...,zy]. Then its real radical is defined as

{‘/f:{feR]me—}-Zr?EIforsomem>0,ri€R}.

1

With this definition the real Nullstellensatz holds: let J be as in the strong form of the
Nullstellensatz, then
J= VI

Example: I = (27 + x3); then it is not difficult to see that

% = <$1, :Cg).
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1.2.3 An application in combinatorics: Alon’s non-vanishing theorem

Here we let k be a field. Let T1,...,7T, be finite subsets of k, and write ¢; = |T;|. Then we
form the set of points T'=T7 x Ty x --- x T, C k™. We set

I(T)={f €klr1,...,zn] | f(p) =0forall pe T}.

It is straightforward to see that 7' is an ideal of k[z1,...,x,]. For 1 <i <n set

fi= 1] (i)

seT;

These are elements of k[z;], and obviously lie in I(T).

Lemma 1.2.20 {f1,..., fo} is a Grobner basis of I(T) (with respect to any monomial or-
dering).

PRrOOF. The leading monomial of f; is mfl Pairwise they have no common factors; therefore
the f; form a Grébner basis of the ideal they generate.

We need to show that the f; generate I(T"). For that we use induction on n. For n =1 it
is obvious, so suppose n > 1.

Let f € I(T) and write f = go + g1%y + -+ + gp2", with g; € k[z1,...,2,1]. Suppose
that f & (f1,..., fn), and choose f with this property such that r is minimal.

First suppose that g;(u1,...,up—1) =0 forall i and (uy,...,up—1) € Ty X---xT,,_1. Then
by induction the g; lie in the ideal (f1, ..., fn—1) C k[z1,...,2p—1]. Hence f € (f1,..., fn—1) C
E[x1,...,zy]. So we obtain a contradiction.

Now assume that there is a (u1,...,u,—1) € T3 X -+ - X T}, with gj(u1,...,up—1) # 0 for
a certain j. Set f = flui, ..., up—1,2,). Then f is not the zero polynomial. But it vanishes
on T,. Hence it is a multiple of f,. In particular, r > t,. Now set f = f — gral Tt .
Then f € I(T), but f = ho + -~ + hy_12"", with h; € k[zy,...,z,). So again we obtain a
contradiction.

The conclusion is that I(T) = (f1,..., fn)- O

Theorem 1.2.21 (Alon’s non-vanishing theorem) Let p € k[xq,...,z,] be of degree

n

> (- 1).

=1

t1—1 1 .
P xtnmin p is nonzero. Then there isu = (ui,...,uy) €

Suppose that the coefficient of x©
T with p(u) # 0.

Proor. We use a degree compatible term ordering, i.e., if |a| < || then z® < 2.
Suppose that p vanishes on all elements of 7. Then p € I(T). So by the previous lemma
we can write

p: uilfil + e +ui7rLfim

where the u;, are terms, and

LM(p) = LM(u“f“) > LM(umfm) > > LM(U’mezm)
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In particular this means that the degree of every LM(u;, f;,) is at most y ;- (t; — 1).
Note that deg(f;) = t;. Suppose that the monomial xil_l -xin=l occurs in a Wi, fip-
Then the degree of w;, f;, has to exceed Y ;" (t; — 1), which is excluded. It follows that

t1—1 _ . . . .
17zt occurs in no wy, f;,, which is a contradiction. O

Ly Iy

Next we give an application in combinatorics of Alon’s non-vanishing theorem.
Let p be a prime and A, B C IF,. Then we define

A+B={a+blaec Abe B}.
Theorem 1.2.22 (Cauchy-Davenport) Let A, B be non-empty subsets of I',. Then
|A+ B| > min(p, |A| + |B| —1).

PRrROOF. First assume that |A| 4+ |B| < p+ 1. Suppose that there exists a set C' C IF), with
|C| = |A|+ |B| -2, and A+ B C C. (In other words, suppose that |[A+ B| < |A|+|B| —1).
Put
f=1]@+y—c)eFylzyl.
ceC
Set Ty = A and Ty = B. Then f vanishes on T'= T} x T5. Also deg(f) = |C| =t1 — 1+t —1.
Furthermore, the coefficient of zf1=1y*2~1 is

t1—1+4+1t2+1
t1 —1 '
But this is nonzero in I, as t; — 14ty — 1 =|A|+|B| -2 <p—1 < p. So we have obtained
a contradiction with Alon’s theorem.
If |[A| + |B| > p + 1; then we take subsets A’ C A, B’ C B such that |A'| + |B’| = p+ 1.

Then
|A+ B| > |A"+ B'| > p.

(So |[A+ B| =p.) O

1.2.4 An application in cryptography: Polly-cracker

Here we briefly describe a cryptosystem based on the fact that it is difficult in general to
compute Grobner bases.

Alice wants to receive secret messages from Bob. To this end, Alice chooses a finite field
F, (for example IFy) and works in R = IFy[z1,..., 2]

Alice chooses a y € IFj and some polynomials fi,...,fs € R with fi(y) = 0. The
public key is f1,..., fs and the secret key is .

In order to send a message Bob first encodes it as an m € Iy, and then chooses polynomials
hi,...,hs € R. Finally he sends the polynomials f = m + >_ h; f; to Alice.

Alice can read the message, because f(y) =m+ > hifi(y) = m.

With Grobner bases one can break the system. If G is a Grobner basis of (f1, ..., fs) then
f¢=m.

So Alice needs to choose the polynomials f; in such a way that a Grobner basis of the
ideal (f1,..., fs) is very hard to compute.
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A strategy to choose the f; is the following: One takes a problem that is known to be
very hard to solve (a so-called NP-complete problem, for example), and one reformulates a
particularly difficult instance of that problem in terms of polynomial equations. Then one
can realistically hope that a Grobner basis is hard to compute.

For example, we can consider the 3-colouring problem from graph theory. A graph is given
as I' = (V. E) (V: vertices, E: edges). A 3-colouring is a function ¢: V' — {1,2,3} with the
property that if (v,w) € E then ¢(v) # ¢(w). For example:

2 3

3

Now finding a 3-colouring is in general a very difficult problem (it is NP-complete).
Now we take o as base field, and the variables t,; for v € V and i € {1,2,3}. Let
B = By U By U Bs where

By = {th,l —i—tug —i—tv’g -1 ‘ VRS V}
BQZ{tUJ‘tv’j‘UEV,1§i<j§3}
B3 = {tu,z‘tv,i ‘ (u,v) < E, 1< < 3}.

Set t,; = 1 if the vertex v has colour ¢, and t,; = 0 otherwise. This defines a zero of
all polynomials in B. Conversely, if we have a zero of all elements of B, then we can find a
3-colouring. Indeed, from the vanishing of the elements of B; U By we find the cour of every
vertex; and the vanishing of the elements of B3 expresses that two adjacent vertices cannot
have the same colour.

Experiments show that it is difficult to break the Polly Cracker system with Grobner
bases. However, there are other methods to try and do that, that make the system insecure.
For example, observe that if f =m 4 ) . h;f; is the message, then

m = f(0) — Z hi(0) £i(0).

So it is enough to know the constant terms of the h; in order to reconstruct the message.
Sometimes it is possible to get the constant terms by studying how it is possible to obtain
the polynomial f from the f;.

1.3 Exercises

1. Consider the order <, defined by % <y 2? if aj < B where k is maximal with
oy # Br. Prove that <,jex is a monomial order.

2. We use <glex (graded lexicographical). Let fi = y*> —z, fo = 2% —y, fo = 2% — 1, and
g = xy?2? + 2y — yz. Find all possible remainders of ¢ modulo fi, fa, f.
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3. Compute S(f,g) for f = 42?2 — Ty?, g = 2y2® + 322, and f = 2ty — 22, g = 3222 —y,
using the order <je.

4. Let gy = v — 22,92 = y—2° € k[z,y, 2]. Prove that G = {g1, g2} is a Grobner basis with
respect to <jex. Prove that it is not a Grobner basis with respect to <gex. Compute a
Grobner basis of the ideal generated by G' with respect to <gjex.

5. Let g1 = 2%y — 1,92 = xy?> — 2. Compute a Grébner basis of the ideal I C k[z,y]
generated da g1, g2, with respect to <gjex.

6. Let I C k[x,y,z2] be the ideal generated by g1 = 2%yz — yz — x, go = Y’z — 2y — v,
g3 = xyz® — xy — z. We use the order <glex-

(a) Compute g4 = S(g1,92) (reduced modulo ¢1, g2, 93), and g5 = S(g1,93) (reduced
modulo g1, ...,94).

(b) Compute S(g2, g5), reduced modulo gy, ..., gs.

(c) Prove that I is also generated by hy = 2222 — 22 —2, hg = 22° —22—2, h3 =y — 2.
(d) Compute hy = S(hi,hg), hs = S(h1,ha), hg = S(he, hs).

(e) Prove that I is also generated by ho, hs, hs, hg. Show that they form a Grébner

basis of I.
(f) Find uy,u9,us € klx,y, z] with y — 2z = w191 + u2ge + usgs

7. Let g1 = 2% +2y? =3, go = vy —y? + 3 in C[z, y]. Let I be the ideal generated by g1, go.

(a) Find a Grobner basis of I with respect to <jex.
(b) Find a Grébner basis of I N Cly].

(¢) Find all solutions of the equations g1 = go = 0.
8. Let g1 = 2?2+ 32 +22—4, go = 22+ 2y%> -5, g3 = vz — 1 in C[z, y, 2]. Let I = (g1, g2, g3).

(a) We use the monomial order <jo. Compute g4 = S(g1,92) (reduced modulo

91,92,93), and g5 = S(g1,93) (reduced modulo gi,...,94), and g¢ = S(g3,95)
(reduced modulo g1, ..., gs).

(b) Prove that g4, g5, g6 generate I, eand that they form a Grobner basis of I.
(c) Compute a Grébner basis of I N C[y, 2] and of I N Clz].
(d) Find all solutions of g; = g2 = g3 = 0.
9. Let I C C[z,y, 2] be the ideal generated by g1 = z%yz — yz — x, g2 = 23?2 — 2y — v,
gy=ayz? —wy—z. Let fi=a— 22+ 22 fo=y—2, fs3=2" -2+ 2% — 2.
(a) Prove that I = (f1, fo, f3) (hint: use the result of exercise 6).

(b) Show that {f1, fa2, f3} is a Grobner basis of I with respect to the order <jex (with
T >lex Y >lex 2)-

(c) Prove that f3 is square free (one can compute ged(fs, f5))-

(d) How many points a = (ay, as,a3) € C? are there with fi(a) = f2(a) = f3(a) = 0?

10. Let I = (22,4?) C k[x,y]. Prove that 2 +y € v/I, by computing a Grébner basis.
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11. (Rational parametrisation.) Let

2t 12 5

Let fi = (t* 4+ 1)y1 — 2t, fo = (t* + 1)y2 — 1 + t* € C[t, y1, y2), and set
T = {(s,u1,u2) € C*| fi(s,u1,us) = fa(s,u1,u2) = 0}.

(a) Let 71 : €3 — C? be defined by 71 (s, ur,us) = (ur, us). Prove that 7 (I') = C.

(b) Use the order <jox, with ¢ >jex Y1 >1ex y2. Compute S(f1, f2) (reduced modulo
f1, f2) and obtain f3. In the same way compute S( f2, f3) to obtain fy and S(fs3, f4)
to obtain f5.

(c) Prove that {fs, f4, f5} is a Grobner basis of the ideal generated by fi, fo, with
respect to <jex-

(d) Find an ideal J C Clyi, y2] such that V(J) is the closure of C.

12. Consider
S = {(wv,w?* u?) € €| u,v € C}.

A Grébner basis of (uv — z, uv? — y,u? — z), with respect to the order <je, with u >ex
UV >lex T >lex Y >lex 2 18

{u? — z,uv — z,uz — vz, uy — 22,032 — 2% e — y,vyz — 23, 2t — P2},

Find an ideal I C Clz,y, 2] such that the closure of S is V(I). Find points on V(1) that
do not lie in S. (So V(I) is strictly bigger than S.)
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Chapter 2

Integer Factorisation

There are three types of algorithms that have to do with the problem to factorise an integer
in its prime factors:

1) primality testing (probabilistic): such a test proves that n is not prime, or that n is prime
with high probability (such tests are typically fast),

2) algorithms for proving that a given number n, that tests have shown to be probably prime,

in fact is prime,
3) algorithms for factorising n, knowing that n is not prime.

The first algorithm that comes to mind, to solve all problems, is to divide n by all integers
upto /n. For big n this becomes impossibly slow. However, it can be used to eliminate small
factors (< 10° for example).

In this chapter we treat some other methods for these three problems. In the first section
we describe the Miller-Rabin test, which is one of the most efficient primality tests. The
second section has several methods for the last problem, i.e., we have an integer n and we
know that it is not prime. The problem is to factorise it. The main algorithms that we
describe are CFRAC (based on continued fractions) and ECM (the elliptic curve method).
Finally in the last section we briefly touch upon a method for proving that a given number,
which is prime with high probability, in fact is prime. This method uses elliptic curves, and
is often denoted by the acronym ECPP (elliptic curve primality proving).

2.1 The Miller-Rabin primality test

The Miller-Rabin primality test was invented by Gary Miller
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who gave a deterministic version of the test in 1976 (whose correctness depends on the
Generalised Riemann Hypothesis), and Michael Rabin

who in the 1980 developed the probabilistic version of the test, that is still in use today.

Here we describe the test, following the article by René Schoof: Four primality testing
algorithms, Algorithmic number theory; MSRI Publications 44, Cambridge University Press,
Cambridge 2008, 101-126.

Lemma 2.1.1 Let p be an odd prime and e > 1, x integers. Then x*> = 1 mod p® implies
x = +1 mod p.

PROOF. From z2 = 1 mod p° we get that p® divides (z + 1)(z — 1). But p cannot divide both
factors as p is odd. Hence p¢ divides one of them; whence the statement. O

Lemma 2.1.2 Let C, be the cyclic group of order n, with generator g (so the order of g is
n). Let e > 1 and d = ged(e,n). There are exactly d elements h € C,, with h® = 1.

PROOF. Write h = ¢/, where 1 < j < n. Then h® = 1 if and only if ¢¢ = 1, which is
equivalent to n|ej. In turn this is the same as saying 5|j. But the latter happens if and
only if %|j. So for j we have the possibilities j = %4,2%,...,d%. O

Theorem 2.1.3 Let n > 9 be an integer that is composite and odd. Write n — 1 = 2Fm,
where k > 1 and m is odd. Set

B={x € (Z/nZ)" | ™ =1 or there is i with 0 <i < k and 2" = —1}.

Then
Bl _

p(n)

NG

(where p(n) = |(Z/nZ)*|).

PROOF. Let | € Z be maximal such that 2! divides p — 1 for all prime factors p of n. Set
B ={z € (Z/nZ)* | #™2"" = £1}. We claim that B C B'. To sce this, let z € B. If 2™ = 1
then zm2~" = 1. Secondly, suppose that ™2 = —1 for an i with 0 <4 < k. Byx we also
denote the integer congruent to  mod n, and 1 < < n. Then ™" = 1 mod p for all primes
p that divide n. So for all such p, the exact power of 2 that divides the order of x mod p is
20+l So 2+ p — 1 (as (Z/pZ)* has p — 1 elements). It follows that ¢ < I. Furthermore, if

i=1—1then 2™ ' = —1andifi <l— 1 then ™2 " = 1. The claim is proved.
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Now write n = [[;_, p{’, where the p; are distinct (odd) primes. Then by the chinese
remainder theorem we get

(Z/nZ)" = (Z/p1" )" X - - x (Z[pZ)".

Now the group (Z/p;*Z)* is cyclic of order (p; — 1)pfi_1. So by Lemma 2.1.2 the number

of y € (Z/p;Z)* with ym2 T =1 s ged((pi — l)pffl,mﬂ*l) = ged(p; — 1,m)2!1 (by the
definition of I we see that 2/=1|p; — 1; furthermore, p; /m). For thsi reason, the number
of v € (Z/nZ)* with am? T = 1 s [T, ged(p; — 1,m)2'"1. Analogously, the number of
solutions in (Z/p;*Z)* of the equation X2 =1is ged(p; —1,m)2!. This is twice the number
of solutions to the equation X m2~" — 1. So by Lemma 2.1.1, it follows that the number of
solutions to the equation X™2 ™' = —1 is the same as the number of solutions to X™2' ™" = 1.
We conclude that

S
|B'| = 2] ] ged(ps — 1,m)2""".

Now suppose that |B|/¢(n) > 1. Since B C B and ¢(n) = [[;_; (p; — 1)p{’ ' we get

gcd pi —1,m)2"1
H T (2.1)
1=1 )

Observe that ged(p; — 1,m)2!"! divides %1 From this it follows that the right hand side

of (2.1) is smaller than 2!75T]%_, 61_1 So s < 2. Suppose first that s = 2. Then also
e1 = eg = 1, so that n = pq, where p, q are distinct primes. Then (2.1) is equivalent to

p—1 q—1

2> .
ged(p — 1,m)2! ged(q — 1,m)2!

Both factors on the right are positive integers; so both have to be 1. Hence p — 1 = ged(p —
1,m)2" and ¢ — 1 = ged(q — 1,m)2!. Write p — 1 = ap21, qg—1= aq21 with ap,a, odd. Then
ap, aq divide m. Consider the equation pg =1 + 2¥m modulo ap. Since p = 1 mod a, we get
ap|lg — 1. Analogously, a4|p — 1. This implies that a, = a4, which is a contradiction.

It follows that s =1 and n = p°, e > 2. Then (2.1) is equivalent to

Lo (p—Dp=t p-—1 el el
5 -1 = P 2p
2ged(p —1,m)2 ged(p —1,m)2

(as ged(p — 1,m)2" divides p — 1). So the only possibility is p = 3, e = 2, but that contradicts
n > 9. O

Algorithm 2.1.4 Given: n > 9 odd.
We return: FALSE (meaning that n certainly is not prime) or FAIL (meaning that n is likely
to be prime).

1. Take a random integer x with 1 < x < n (uniform distribution).

2. If ged(x,n) > 1 return FALSE.
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3. If z"~1 # 1 mod n then return FALSE.

4. Writen —1 = 26m, with m odd. Compute the minimal i > 0 with 22" = 1 mod n. If
i>0 and 2™ # —1 mod n then return FALSE. Otherwise return FAIL.

Note that the 7 in Step 4 exists as 22" = 1 mod n by Step 3.

Theorem 2.1.5 If the previous algorithm returns FALSE then n is composite. Furthermore,
the probability of n being composite and the algorithm returning FAIL is < i.

PRrOOF. Suppose that i > 0 and 2™?" = 1 mod n. If n is prime, then by Lemma 2.1.1 we
see that 2™2”" = +1mod n. But it cannot be 1 as i is minimal. If it is not —1 either,
then we conclude that n cannot be prime. If FAIL is returned then either 2™ = 1 mod n or
227" = —1 mod n, implying that € B (the set from Theorem 2.1.3). (NB: after Step 2
we know that 2 mod n lies in (Z/nZ)*.) But the probability of a randome element lying in
Bis < i. O

Example 2.1.6 Let n = 1729. This is a Carmichael number, i.e., it is not prime, but

2" 1 =1 mod n for all positive integers = < n. We have n — 1 = 26.27. So we take m = 27.

Let © = 3. Then 227 = 664 mod n and 2272 = 1 mod n. Hence the Miller-Rabin test shows
that n is not prime.

2.2 Factorisation

2.2.1 The method of Fermat

Note that we may assume that n is odd. Set

A={(a,b)|0<a<ben=ab}

and
B={(s,t)|0<s<ten=t*—s}.

There is a bijection 0: A — B with o(a,b) = (552, 252).
Indeed:

(b+a>2 (b—a)2
5 — 5 =ab=n

o s, t)=(t—s,t+s).

and

The conclusion is that finding a factorisation n = ab is equivalent to finding s and ¢ with
n = t? — 52, So we have the following algorithm.

Algorithm 2.2.1 Given: n odd and non-prime.
We compute: a,b > 1 with n = ab.

1. Setty=[v/n] =min{k € Z | k > /n}.
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2. If t2 —n = s? is a square then set a = (t; + s;), and b = (t; — s;). Otherwise set

tiv1 =t; + 1, and continue.

This algorithm terminates correctly because if n = t?> — s with s < t then t*> = n + s
implies ¢ > \/n.

Example 2.2.2 Take n = 39. then

to=7 = T7*-39=10
t1=8 = 82-39=25=52

hence (8 +5)(8 — 5) = 39.

This algorithm works well if s is small, because in that case t is close to v/n and hence only
a few steps are needed, even if the factors themselves are big. So if one wants to construct a
number that is difficult to factor (as in the cryptosystem RSA, for example) then the factors
cannot be chosen close to each other.

Pierre de Fermat (1601 - 1665)

was a french lawyer, in mathematics most famous for his work in number theory, although
he did not publish most of his results, preferring to mention the problems he had solved to
other mathematicians and challenging them to also come up with a solution.

2.2.2 The continued fraction method (CFRAC)

Factor bases

Some more advanced methods use a similar idea to fermat’s algorithm. But instead of looking
for s and t with n = t> — s2, they try to find « and y with

- 22 —y?> = 0 mod n;
-0<y<ax <y
-ty #n.

If we have such z,y then we can factorise n because (z + y)(x — y) is divisible by n, but
x+y and z — y are not. Hence a = ged(z + y,n) and b = ged(z — y, n) are nontrivial factors
of n (that means a,b # 1 and a,b # n).

Example 2.2.3 Take n = 377, then

3352 = 256 mod 377 = 16% mod 377
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so with x = 335 and y = 16 we get
med(335 + 16,n) = 13 e med(335 — 16,n) = 29
and n =13 - 29.
So the idea is to find  with 0 < x < n such that 22 mod n is a square y?. Not all x
can be chosen for this: for example if n = 15 and z = 2, then 22 modn = 4 but y = 2
doesn’t work as y = z. But also = 13 is not good as 22 mod n = 4 but with y = 2 we get

x +y = n. (Note that in this case x = —2 mod n.) A better try is = 7 with which we find
72 mod n = 4 and

med(7+2,15) =3 e med(7 —2,15) = 5.

Notation. By z mod n we denote the unique integer with —5 < s < 5, congruent to
x mod n.

Definition 2.2.4 A set B = {py = —1,p1,...,pr} with p; prime, is called a factor base.

Definition 2.2.5 An integer k is called a B-number (or B-smooth) if k = p"p{' - - - pSr.
In order to find x such that 22 mod n is a square we try the following scheme:

- we choose a factor base;

- we generate a lot of integers b; such that bi2 mod n is B-smooth.

The aim is to find a product b;, - - - b;,, such that

m

€0 €1

(biy -+ bi,,)> mod n = pg°pi’ - - pyr

with e; even for all i, and hence p§' - - - p&r = y?.

Example 2.2.6 Like in Example 2.2.3 we take n = 377 and B = {—1,2}. Then

192 = —16 mod n and — 16 = pop%
972 = —16 mod n and — 16 = pop%.

Therefore (19 - 97)? = p2pf mod n. So we set x = 19 - 97 = 335 mod n, and y = 16. Indeed,
med (335 + 16,377) = 13 and mced(335 — 16, 377) = 29 are factors of n.

So the idea is to combine the factorisations of several b; mod n such that a square arises.
A famous method for generating b; with good properties for this purpose is based on the
classical theory of continued fractions.
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Continued fractions

A continued fraction is an expression of the form

with a; € Z, ag > 0 and a; > 1 for i > 1.

Notation. The expression above is denoted by [ag; a1, az, as, ay].

More in general we say that a continued fraction is a sequence of the form [ag; a1, ..., ay),
with a; € Z, ag > 0, a; > 1 for ¢+ > 1. This corresponds to a rational number ~, which
is defined as follows. If n = 0 then v = ag. If n > 0, then let 7/ be the rational number
corresponding to [a1;ag,...,a,], and set

1
Y =ap+ .
Y
Let x > 0 in R. We want to find ag, a1, . . . such that the continued fractions [ag; a1, . . ., ag]

are good approximations of x; we want that they converge to x when k — oo (it is not clear
yet that it is always possible to find such a;, we will show that in this section).
The a;, if they exist, must be defined in the following way: Write z = ag + 3711 with

ap = |z] =max{n € Z | n < x}.
Set 21 = ﬁ Next, write 1 = a1 + %2 with a; = |21] and hence xz9 =

More formally, set 2o = « and for ¢ > 0:

and so on.

r1—al

a; = |x;],
1

Ty — Qg

Tiy1 =
Example 2.2.7 Let 2 = /2. Then 2o = x and

1 = ! 1+v2

apg = Tr1 = e

0 1 21
1

=1+V2
=1+V2

a1 =2 = 9=

V2 -1
1

V2-1

continuing like this we find a; = 2 for all 4 > 1. Now, for example,

ar =2 = x3=

[1:2,2,2,2] = 1+ ! _4
3 Ly Ly Sy - 2+ 11 —29

2+4

We have that 2 — (35)? = g7 so it is a reasonable approximation of v/2.
Lemma 2.2.8 For z € Q the algorithm for computing the continued fraction corresponding
to x terminates (that is, at a certain point we find x; — a; = 0). The resulting continued
fraction is equal to x.
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PRrROOF. Write z = § and a = ¢q1b + 71 with 0 <71 < b. Then

1 b
apg=4q1 e ZE1:a = —.
Q1 1

Now write b = gory + 19 with 0 < rg < r; and get
71

a1 =(q2 € T2 = —.
T2

So we find a sequence of r; with 0 < r;41 < r;; therefore the algorithm must terminate.
By induction on the number of steps one shows that the continued fraction that comes

out is equal to x. O
In general, when the continued fraction for z produces the integers ag,ai,..., we write
% — lag;ay,...,a;] where med(b;,¢;) = 1. These rational numbers are called the convergents

¢
of the continued fraction for z.

Example 2.2.9 For z = /2 we get

1+ —

1 7T b
2+1 5

ca’

Theorem 2.2.10 Let ag,a1,..., be the integers that are produced by the algorithm for com-
puting the continued fraction for x € R, z > 0. Set

Bo=ao, Br=apa1+1, B =a;fi—1+ Bi-2,
Y =1, Y1 = a1, Vi = Q;iYi—1 + Yi—2,

fori>2. Then
1) Bivie1 — Bicryi = (1)1 i > 1;
2) mCd(/BZ)le) = ]-;
b.

3) by = Bi e c; =y dove b;,c; € Zi>g sono tali che med(b;, c;) =1 e 2 = [ag;a1,...,a;]. .

N

PRrROOF. 1) We use induction. For i =1 we have
Bivo — o = (agar + 1)1 — agay = 1 = (—1)°.
For ¢ > 1 we get, using the induction hypothesis

Bit17i — Biviv1 = (@it1B8i + Bi—1)vi — Bilaiy1vi + vi-1)
Bi—17vi — BiYi-1

_(_1)i—1

= (-1).

2) If p divides 7; and 3; then by 1) it also divides (—1)i~!, which is impossible for a prime



2.2 Factorisation

37

3) Also here we use induction on i. For i = 0 we get

bo _ bo
N _ge=r
€0 0

and for 7 =1
b 1
C1 a1 4!

Note that [ag; a1, ..., a;, a;+1] is obtained from [ag; aq, . . .

a;. By induction we now have

[ap; at, ..., ai

Vi o @iYi-1 T+ Yi-2

hence

(ai + ) Bi—1 + Bi—2

Ai+1

_Bi _ aifioi+Bie

[ao;al,...,aiﬂ] = (

Qj4+1

aip1(aifi—1 + Bi—2) + Bi—1

a; + L) Yi-1 + Yi-2

air1(@iYi—1 + vi—2) + Yi-1

ai+10i + Bi—1
Qi+17 + Vi—1
Bit1

Yi+1

It follows that ;11 = bj+1 and ;41 = ¢j+1 (since med(Bi11,vit1) = 1).

Remark 2.2.11 It follows that b;c;_1 — ¢;b;—1 = (—1)"~!. Divide by c;jc;_1 to get

@ B bi—l _ (_l)ifl

Ci  Ci—1 CiCi—1
and hence
b;  bi—1 1
Ci  Ci—1 CiCi—1
Butc¢; >c¢1>...>1s0
bi _ bina — 0.
Ci  Ci—1

Theorem 2.2.12 The notation is as in Theorem 2.2.10. Then

Proor. For i > 0 we set ; = x; — a;. Then we claim that

r=ay+—7—

,a;] by substituting a; + Til for

L converges to x when i — 0.
1
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Indeed, for i = 0 we have ag + 9 = x¢9 = x. For i > 0 we use induction; by the induction
hypothesis we get

a1+ ————— =7T1,
a2 + ag,—H..ﬁ
which establishes the claim.
Conclusion: z is obtained from [ag; a1, ..., a;+1] by substituting % for a;11. But
b; a;y1b; + b
[ao;alw--;ai—l—l]: i+1 _ i+1Y% i—1

Ci+1 ai+16 + Ci—1

hence )
. F0i i b+ Zbi
= = — ! .
G tci-1 G + xici—1

Now we observe the following. If we take a vector from the origin to a point (s,t), then
é is its slope. Now we take the vectors that go from the origin to the points (¢;, b;) and
(Tici—1,T;bi—1). Summing them we get the vector that goes to the point (¢; + Z;ci—1,b; +
Tibi—1).

(¢i + Zici—1,b; + Tibi—1)

(Zici—1, Tibi—1)

Hence % lies between % and Z—:i
From this observation we have that the distance between % and % goes to 0. Hence %
converges to a limit that has to be x (as x is always in the middle). O

Factorisation with continued fractions

Lemma 2.2.13 Letx € R, z > 1. Let % be the convergents of the continued fraction for x.
Then
b7 — c?2?| < 2.

PROOF. By the observation in the proof of Theorem 2.2.12 we have

biv1 b

Ci+1 &)

1

Ci+1Ci

Set § = —1L

Cit1Ci’
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1)
[ ]
| | |
bAI ] T bl
C:il x C::
Now ;
02 — 2a? = |2a® — b2 = o — — ’:L‘—i— a8
C; C;
And ’x — % < § while
b; b; b;
T+ —|l=z+ =204+ ——x<2x+96
C; C; C;
hence
b7 — cix?| < c25(2x + 0).
Therefore

2 2.2 ) 0% Ci 1
| —cijz®| —2x <2z | —1+dc; + —+ | =2z -1+ + .
2x Civl  2xCi

But ﬁ < Cilﬂ because x > 1 and ¢;+1 > 1. Moreover, ¢; +1 < ¢;41 because ¢; < Ci41.
k3

Hence
b7 — c2a?| — 2z < 2z (—1+ G 4 > <2z <—1+CH1> =0
Ci+1  Cit+1 Cit1

and therefore
b7 — c?2?| < 2.

Corollary 2.2.14 Let n > 16 be an integer and % the convergents of the continued fraction
of /n. Then |b7 mod n| < 2y/n.

Proor. By Lemma 2.2.13 we have ]b? — cfn| < 2y/n. But b? — c?n is an integer congruent
to b2 mod n and contained in the interval (—2y/n,2+/n). Hence it is contained in the interval
(—%,%) (as n > 16). It follows that b7 — cIn is equal to b7 mod n. O

Idea of the factorisation algorithm: Let B = {py = —1,p1,...,p,} be a factor base. Let
% be the convergents of the continued fraction of \/n.

Then b? mod n is always “small”. So among the b7 mod n there are often B-smooth

numbers. So one can reasonably hope to quickly find by, , ... ,b;, such that (b;, - --b;,)? mod n
is a square.

Algorithm 2.2.15 Given: n which is not prime.
Calculate: two factors of n.
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1. Choose a factor base B = {po = —1,p1,...,pr}.
2. Compute the continued fraction for \/n and find ag, a1, as,. . ..
3. Compute by = ag, by = apar + 1, bit1 = aj41b; + bi—1.

4. For the b; such that b? mod n is B-smooth we write bg mod n = p86 . ~p1e} until we
find a product (b;, - -b;,)?> mod n = pg - - pst with e; even for all i. Set x = by, -+ b,
€0

er
2

5. If we are not unlucky, then med(n,z + y) and med(n,x — y) are factors of n.

Remark 2.2.16 The algorithm is based on heuristic ideas; it is not guaranteed that it man-
ages to factor n. However, we know that n is composite. Hence if we do not find the
factorisation in reasonable time we can try again; for example with a larger factor base.
Implementations have shown that the algorithm works well in practice.

Example 2.2.17 (Factorisation of Fermat numbers)

The Fermat numbers are F,, = 22" + 1.

Fermat thought that these were all prime numbers. In fact, F}, is prime for 0 < n < 4.
However, Euler has shown that

F5 =641 - 6700417.
In 1880 Landry proved that

Fg = 274177 - 67280421310721.

And in 1970 Morison and Brillhart, using the continued fraction method on an early computer,
got
Fr7 = 59649589127497217 - Poo

where Pyo is a prime of 22 digits. (On my laptop this factorisation now takes less than a
millisecond.)

Remark 2.2.18 In order to compute the continued fraction for y/n the following observation
can help. For « € R, a > 0 and m € Z, m > 0, we have L%J = L%J

PROOF. Write oo = u + 8 with » an integer and § € R, 0 < 5 < 1. Write u = gm + r with
0<r < m. Then

e} U T+

-] - o5 o

m m m m

because r 4+ < m and hence r+5 < 1. On the other hand,

m

]2 Lo+ )=
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Example 2.2.19 We want to factorise n = 33.
The continued fraction for v/33:

(10:5 f():{l:—ao:\/:g -5

oy — L 5+V33
1= B35~ 8
ap =1 531:.%()—(11:_ig—"_s\/ﬁ
po— L — 8 _ 3+V33
273 T T3+v33 38
as =2 i‘zle—angsg\/ﬁ
m3_3+§/ﬁ
as =1 533:.%2—@3:_5—"_8@
T4 =954+ V33
a4:10
The b;:
bo=ap=5 b2 mod 33 = —8
by =apa; +1=6 b? mod 33 =3
by = ashy + by = 17 b% mod 33 = —8.
Hence
T =bgby =5-17 =19 mod 33 e y=2~8
so that

med(z + y,n) = med(27,33) =3 e med(z —y,n) = med(11,33) = 11.

Example 2.2.20 Let us factorise n = 197209. Taking the b; modulo n we get

ap =444 by =444 b2 modn=-73=-1-73

a; =12 b1 = 5329 b2 mod n =145=5-29

as =6 by = 31428 b2 mod n=-37=-1-37

as =23 by = 159316 b3 mod n="720=2%.3%2.5
ag =1 by =191734 b} mod n=—143 = —11-13
as =5 by = 131941 b2 mod n =215=543

ag =3 be = 193139 b2 mod n = —656 = —2% .41
ar=1 by = 127871 b2 mod n =33 =3-11

ag = 26 bs = 165232 b2 mod n = —136 = —23 .17
ag =6 bg = 133218 b2 mod n =405=3%.5

Hence z = bs - by = 126308 mod n and y = 22 - 33 .5 = 540. Now med(z + y,n) = 991 and
med(z —y,n) = 199.

In 1999, Brent, using ECM (Elliptic Curve Method) has found the factorisation of the
Fermat number Fjg

45592577 - 6487031809 - 4659775785220018543264560743076778192897 - Pasa

where Pasg is a prime of 252 digits. (This factorisation now takes about 102 seconds on my
laptop.)
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Divertimento: solving the Pell equation

Let d be a positive square-free integer. The problem is to find integral solutions =,y € Z to
the equation

2 —dy* =1
which is called the Pell equation. Here we show how this can be done using continued fractions.
First of all we consider the continued fraction of v/d. We get real numbers zg, 21, . .. and
integers ag, a1, ... with
1
Tro = \/g, a; = Ll‘ZJ, Tit+1 = .
Ty — Qg

Moreover we get the convergents %
T

It is a fact, which we do not prove here, that the continued fraction of v/d is periodic.
This means that there is an s > 1 such that xsy; = x1, which also implies as4+1 = a;. We
take s > 1 to be the smallest such number. This also means that zps+1 =z for k =1,2,....

. . 1
So since x; = a1 + 7o We get

1 1
Tps = Qgs + — = a1 + —.
1 X1

Setting Z; = x; — a; we have, as seen in the proof of Theorem 2.2.12

1
Vizat —
al"‘aﬁ“#

a;+T;

Now aps + Trs = aps + é = aps + 2o — ap = ags — ap + Vd. Set u = ajs — ag, which lies in
7. Then we see that we get v/d from the ks-th convergent g’;s by substituting ags — u+ V/d.

For brevity we write jo = ks. Then z’;z = (ajobjo—1 + bjo—2)/(ajoCjo—1 + ¢jo—2). Hence

Vi = (et Vdbio 1 +bjo
(u+ Vd)cj—1 + cjp—2

Multiplying by the denominator on the right-hand side we get
(ucjo—1 + cjp—2)Vd + dejo—1 = bjg—1Vd + ubjy—1 + bjy—2,

yielding ucj,—1 + ¢jo—2 = bj,—1 and ubj,—1 + bj,—2 = dcj,—1. We multiply the first equation
by bj,—1, the second by cj,—1 and subtract. This gives

2 2
bjoflcjofg - bjofgcjofl = bjo—l — dcjo—l‘
By Theorem 2.2.10, the left-hand side of this equation is (—1)7°. We conclude:
e if s is even then the (s — 1)-st convergent gives a solution to the Pell equation,

e if s is odd, then the (2s — 1)-st convergent gives a solution to the Pell equation.
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Example 2.2.21 Consider d = 14. Then for the continued fraction of v/d we get

i a; | Tit1 bi | ¢
0] 3| Y3 | 3/ 1
1 1] Y2 | 4
2| 2| Y2 | g1 3
3 1[V14+3]| 15| 4
4] 6| YAE 101 |27

We see that s = 4, and therefore x = 15, y = 4 give a solution to the Pell equation. Indeed,
152 —14-4%2 = 1.

The Pell equation has a long and interesting history. Apparently it was considered by
Archimedes who posed the “cattle problem”, whose solution goes via a Pell equation. It was
also studied by the indian mathematician Brahmagupta (598 - 670), who was the first to give
a method for solving it. Much later Fermat challenged other mathematicians to find a method
to solve the equation. He accompanied his challenge with some particularly difficult cases;
therefore it is very plausible that Fermat knew how to solve the equation. The challenge
was mainly taken up by english mathematicians as Brouncker and Wallis. Wallis published
a book, also describing a method to solve the Pell equation, which was due to Brouncker.
However, when Euler worked on the equation, he confused Brouncker with Pell, and called
it the Pell equation. For this reason it is still called like this, althouh Pell never worked on
it. Euler cam up with a rudimentary form of the continued fraction method to solve the
equation. Later Lagrange proved rigorously that this method is correct.

There are many interesting questions related to the Pell equation. One is how the solution
(z,y) grows with d. For example, when d = 139 the smallest solution is x = 77563250,
y = 6578829. For more information on this and other problems we refer to the book by
Michael Jacobson and Hugh Williams, Solving the Pell equation, Springer Verlag 20009.

2.2.3 The elliptic curve method (ECM)

In this section we describe a method for factoring integers that uses ellptic curves. It is due
to H. W. Lenstra, Jr.

Elliptic curves

Let k be a field and 22 + ax + b € k[z] a polynomial with three distinct roots. Then
E(k) = {(x,y) € K* | y* = 2° + az + b} U{O}

where O is a symbol, is called an elliptic curve.
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Remark 2.2.22 Let f(z) = 23+ az +b. Then f has three distinct roots if and only if there
does not exist a € k with f(a) = f/'(a) = 0.

Let P = («a, 8) € E(k); we want to construct the line tangent to E(k) in P. To compute
the slope we consider the derivative of y2 = 2 + az + b, that is

d
2y£ =322 +a = f'(x).

If f has three distinct roots then it is impossible that 3% = f(a) = 0 and f/(a) = 0 at the
same time. So the tangent line has a well defined slope, namely 30‘22% (6 = 0 means that the
line is vertical).

Write 23 + ax + b = (z — a1)(z — a2)(r — a3) and define

A =— Tl —ay)?

i<j

which is called the discriminant of the polynomial 23 + ax + b. The latter has three distinct
roots if and only if A # 0. Furthermore, it is possible to show that A = 4a> 4 27b%. (We will
not go into that here.)
Conclusion: y? = 2% + ax + b defines an elliptic curve if and only if A = 4a> + 276 # 0.
If kK =R we can make a graph of the curve. It will look like this:

N
N

Note that the graph has to be symmetric with respect to the z-axis, as the equation is
y? = f(x). Hence (z0,10) € E(k) implies (o, —yo) € E(k).

One of the main points of elliptic curves is that we can define an addition + on it that
makes it into an abelian group. This is doen as follows:

- The neutral element is O, i.e., P+ 0O =0 + P = P for all P € E(k).

- If P,P, € E(k), Py # P> and Py, P, # O then we construct the line ¢ through P; and Ps.
The line ¢ intersects E(k) in a third point P3 = (z3,y3), and we set P + P = (3, —y3).
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-If P =P € E(k), P1 #0, then ¢ will be the tangent line at E(k) through P;; after which
we do the same thing.

N
=

- If the line ¢ is vertical then the sum will be O.

Theorem 2.2.23 The set E(k) with the operation + is an abelian group.

Here we do not prove this theorem; the difficult point is to show the associative law:

(PL+ P)+ P3s=P + (P + P3).

Addition formulas

Let P, P € E(ki), P 7& P, P, P 75 O where P; = (l‘z,yl)
The line £ through P; and Ps is

Y2 — Y1

—x1).
To — X1 )

Y-y =

Set m = i’;:gll, we compute the points of intersection of ¢ and the curve y? = 2% + az + b.
We get

(mz—z1)+y)l=24+ax+b —= 2°-m’*>+ur+v=0
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for certain v and wv.
Two solutions of this equation are x1 and xo because P; and P, are on the curve and on
the line. Hence

23 —mPr? fur v =(x—2)(x — 22)(x — 23) = 2> — (21 + 20 + 23)2% + ...

so 1 + x2 + x3 = m?. Therefore

r3 = m2—x1—x2

ys = m(x3—x1)+y1-

It follows that P, 4+ Py = (m? — x1 — xo, —m(x3 — 21) — y1).

We note that the sum does not depend on a and b. However, the points P; and P, of
course do.

If P, = P, then we consider the tangent line £. Take the derivative with respect to = of
y?=x3+ax+b,ie., Zy% = 322 + a. We get

- If y; # 0 then

_ 3zi+4a
21
so the line ¢ has equation y = m(x — x1) 4+ y1. It follows that Py + Py = (x3, —y3) with

T3 = m? — 211

y3 = m(r3— 1) +y1.
- If y3 =0 then P; + P; = O. (Note that it is impossible that y; = Bx% +a=0.)

Example 2.2.24 Take y?> = 23+ 17 and P, = (—1,4). Then

3(-1)2+0 3
m = _—_—mmm
8 8
r3 = E—FZ—E
57 64 7T 64
(BT, 20
B = g\ e ~ 512

So P, + P, = (%,—%)

Factorisation with elliptic curves

The main idea is to use the group law on an elliptic curve together with the reduction modulo
p of its points.
Let p be a prime, and define

Ay, = {g € Q | p does not divide B}.

N.B. If p does not divide 3 then there exists v € Z with v = 1 mod p. Write y = 7! mod p.
Define vy Ay — By, with v, (§) = s~ mod p.
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Let a,b € Z such that 4a® + 276> # 0 mod p. Then
E(F,) ={(z,y) € ]FIQj | y? =23 + az + b} U {0}

is an elliptic curve over IF),.
Moreover,

E(Q) ={(z,y) € Q| y* =2’ +az + b} U {0}
is an elliptic curve over Q.
Define ¢,: E(Q) — E(IFp) in the following way. Let P = (9 1) € E(Q). If p does not

B o
divide 3, 6 then
@p(P) = (%} <g) s Up (g))

otherwise ¢,(P) = O.

Theorem 2.2.25 The map ¢, is a group homomorphism. In other words, ¢,(P1 + P) =
ep(P1) + op(P2).

Here we only prove a special case of this theorem.

Definition 2.2.26 Let p be a prime and P = (”1 ﬂ) € Q2. Then we say that P is good

DIRRTD
for p if p does not divide v or vs.

Lemma 2.2.27 Let E(k) = {(z,y) | y* = 2® + ax + b} U {O} be an elliptic curve with
a,b € Z and p > 2 a prime not dividing A = 4a® + 27b%. Let p,: E(Q) — E(F,) be the
reduction modulo p. Let Py, Py € E(Q) be two points that are good for p. Then ¢,(P1+ P2) =
ep(P1) + op(F2).

PROOF. Let P; = (x;,y;). Here we also write 2 mod p for 1, (z).

- Suppose P; # Pa, ¢p(P1) # ¢p(FP2) and 21 mod p # 2 mod p. In this case one uses the
same addition formulas ober Q and over IF,. Since modp respects addition and multiplica-
tion, we get that ¢,(P1 + P2) = ¢p(P1) + ¢p(P2). The same reasoning holds when Py = Ps.
(Then of course ¢, (P1) = pp(P2)).

- Suppose that P; # P, and 21 mod p = x2 mod p. Write 2o = z1 + p'x with z € Q,
rmod p # 0. Then y? = y32 mod p because z3 + azx; + b = 3 + axz + b mod p and hence
y1 = *yo mod p. We calculate

ys = x5 +axs+b
= (m1+p ) +a(x1+p'z)+b
= 23 +azr; +b+ (327 +a)p x + xp !
= yi+ (323 +a)p 'z +xp !

where x is a rational number we don’t want to write down.
Hence

(y2 +y1)(y2 — y1) = (32F + a)p’x + *p" .
Now we distinghuish three cases. In the first we have y; = yo mod p, and y2 + y1 # 0 mod p
In this case

Y2 —y1 = (327 +a)p z(yz +y1) "+ xp
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for some .
To compute P} + P» in E(Q) we use

m:yg—yl :3m%+a

+ *p
T2 —T1 Y2+ U
where z9 — 1 = p'x.
S:E%Jra
2y1

Hence m mod p = mod p which is exactly the m that is used for computing ¢, (P;)+

©p(P2). Hence
P(PL+ P2) = @p(P1) + @p(P2).

In the second case we have y; = —y2 mod p and yo — y; # 0 mod p. Then

m— Y2~ '
p'x

Since 7 > 0 we get (P + P2) = O, which is equal to ¢, (P1) + ¢p(FP2).

In the third case we have y2 + y; = Omodp and y3 — y3 = Omod p. Then, since
p > 2, we get yy modp = yomodp = 0. Hence ¢,(P1) = ¢p(FP2) = (¢¥p(21),0). Hence
©p(P1) + pp(Py) = O. Also 323 + a # 0 mod p, otherwise p|A. So p” is the highest power
of p that divides (y2 + y1)(y2 — y1). Since p divides both factors we get that yo — y; is only
divisible by p® for some s < r. Therefore, when computing the sum in E(Q) we use an m of
the form ¢ with p[b. It follows that ¢,(P1 + P») = O. O

The idea lying behind the elliptic curve method for factorising integers is the following.
The group E(IF,) is finite, so for P € E(IF),) there exists k with

P+...+P=0.
—_——
k

Let Q € E(Q) with ¢,(Q) = P. Then by Theorem 2.2.25

eQ+...+Q)=P+...+P=0.
k k

Hence kQ = Q+ ...+ Q is equal to 0 or it has coordinates with a denominator divisible by p.

Algorithm 2.2.28 Given: a composite number n.
We compute: a factor of n

1. We choose a curve y*> = 2® + ax + b with a point P on E(Q).

2. Let d = mcd(n,4a® + 27b2). If d = n we choose a different curve. If d > 1 and d < n
we have found a factor of n.

3. Assume d =1. Set k =mcm(2,3,...,K) for a certain K.

vy’ v )

4. Compute kP = (% ﬂ) Let d; = med(vi,n). If d; is bigger than 1, and smaller than
n, then we have found a factor. Othewise we retry with a bigger K, or a different curve.

N.B. We know that n is not prime. The method works if
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- (let p be a prime dividing n),
- if the order of ¢,(Q) divides k then ¢,(kQ) = kpp(Q) = O; so if kQ # O then p divides

the denominator of u or of v.
Theorem 2.2.29 (Hasse) We have
p+1-2yp<|E(F,)| <p+1+2yp.
Remark 2.2.30 If |[E(IF,)| divides k then we find p. For example when K > p+ 1+ 2,/p.
Example 2.2.31 Suppose that 61 divides n. Let E, be the curve y? = 2> + ax + 3 — a and

P = (1,2). We have
a |E.(Fe1)|  order of (P mod 61)

—4 68 68
-3 54 9
-2 76 38
-1 69 69
0 48 12
1 48 4
2 66 33
3 72 6
4 67 67
Now 4P = O € E1(Q) and 6P = (21825001 ) ¢ F3(Q) and 61 divides 16208676.

Remark 2.2.32 It is enough to compute kP modulo n. Observe that if rP = (ﬂ “—;) and

v’ v
med(v;,n) # 1, then we have found a factor. Otherwise if med(v;,n) = 1 then there exist
¢;,d; with ¢;u; + din = 1 and hence % mod n = u;c; mod n. This allows us to work with

integer coordinates modulo n.

i

Example 2.2.33 Lets factorise n = 39. Let E be the curve given by y?> = 2% + 2 — 1 and
P =(1,1) a point on it. We have A = 31 and mcd(31,39) = 1. Take k = 6.
We have 2P = (2, —3). Let’s compute 4P:

_3i4a 1241 13
S owm -6 6

amd since med(6,39) = 3 we have found a factor.

Example 2.2.34 Now for something more difficult. Take n = 185 with the curve of Example
2.2.33 and k = 8. Again A = 31 and mcd(31,185) = 1 so y?> = 23 + x — 1 defines an elliptic
curve modulo every prime that divides n.

Also, 2P = (2,-3).

Now we compute 4P. Again m = —%. Now
185 = 1-18 + 0-6
6 = 0-18 + 1-6
5 = 1-185 — 30-6
1 = —-1-18 + 31-6
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hence 6= mod 185 = 31. Tt follows that
m mod 185 = —13 - 31 mod 185 = 152 mod 185.
So

3 = m?—2x =152 -2-2
= 160 mod 185

ys = m(xs—x1) —y = 152(160 — 2) — 3
= —37 mod 185.

Hence 4P = (160, 37) mod 185.
Now we compute 8P. We have

322 4+a 3-160%+1
m = = .

2y1 74
Furthermore,
185 = 1-185 4+ 0-74
4 = 0-18 + 1-74
37 = 1-18 — 2-74
0 = —2-18 4+ 5-74

so mcd(185,74) = 37 and 185 =5 - 37.
Here we note that the order of P in F(Q) is oo, while the order of P in E(IF37) is 8.

2.2.4 Complexity

Here we list some known facts about the complexity of the methods that we have seen (and
some that we havan’t seen), without bothering about the proofs.

- The algorithm trying division by k = 2,3, ...,1/n has complexity O(p) (order p), where
p is the smallest prime factor of n. But, in the worst case, O(p) = O(y/n) and /n = nz =
exp (% log n) and logn =2 “number of digits of n” = size of n. So exp (% log n) is exponential
in the input size.

- The elliptic curve method has estimated complexity O(exp \/log plog(logp)) where p is
the smallest factor of n. This is called “subexponential”.

- The continued fraction method has estimated complexity O(exp /2 log plog(logp)).

- Two other famous mathods are: the quadratic sieve with complexity O(exp 1/lognlog(logn)),
and the number field sieve, with complexity O(exp (log)'/?(log(log p))*/?).

2.3 Primality proving with elliptic curves

In 1986 Goldwasser and Kilian published a method for proving that a given n, of which it has
been established that it is prime with high probability, in fact is prime. It uses ellptic curves,
and is based on the following theorem.

Theorem 2.3.1 Let E be an ellptic curve with equation y> = 2° + ax + b with a,b € Z.
Suppose that for 1 < i < r there are distinct prime numbers p; and points P; € E(Q), such
that
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e P, is good forn,1<i<r,

e p;P; is not good formn, 1 <i<r,
1 2
e preopp > (nd +1)%

Then n is prime.

PROOF. Let p be a prime factor of n. Since the P; are good for n, they are also good for p.
So we get points ¢,(P;) € E(F,). Moreover, pijpp(FP;) = O for all i. So ¢,(F;) has order p;.
Hence p; divides |E(IF},)| and therefore so does p; - - - p,. So we get

1
(i +1)2<pr-p <|E(F)| <p+1+2y/p=(vp+1)>*

implying that p > y/n. So the prime factors of n are greater that y/n. We conclude that n is
prime. ]

Example 2.3.2 Let n = 1873 and let £ be given by y? = 23 — 32+ 6; and P = (1,2). Then
101P is not good for n. (Note that this can be established by doing some additions modulo

1
n.) But 101 > (n4 4+ 1)2 = 57.4.... It follows that n is prime.

The basic problem with this test is to find a suitable elliptic curve E and points F; on
it that are good for n, but for which there exist relatively small primes p; such that p;P;
are not good for n. (Note that the p; need to be small with respect to n, otherwise the
proof that the p; are prime is as difficult as proving this for n.) In 1993 Atkin and Morain
published a method for that, using the theory of complex multiplication. In practice this
works surprisingly well, and huge numbers have been shown to be prime with this method.

2.4 Exercises

1. The smallest Carmichael number is n = 561. Show that it is not prime, using the
Miller-Rabin test.

2. Factorise 203 and 899 with the method of Fermat.

3. In this exercise we find the factorisation of n = 8616460799 with Fermat’s method. So
we need to find ¢ > s such that 2 — s2 = n.

(a) We have nmod 3 = 2. Show that k2 mod 3 is 0 or 1 for k € Z. Prove that if
t2 mod 3 = 1, then #*> — n cannot be a square. Conclude that ¢ has to be divisible
by 3.

(b) We have n mod 8 = 7. Show that k% mod 8 is 0,1,4. Prove that if t> —n is a square,
then > = 0 mod 8. Conclude that ¢ is divisible by 4.

(c) Prove that t is divisible by 12.

(d) Now try for ¢ all multiples of 12, bigger than [/n|. Factorise n in a product of
two smaller integers.
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(e) The english economist W. S. Jevons (1835-1882) wrote: ”Given any two numbers,
we may by a simple and infallible process obtain their product, but it is quite
another matter when a large number is given, to determine its factors. Can the
reader say what two numbers multiplied together produce the number 86164607997
I think it unlikely that anyone but myself will ever know.”
4. Find the first 7 convergents of the continued fraction of v/5.
5. Factorise 299, 341, 1537 and 1139 with the continued fraction method.
6. Let a > 1 be an integer and
g @ +Va?+4
= f.
Show that for the continued fraction of 8 we have a = ag = a1 = as, .. ..
7. Let
1+46
-—5
Let ag, a1, ... be the integers corresponding to the continued fraction of z.
(a) Prove that a; =1 for i > 0.
(b) Let F,, be the n-th Fibonacci number (that is Fy =1, Fy =1, F,41 = Fp + F—1).
Prove that the convergents of the continued fraction of x are Fl’;—:l for n > 0.
8. Consider the ellptic curve with equation y> = 23+ 2 —1. Let P = (1,1) € E. Compute
3P=P+P+P.
9. In this exercise we factorise n = 65 = 5 - 13 with the elliptic curve method. Let F be
the elliptic curve with equation y? = 2 + 22 + 1 and P = (1,2), a point.
(a) Check that the equation defines an elliptic curve modulo every prime that divides
n.
(b) Compute all points of E(IF5) (here it can be handy to make a table of all squares
modulo 5, and all 22 + 2z + 1 for x € F5). Show that ky5(P) = O implies that k
is divisible by 7. (Here ¢5(P) is the reduction modulo 5 of P.)
(c) Compute all points of E(IF13). Prove that 4¢13(P) = O.
(d) Compute 4P modulo n, and factorise n.
10. Again we consider n = 65, but now we take the elliptic curve E with equation y? =
23 + 37 + 2 and point P = (2,4).
(a) Check that the equation defines an elliptic curve modulo every prime that divides
n.
(b) Compute all points of E(IF5). Show that kys(P) = O if and only if k is divisible
by 5.
(¢) Compute 5P modulo n and factorise n.
11. Factorise n = 115 with the elliptic curve method. (For example with the curve y? =

23 4+ 22 — 3 and point P = (2,3).)



Chapter 3

Polynomial Factorisation

The problem considered in this chapter is to find the factorisation of a polynomial in k[z],
where k is a field.

The algorithms depend heavily on k. Here we treat algorithms for finite fields k = Ty,
with ¢ = p”, and k = Q.

3.1 Some generalities on polynomials

Lemma 3.1.1 For f,g € k[z] there exist unique q,r € k[z] with deg(r) < deg(g) and f =
qg + r (division with remainder).

Lemma 3.1.2 Let I C k[x] be an ideal. Then I is generated by a single element, that is,
there is a g € k[x] with I = {fg | f € k[z]}.

PRrROOF. Let g € I be a nonzero element of minimal degree. For h € I write h = qg + r with
deg(r) < deg(g). This implies r € I whence r = 0 and h = gg. O

Lemma 3.1.3 Let f1, fo € k[z]|. Then there exists a unique monic g € k[z] with

1) g divides f17 f2;
2) if h divides fi1, fo then h divides g.

PRrROOF. Let I C k[x] be the ideal generated by fi, fo, that is I = {hif1 + hafa | hi € k[z]}.
Then by the previous lemma I is generated by a monic g (of monimal degree). Now fi, fo € I
hence g divides f1 and fo.

If h divides f1, fo then g = hy f1 +hafa (since g € I = (f1, f2)); we conclude that h divides
g.

In order to show uniqueness, let ¢’ € k[z] with the same properties as g. Then by 1) and
2), ¢’ divides g. Analogously g divides ¢’. Since g and ¢’ are monic we get g = ¢'. O

Definition 3.1.4 The polynomial g from the previous lemma is called the greatest common
divisor of f1 and f>.
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From the proof of Lemma 3.1.3 it follows that there exist ki, ho such that hyf1 +hafo = g.
In the same way as for the integers we have a euclidean algorithm for computing the greatest
common divisor, and the hy, ho. It is based on the following lemma.

Lemma 3.1.5 Write f1 = qfo + r with deg(r) < deg(f2). Then ged(f1, fo) = ged(fa,r).

PROOF. Set
Dy = {h € k[z] | h divides f1, fo} and Dy ={h € k[z] | h divides fo,r}.
Then D1 = Ds. So the elements of maximal degree of D and D> coincide. ]

To compute ged(f1, f2) we replace (f1, f2) by (f2,7) and so on. At a certain point we find
the pair (¢,0) and ged(g,0) = g.

Example 3.1.6 Let f; = 2" + 1, fo = 2* + 22 + z € Fa[z]. Then
fi=@ e+ Do+ +2+1.

Set f3 = 23 4+ x + 1, then
fo=xzf3+0

hence ged( f1, f2) = ged(fo, f3) = ged(f3,0) = fs.

N.B. A polynomial h € k[z] is called irreducible if h ¢ k and for every factorisation h = ab
with a,b € k[x] we have that a or b lies in k.

Lemma 3.1.7 Let a € k[z] be irreducible and suppose that a divides bc where b,c € k[z].
Then a diwvides b or a divides c.

PROOF. If a does not divide b then ged(a,b) = 1 so there exist hi, hy with hia 4+ hob = 1
whence ¢ = hiac + hobe. Therefore a divides c. O

Theorem 3.1.8 Let f € kx|, then there exist ¢ € k, irreducible fi,...,f, € k[z] and
€1,...,er € Lsg with f = cff*--- fir. Moreover, this factorisation is “essentially unique”;
meaning that if we have another one f = dgil1 . -ggS, then c =d, r = s, and after a permu-

tation of the indices, f; = g;, e; = d;.

PRrooF. Note that c is the coefficient of the highest degree monomial in f, hence it is uniquely
determined. So without oss of generality we may assume that f is monic. If f is irreducible
then there is nothing to prove. So suppose that f = ab where a,b € k[z] are monic with
deg(a),deg(b) < deg(f). By induction on the degree a and b are products of irreducible
polynomials, hence so is f.

To show uniqueness suppose that f = f{'--- f&r = g‘li1 ... g% where also the g; are
irreducible and monic.

By Lemma 3.1.7 f; divides a g;. But g; is irreducible and monic, hence f; = g;. Cancelling
both from the products, and by induction on the degree we conclude that the factorisation is
esentially unique. O
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Corollary 3.1.9 Let p,q,r € k[x] with gcd(q,r) = 1. Then ged(p, qr) = ged(p, q) ged(p, 7).

PrOOF. Let f,g € k[z]. Then by the previous theorem we can write f = ¢y fi' - fom,
g = ¢ f{h e ;‘f{", where the f; are monic and irreducible and e;,d; € Z>p. From this it

follows that ged(f, g) = fi* -+ f2, where a; = min{d;, e;}.
So since ged(g, ) = 1, the factorisation of ¢r is obtained by appending the factorisation

of r to that of ¢. This implies the statement of the corollary. O
Problem. Given a monic f € k[z] find monic irreducible fi,..., f, such that f =

€1 er

€L fer,

3.2 Berlekamp’s algorithm

In this section we describe an algorithm due to Elwyn Berlekamp (1940- )

for factorising a polynomial over a finite field. Berlekamp is known, among other things, for
his work in coding theory and game theory.

Definition 3.2.1 Let f € k[z] be monic and f = f{*--- f& with f; irreducible and monic.
Then the f{" are called the primary factors of f.

Lemma 3.2.2 Let f € Fy[z] be monic and v € Fy[z] with v = v mod f. Then

f=1] ged(f,v—a).

aclFy

ProoOF. In F,[Y] we have

vi-v =] -a)

aclFy,

(because a? = a for all a € ). Substituting v for Y we obtain

But v? — v is divisible by f, so f = ged(f,v? — v).
Observe that ged(v —a,v —b) =1if a # b, a,b € I,. Indeed, if g divides v —a and v — b
then ¢ divides b — a # 0.
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Using Corollary 3.1.9 we see that

[ o= ng(fvvq__v)
- ng(f7 H (U - a))

a€ly

= H ged(f,v —a).

aclry

0

Notation. With IFy[x]/(f) we denote the quotient ring IF,[z] modulo the ideal generated
by f.

If f=2a"+ ...+ aop then every element of I,[x]/(f) has a unique representative of the
form by + bz + ... + by 12" L.

Lemma 3.2.3 Let f € F[z] be monic and
V ={veFyz]/(f) | v —vmod f}.

Write f = fi* - f& where the f; are irreducible and distinct. Then V is a vector space over
IF, of dimension r.

PRroOF. Let v,w € V, then
(v+w)? =v!+w! =v+wmod f

and hence v+w € V.
Furthermore, let o € Iy, then

(av)? = a?v? = av? = av mod f

soav e V.

It follows that V' is a vector space over IF,.

Let Ry,..., Rs be rings. We recall the construction of the direct sum: R = @j_, R; is the
set consisting of (rqy,...,rs) with r; € R;; the ring operations are defined as follows

(r1s..,rs) + (P, r) = (r+ 71, e + 1)

and
(r1y ey ms) (1], ey h) = (riry, .. erl).

Then R is again a ring.

By the chinese remainder theorem for polynomial rings there exists a ring isomorphism
o: Fylx]/(f) = @I_Fqlz]/(f{*). Here p(h mod f) = (hmod fi*,...,hmod f¢).

For v € V we write ¢(v) = (v1,...,v,). Then

_ a_ ei
veV & vi=vmodf <& v!=uv modf.

By Lemma 3.2.2 we have

£io= 11 sed(ff, vi — a). (3.1)

acly,
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But v; —a and v; — b are coprime when a, b € Iy and a # b. Hence in (3.1) we only have factors
v;—a for a unique a € Fy. In other words f{* = ged(f{", v;—a), implying that f{* divides v;—a.
It follows that v; = a mod f;* and therefore (V) C Fy&...®F, where F, C Fy[z]/(f{*) are
the constant polynomials (more precisely: the cosets that have a representative in IFy).

But a? = a for all a € Fy, whence Fy & ... F, C (V).

It follows that (V) =F, & ... & I, (r summands), implying that V is a vector space of
dimension 7. ([l

Now we give Berlekamp’s algorithm for finding the primary factors of a monic f € F[x].

Algorithm 3.2.4 Given: f € IFy[z], monic.
Compute: the primary factors of f.

1. Let {v1 = 1,v9,...,v.} be a basis of V= {v € Fy[z]/(f) | v¢ = v mod f}.
2. Set Py ={f} and for j =2,...,r let

2a) Pj be the set of consisting of the nontrivial elements of the sets {ged(h,v; —a) | a €
F,}, where h € Pj_;.

3. Return P,.

Lemma 3.2.5 The algorithm of Berlekamp finds the primary factors of f.
Proor. Write P = P,.. We have to show that

- f is the product of the elements in P;

- the elements of P are coprime;

- the elements of P are powers of irreducible polynomials.

First we claim that the product of the elements of P; is f. This is certainly true for j = 1.
Suppose the claim holds for P;_;. Let h € P;j_1, then h divides f, whence U? = v; mod h. So
by Lemma 3.2.2,

h= ][ gcd(h,v; - a).
aclFy

Also the elements of P; are coprime. Indeed, the elements of P; are of the form ged(h, v; —
a), for a € Fy, h € Pj_1. Now for different a € IF; such factors are coprime. But also for
different h (and the same a), because by induction the elements of P;j_; are coprime.

Now let h € P. Suppose that h is not a power of an irreducible. Then from what is said
above it follows that h is divisible by f{* and by fjej, 1 # j. To ease notation we assume that
t1=1and j = 2.

We fix a j > 1. Then for j <1 <r and g € P, there exists a; € I, with v; = a; mod g.
Again we use induction to show this. Note that the elements of P; are factors of v; — a, for
various a € IFy. Hence for [ = j the statement holds. Now let g € P, 1 > j. Then g is a factor
of a h € P_y. By induction v; = a; mod h, hence also v; = a; mod g.

We apply this to h € P = P, to conclude that there is a; € I, with v; = a; mod h for
1<j<r.
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Now let v € V' and write v = > "_, Bjv;, B; € Fy. Then

v = Zﬂjaj mod h.

j=1

Set a, = Z§:1 Bja;; then v = a, mod h, and a, € F,,.
Since f', f5* divide h we get v = a, mod fi' and v = a, mod f5*. But ¢: V — F, &

.. ® F, with ¢(v) = (vmod f{*,...,v mod f£") is an isomorphism.
But ¢(v) = (ay, Gy, %, ...,*), in other words, the first two coordinates are always equal.
This implies that ¢ is not surjective, and hence we have obtained a contradiction. O

Remaining problem. Given f € F4[z], f = ¢g° with g irreducible, find g and e.

For this we compute f = %f = eg'g°"!. There are two cases:

1) f/=0. Then we claim that f is a polynomial in 2P where ¢ = p™, p a prime. Indeed,
the exponents of = that occur in f are disible by p. Hence f = h(zP) = hy(x)P. We compute
h1, which again is a power of g, and continue with h;.

2) f'#0. Then g = W since ged(f, f/) = gL
Example 3.2.6 Let f = 2 + 23 + 2 + 1 € Fy[z]. Write v € Faz]/(f) as v = ag + a1z +
asx? + azx?, a; € Fy (more precisely: the last expression is the unique representative modulo
f of degree < deg(f) of a class in Fa[z]/(f)).

Since a? = a; we get v2 = ag + arx?® + asz* + azxb. Modulo f we have:

RS R |
2 = 4t r=2+2+1+2%+2
= B+22+1
2 = e rr=2>2+r+1+2°+2
= 1
hence
v? = ag+aiz? +ax(@®+ x4+ 1) + a3z mod f

= ag+az+as + asx + a1z 4 asx® mod f

and therefore
ap + a2 +asz = ap

as = aq
2 <~ a] =az =as
ap = ag
ag = asg

so a basis of V is {vq; = 1,z + 22 + 23}. So, in particular, r = 2.
In step 2a) we replace f with
hi =ged(f,z+2? +2%) =2 + 2+ 1
hy = ged(f, 1+ x4 2% +2%) =22 + 1.
So P = {h1,ha}. We have b} = 1 so that ged(h1, h}) = 1, thus h; is irreducible. Furthermore,

5, = 0 implies hy = (v +1)? and (z + 1)’ = 1 so it is irreducible.
We conclude that f = (z +1)%(2% + 2 + 1) is the factorisation of f.
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3.3 The algorithm of Cantor-Zassenhaus

The algorithm of Berlekamp has the disadvantage to have to compute ged(f,v—a) for a € F,.
If ¢ gets large this is very laborious. Here we sketch a different aproach, due to Cantor and
Zassenhaus, based on the possibility of making random choices. For this we assume that ¢ is
odd.

Lemma 3.3.1 Let v € I, then ’yq%l = +1. Moreover, 7%1 =1 if and only if v is a square

in Iy and ’yqz;l = —1 if and only if v is not a square.

PROOF. Let a € Iy be a primitive element: a? ' =1, a0F #1for k< ¢—1. Then v = o,
and A
g—1 g—1\"?
fyT = (aT) .

12 _
Remark 3.3.2 We have that (a%> = 1 implies o’ =41 (there are only two roots of 1

in IFy) but a's # 1 so o't = —1.

Hence if v is a square then v = a?*, and hence ’y% = (oﬂ*l)k = 1. If v is not a square then
_ A 2k+1 ool el g1k _

V=« sothat v 2 =a 2 (a?7)" = —1. O

Consider the space
V = {ve Fylal/(f) | v = mod f}.

Let v € V and view V inside F,[z]. Then

vq—v:v<vq%l—1> (v%l—l-l).

Note that these factors are coprime.
We have

f = ged(f,v" — v) = ged(f,v) ged(f,v"% — 1) ged(f,v"T +1).
This factorisation of f is trivial (that is f = f-1-1) if and only if f divides one of v, v - 1,
vq%l + 1.
We may assume that deg(v) < deg(f) so f does not divide v.
Let o: Fylz]/(f) — @®l_Fq[x]/(f{") be the isomorphism, where the f{* are the primary
factors of f. Then p(V) = ®]_,F, implies that ¢(v) = (a1,...,ar), a; € Fy,.
Now f dividels v —1if and only if v =1 mod f and hence if and only if go(v)q%l =

qg—1
(1,...,1); or a;> =1 for all i. By Lemma 3.3.1 we have that a; € I} is a square for all 4.

Analogously f divides v + 1 if and only if a; € 7 is not a square for all «.
Set

C = {(a1,...,a,) €F;" | a; is a square Vi}

U {(a1,...,a:) € F;" | a; is not a square Vi}.

- (5 + () -(t52)

We have
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If we take v € V' by random choice (where we use a uniform distribution) then the probability
that we do not find a factorisation is

2 ﬂ " 1 1 r
a2 () A
P(e(v) € C =2 <3
So if k times we randomly choose a v the probability of not finding a factorisation is less than
1\ k
(3)"
3.4 Factorization of polynomials over Q)

First we show that the factorization of polynomials over @ is the same as the factorization of
polynomials over Z.

Definition 3.4.1 Let f € Z[z], f =ap+ a1z + ...+ anz™, a; € Z. Then
c(f) = ged(ag, a, ..., an)
is called the content of f.

Lemma 3.4.2 Let f, g € Z[z] with c(f) = c(g) =1, then c¢(fg) = 1.

PROOF. Suppose that c(f g_) > 1. Then there exists a prime p dividing all coefficients of fg.
_ For h € Z[z] we write f for the polynomial » mod p which lies in IF;[z]. Then 0 = fg =
fg # 0 because f # 0 # g as they have content 1. O

Lemma 3.4.3 (Gauss) Let f,g € Z[z]. Then c(fg) = c(f)c(g).
PRrROOF. Write a = ¢(f), b = c(g). Then 2,9 € Z[x]. But

fg:a,bgg = c(fg)=c abii)-ab c(‘iz)

Now ¢ (5) = ¢ (%) =1 hence, by Lemma 3.4.2, ¢ (5%) =1 and therefore ¢(fg) = ab. O

Theorem 3.4.4 Let f € Z[x] and suppose that there exist g,h € Q[z] with f = gh. Then
there ezist a,b € Q such that ag,bh € Zlx] and f = (ag)(bh).

In other words, every factorisation of f in Q[z] comes from a factorisation in Z|[x].
PROOF. We can assume that ¢(f) = 1 (otherwise we divide by ¢(f)). Let a,b € Q be such
that ag, bh € Z[x] and c(ag) = c¢(bh) = 1. We have

abf = (ag)(bh) € Z[x] e c(abf) = c(ag)c(bh) =

Write ab = 7 with ¢ > 1; then all coefficients of f are divisible by ¢ because ;f € Z[x].
But ¢(f) =1sot=1.

Now c(abf) = ¢(sf) = 1 hence s = +1. Therefore (ag)(bh) = £f. If this is —f then we
replace a with —a and obtain f = (ag)(bh). O

So in order to factorise f € Q[x] we can make some reductions
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- assume [ € Z[z] (otherwise we multiply by an s € Z);
- the problem does not change if we look for factors in Z[z]| (by Theorem 3.4.4);

- assume that f is square-free; otherwise we write f = ¢?h and then f’ = 2g¢’h + ¢k’ so g
divides ged(f, f'); so we can factorise ged(f, f’) and m.

Idea. We factorise f mod p, p a prime, and we “lift” the factors to elements of Z|[x|. This
process is called Hensel lifting.

3.4.1 Hensel lifting
Kurt Hensel (1861 - 1941)

invented p-adic numbers. The next theorem shows that a factorisation of a polynomial
modulo p leads to a p-adic factorisation.

Theorem 3.4.5 (Hensel) Let f € Z[x| and p a prime, not dividing the leading coefficient
of f. Let g,h € Z[z] be such that

- deg(g) + deg(h) = deg(f);
- ged(g, h) = 1 mod p;
- f = gh mod p* for a certain integer k > 0.

Then there exist u,v € Z[mj with degu < deg g, degv < degh; and after setting § = g + p*u,
h = h + p*v, we have deg(h) = degh, and

f= giz mod p**+.

Moreover, the u and v with these properties are uniquely determined modulo p.

PROOF. Set §j = g + pFu, h = h + p*v for certain u,v € Z]z]. Then
f—gh=f—gh—p"vg—pFuh — p*uv

and this has to be 0 modulo p*F*T.
Observe that f — gh is divisible by p”.
So we want u, v such that

—gh
fpkg —vg — uh = 0 mod p.

Set e = f;gh.
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We know that ged(g,h) = 1 mod p. So there exist a,b € Z[z] with ag + bh = 1 mod p.
Hence eag + ebh = e mod p.

So we could take v = ea and u = eb but this can increase the degree. The trick is to first
fix eb. Write eb = qg + r with deg(r) < deg(g). Then

eag+ (qg+r)h=emodp < (ea+ qh)g+rh=emod p.

Now we try v = ea + ¢gh mod p and v = r mod p. Of course, we are only interested in
and v modulo p.

With this choice we have f = gh mod p"*! and deg(u) < deg(g). We need to check the
degree of v.

Since e = % we get deg(e) < deg(f). Moreover, uh + vg = e mod p and deg(uh) <
deg(f) because deg(u) < deg(g). Hence deg(vg mod p) < deg(f), and therefore

deg(v mod p) < deg(h).

It also follows that deg(ﬁ) < deg(h). However, if this inequality is strict then f = Gh mod pFt1
implies that p divides the leading coefficient of f, contrary to the assumption on p. Hence
deg(h) = deg(h).

In order to show uniqueness, let ug, vy € Z[z]| have the same properties. Then vog+ ugh =
vg + wh mod p, or

(up — u)h = (vo — v)g mod p.

Since g, h are coprime modulo p this implies that g divides ug — w. But that is impossible
because of the degrees; hence ug — u = 0. From that we also get v — vy = 0. U

Remark 3.4.6 Note that the g, h in the conclusion of the preceding theorem saitsfy the
same properties as g and h, except that k& has changed to k + 1. So we can continue and
obtain a factorisation mod p*t2, p#*3 .. .. In the limit this then yields a p-adic factorisation.

The proof of the theorem also gives a method for constructing g, h. One computes

f—gh.
pk )

- e =

a,b with ag + bh = 1 mod p (extended euclidean algorithm);

q,r with eb = qg + r and deg(r) < deg(g) (division with remainder);

- w =7 mod p and v = ea + gh mod p.

Then § = g + p*u e h = h + p*v.

Example 3.4.7 Let f = 2% +22% — 322 — 42z — 1, g = 22 + 1 and h = 2% + 2z + 2. We have
gh=2"+223 + 322 + 22+ 2= f mod 3

hence
e=2—7" = 222 22— 1=2>+ 2+ 2 mod 3.
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We do all computations modulo p because we are interested in « and v only modulo p. In
particular e, a, b, g,v can be computed modulo p. We compute (everything modulo 3):

h = 22+22+42 = 1-h +

0-g
g = ?4+1 = 0-h + 1-g
20 +1 = h — g
202+ = xh — xg
r+1 = xh + (1—1x)g

2 (x+1)h — xzg
1 = 2z+2h + =zg.

Hence a = x, b = 2z + 2 modulo 3. Therefore, modulo 3,
eb=(*+2+2)2x+2)=22"+2*+1=2z+1)g+z=qg+r
Sou=r=xand

v = eat+qh=*+z+2)z+ 22+ 1)(2>+22+2) =32° 4 622 + 8z + 2
= 2z + 2 mod 3.

We see that deg(v) < deg(h) mod p but it is not guaranteed that v has degree < deg(h)
without the modulo p operation.
Now

g = g+3u=a2>+3z+1
hi = h+32z+2)=2>+8z+8.
Indeed we have
f—gih1 = —92° — 3622 — 362 — 9 = 0 mod 9.
For k = 2 we get
iy L1
9

Since g1 = g mod p and hy = h mod p the same a and b of the previous step can also be used
here. So

= 2% — 422 —4x — 1 = 22° + 222 + 22 + 2 mod 3.

eb=at+223 + 222 + 22 +1= (2> + 204+ Dy +0=qg + -
We get u =1r =0 and

v = ea+qhy = (22°+22% + 22+ 2)x + (2% + 22 + 1)(2? + 82 + 8)

= 2x 4 2mod 3.
Now
g2 = 91+9u:91:x2+33:—|—1
hy = hi+ 92z +2) = 2% + 26z + 26.

And f = goho mod 27. Continuing we find

g3 = 22+3z+1
hs = 2%+ 80x + 80.

And f = g3hs mod 81, and so on.



64 Polynomial Factorisation

So, starting with a factorisation modulo p, we find factorisations modulo p*, for any k
we want. Now we describe how we can get the factorisation in Z[z]| from the factorisation
modulo p¥, when k is big enough.

Definition 3.4.8 Let f =3 1, f;z' € C[z]. The norm of f is

I£1l =

Lemma 3.4.9 Let h € C[z], a € C. Then
I(z = a)hl| = lal||(z — a~")hl|.
PROOF. Write h = > 1" h;z'. We have

(x—a)h = hpae™ ™ 4 (hyo1 — ahy)2™ + ...+ (ho — ahy)x — ahg
m+1

= Z (h,‘_l — ah,-):ri

i=0
where we set h_1 = hy41 = 0.
In general we have
u—v> = (u—0)(a—70)=ui —ud — a + v0
= |ul? —ut —aw + |v]

Hence
m—+1

Iz = ahl* = > lhioy —ahif?
i=0
= > (hi-1|* = @hi_1hi — ahi_1h; + |ahi|*)
= Z(|h1|2 — C_Lhiflf_li — ai_Ll-,lhi + |C_Lh2;1|2) = Z |C_Lh1;1 — h1|2
Because Y |hi—1]?> = > |hi|? and

lahi|* = |a?|hi|* = |ahi]*.

Therefore
(z—a)h|* = ||(az—1)h|?
= lall|(z —a~")hl|
= all|(z —a~")h]l.

Theorem 3.4.10 (Landau-Mignotte) Let f € Z[x] and g € Z[x] be a factor of f, deg(g) =
m. Write g =Y 1", giz'. Then
m
o < ()51
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PROOF. Let by,...,bs and aq,...,a; in C be the zeros of f “with multiplicity” (so a zero of
multiplicity k appears k times), where |b;| > 1 and |a;| < 1.
Write f =Y fiz". Then

s t
f=5]]E=0) ] -a)
=1 7j=1

so by Lemma 3.4.9
s t t s
111 = I1fa [Tz = bs) H z—aj)|l = lax---adll|fo [J (@ = a; ") [ J (e = 02)]I-
i=1 j=1 J=1 =1
Write h = Y, hia', then ||h|| > |ho| since ||h||?> = " |hi|*>. Hence

A1l = lax - ad fullag -~ ag by -+ 0.

For z € C, |2271| = 1, so we get

FI] > [ fnbr - - bs.
Now let 1, ...,7m be the zeros of g. Then g = gm(z —71) - (x — Ym), whence

g9i = (_1)igm0'mfi('71a cee >’7m)

where o;(x1,...,2y) is the i-th elementary symmetric polynomial in x4, ..., z,,; that is

Ui(.%'l,...,$m): E Ljp + Ty,

1<j1<g2<...<5: <m

We have that o;(z1,...,2) is a sum of (") monomials of degree 1.
We assume that the v; are ordered in such a way that |y1| > |y2| > ... > |ym|. Then

m
ol < (7Y

m
<,>|bl...b8,
i
< ("f‘)’f”
i) | fnl
A1l m [|f]]
o < lanl (" ) U2 =10l (7)1
| fnl i) |fnl
We have |g,,| < |fn| because gy, divides f,,. Therefore

o < ()51

IN

whence
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Lemma 3.4.11 Let g € Z[z], g = 1" 9ix', and B > 0 with |g;| < B. Let M be an integer
with M > 2B and write g mod M = > gix' where §; € (—%, %] Then
m .
g=> g’
i=0

in other words: g = gmod M e g; = g;.
PROOF. Suppose that §; # ¢;. Then g; — §; = kM with |k| > 1. But |g;| < %, SO

B M
gi| = [EM + gi| > > > B

but this is a contradiction. O

Based on these results we have the following procedure for factorising a polynomial f in
Z]zx]. We assume that f is square-free. We choose a prime p such that p does not divide
the leading coefficient of f, and such that f mod p is also square-free. For simplicity first we
assume that f mod p is the product of at most two irreducible factors.

- If f mod p is irreducible then f € Z]x] is irreducible, and we stop.

- Otherwise f mod p = (g mod p)(h mod p), where g mod p and h mod p in F,[z] are
irreducible and distinct. (These factors can be found using Berlekamp’s algorithm.)

- By Hensel lifting we find g, and hy, such that f = gphj mod p*.

- Using the theorem of Landau-Mignotte we find a B so that the coefficients of a factor
of f have absolute value < B.

Let M = p* with kg such that M > 2B. Then we find §;, h; such that

. M M
Gko mod M = ZQZCU ’ i € (27 2:|

- M M
hgo mod M = "hjal, by € (—2,2].

Then f = gg,hk, is the factorisation of f or f is irreducible. Indeed, if f is not irreducible
then f = gh, for certain g,h € Z[z]. (We know that f has at most two factors over Z,
as this is the case modulo p.) Now f mod p* = gy hy, mod p* = (g mod p*°)(h mod p*0).
However, by Theorem 3.4.5, the factorisation f mod pFo = Gko i, mod pFo is unique. Hence
9k, mod p* = g mod p*o and hi, mod p"0 = h mod pko (or the other way round, of course).

Example 3.4.12 As in Example 3.4.7, let f = x* + 223 — 322 — 42 + 1. Then ||f|* =
1+44+9+16+1 =31 Let apx? + a2 + g be a factor of f. Then

lag| < (;>\/3>1, lag| < G)\/S»l, lag| < <(2)>\/3>1

so |ay| < 2v/31. Hence |a;| < 11, since o; € Z, so we can take B = 11.
We know that f = gshz mod 27 where g3 = 22 4+ 32 4+ 1 and h3 = 22 + 26 + 26.
We choose M =27 > 2B = 22. Now

ggmod M = 22+3x+1
hs mod M = 2?2 —z—1

and f = (xQ + 3z + 1)(3;2 —x — 1); so we have factorised f.
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3.4.2 Hensel lifting for more factors

Given f € Z[z] and f1,..., fr € Z]z], and p a prime such that f;, f; are coprime modulo p.
We assume that deg(f1) + .. + deg(f,) = deg(f), f = fu--- f; mod p.

We compute fi,..., f, € Z[z] with f; = f; mod p and f = f; --- f, mod p* for a certain
k.

1) Let m=[5] and g = f1- fo, h = frg1- [

2) By Hensel lifting we compute g,h € Z[z] with § = gmodp, h = hmodp and f =
§h mod pF.

3) Recursively we compute fl, .. ,fT with fz = f; mod p, g = fl . fm mod pF, h = me “ee fr mod

P

4) f=fi-o fr mod p*.
The algorithm
Now we describe a procedure for factorising a square-free f € Z|x].

1) We choose a prime p such that f mod p is square-free, and p does not divide the leading
coefficient of f.

2) With Landau-Mignotte we compute a B such that
|coefficient of a factor of f| < B
and we choose k such that M = p* > 2B.
3) Let fi,..., fr the irreducible factors of f mod p (obtained with Berlekamp’s algorithm).
4) By Hensel lifting we get fi,... fre Z]z] such that f = fi-+- fr mod p* and f; = f; mod p.

5) For all S C {1,...,r} we compute

gS:Hﬁ- and hg:Hf’i.

i€S iZS
We write the coefficients of gg and hg modulo M in (—%, %]

If f = gghg then we found a factorisation. If for all S, fg # gshg then f is irreducible.

Example 3.4.13 (Swinnerton-Dyer polynomials) Let p; = 2,ps = 3,...,py, be the first
n primes, and consider the field

Fn:Q(\/Evm/lTn)

Let f, be the minimal polynomial of oy, = /p1 + - - - + \/Pn. Using Galois theory one shows
that f,, has degree 2™ and the roots of f,, are

€1v/P1+ -+ €n\/Dn
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where ¢, € {—1,1}. Using a bit of algebraic number theory one sees that f, € Z[x] (the
V/Pi lie in the ring of integers of F;,, hence so does ay,; therefore f, € Z[z]). Now let p be a
prime, then all polynomials 22 — p; have their roots in the quadratic extension Fp2 of . Tt
follows that f, mod p factorises into linear factors over IF .. Hence over Iy, it factorises into
linear or quadratic factors. So f, mod p has at least 2”71 factors over IF,. Now f,, being
the minimal polynomial of «,, is irreducible in Q[z]. But in order to show that using the
algorithm outlined in this section one needs to inspect at least 22" subsets S. So we see
that at least for some polynomials this algorithm is not without its drawbacks.

3.5 Exercises

1. Prove that x* + x + 1 € Fa[z] is irrecucible.

2. Factorise 27 + 1 € Fa[z] and 2* + 2 + 1 € F3[z]. (In coding theory, the factorisation
of 7 4 1 € TFy[z] implies that there are 8 = 23 cyclic codes of length 7 over Fo. The
factorisation is used to find their generator polynomials; see J. H. van Lint, Introduction
to Coding Theory, Chapter 6. )

3. Let f =a*+523+622 —x—1andg=22+1, h = 2>+ 22+ 2. Then g mod 3
and h mod 3 are irreducible in F3[z] and f = gh mod 3. Let g, hy be the polynomials
obtained from g, h by Hensel lifting. (So g1 = g, h1 = h, and f = grhy mod 3*.)

(a) Compute gg, hy for k = 2,3.
(b) Prove that g, = 22 + 3z + 1 and h, = 22 + 2z + 3% — 1 for k > 2.

(c) Show that the coefficients of a factor of f are < 24 in absolute value. Factorise f.
4. Let f = 24223+ 222+ +1. Factorise f mod 3, and prove that f € Q[z] is irreducible.

5. In this exercise we show that f = 2% + 1 € Q[x] is irreducible, but f mod p factorises
modulo every prime p.

(a) Factorise f mod 2 (hint: it is easy to find a root of f).

(b) Let p be an odd prime. Let V be the space of v € Ip,[z]/(f) such that vP = v mod f.
Compute a basis of V', treating the cases p = 144k, k even and odd, and p = 3+4k,
k even and odd, separately. Concluse that f mod p fattorises for all primes p.

(c) Factorise f mod 5.
(d) By Hensel lifting find g, h € Z[x] with f = gh mod 125.

(e) Find a bound on the coefficients of a possible factor of f in Z[z] (Landau-Mignotte).
Prove that f is irreducible.



