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Chapter 1

Basics on differential geometry:
topological and differentiable
manifolds.

1.1 Basics of general topology.

Let us summarize several basic definitions and results of general topology. The proofs of the
various statements can be found in every textbook of general topology.

1.1.1. We recall the reader that a topological space is a pair (X, T) where X is a set and T
is a class of subsets of X, called topology, which satisfies the following three properties.

(i) X,0eT.

(ii) If {Xi}ier C T, then Ujer X; € T (also if I is uncountable).

(iii) If X1,...,X, €7, then Nj—1_,
As an example, consider any set X endowed with the class P(X), i.e., the class of all the subsets
of X. That is a very simple topology which can be defined on each set, e.g. R™.

1.1.2. If (X, 7) is a topological space, the elements of T are said to be open sets. A subset K
of X is said to be closed if X \ K is open. It is a trivial task to show that the (also uncountable)
intersection closed sets is a closed set. The closure U of a set U C X is the intersection of all
the closed sets K C X with U C K.

1.1.2. If X is a topological space and f : X — R is any function, the support of f, suppf, is
the closure of the set of the points x € X with f(z) # 0.

1.1.8. If (X, 7) and (Y, U) are topological spaces, a mapping f : X — Y is said to be continuous
if f~1(T) is open for each T' € U. The composition of continuous functions is a continuous
function. An injective, surjective and continuous mapping f : X — Y, whose inverse mapping
is also continuous, is called homeomorphism from X to Y. If there is a homeomorphism
from X to Y these topological spaces are said to be homeomorphic. There are properties of
topological spaces and their subsets which are preserved under the action of homeomorphisms.



These properties are called topological properties. As a simple example notice that if the
topological spaces X and Y are homeomorphic under the homeomorphism h: X - Y, U C X
is either open or closed if and only if A(U) C Y is such.

1.1.4. If (X,7) is a topological space, a class B C T is called basis of the topology, if each
open set turns out to be union of elements of B. A topological space which admits a countable
basis of its topology is said to be second countable. If (X,T) is second countable, from any
basis B it is possible to extract a subbasis B’ C B which is countable. It is clear that second
countability is a topological property.

1.1.5. Tt is a trivial task to show that, if {T;};cr is a class of topologies on the set X, N;erT; is
a topology on X too.

1.1.6. If A is a class of subsets of X # () and C} is the class of topologies T on X with A C T,
T4 = Ngcc, T is called the topology generated by A. Notice that Cy # () because the set of
parts of X, P(X), is a topology and includes A.

It is simply proved that if A = {B;};cs is a class of subsets of X # (), A is a basis of the topology
on X generated by A itself if and only if

(Uier Bi) N (Ujerr Bj) = Upek By,

for every choice of I',I” C I and a corresponding K C I.

1.1.7. If A C X, where (X, 7) is a topological space, the pair (A, T4) where, T4 :={UNA|U €
T}, defines a topology on A which is called the topology induced on A by X. The inclusion
map, that is the map, ¢ : A — X, which sends every a viewed as an element of A into the same a
viewed as an element of X, is continuous with respect to that topology. Moreover, if f: X — Y
is continuous, X,Y being topological spaces, f [4: A — f(A) is continuous with respect to the
induced topologies on A and f(A) by X and Y respectively, for every subset A C X.

1.1.8. If (X,7) is a topological space and p € X, a neighborhood of p is an open set U C X
with p € U. If X and Y are topological spaces and x € X, f: X — Y is said to be continuous
in z, if for every neighborhood of f(z), V' C Y, there is a neighborhood of =z, U C X, such
that f(U) C V. It is simply proved that f : X — Y as above is continuous if and only if it is
continuous in every point of X.

1.1.9. A topological space (X,7) is said to be connected if there are no open sets A, B # ()
with ANB =0 and AUB = X. A subset C C X is connected if it is a connected topological
space when equipped with the topology induced by 7.

On a topological space (X, T), the following equivalence relation can be defined: = ~ 2’ if and
only if there is a connected subset of X including both x and z’. In this way X turns out to
be decomposed as the disjoint union of the equivalence classes generated by ~. Those maximal
connected subsets are called the connected components of X. Each connected component is
always closed and it is also open when the class of connected components is finite.

Finally, it turns out that if f : X — Y is continuous and the topological space X is connected,
then f(Y') is a connected topological space when equipped with the topology induced by the
topological space Y. In particular, connectedness is a topological property.

1.1.10. A topological space (X, T) is said to be connected by paths if, for each pair p,q € X
there is a continuous path v : [0,1] — X such that v(0) = p, 7(1) = ¢. The definition can be



extended to subset of X considered as topological spaces with respect to the induced topology.
It turns out that a topological space connected by paths is connected. A connected topological
space whose every point admits an open connected by path neighborhood is, in turn, connected
by path.

Connectedness by paths is a topological property.

1.1.11. If Y is any set in a topological space X, a covering of Y is a class {X;}ier, X; C X
for all i € I, such that Y C U;crX;. A topological space (X,T) is said to be compact if from
each covering of X made of open sets, {X;}icr, it is possible to extract a covering {X;}jcjcr
of X with J finite. A subset K of a topological space X is said to be compact if it is compact
as a topological space when endowed with the topology induced by X (this is equivalent to say
that K C X is compact whenever every covering of K made of open sets of the topology of X
admits a finite subcovering).

If (X,7) and (Y, 8) are topological spaces, the former is compact and ¢ : X — Y is continuous,
then Y is compact. In particular compactness is a topological property.

Each closed subset of a compact set is compact. Similarly, if K is a compact set in a Hausdorff
topological space (see below), K is closed. Each compact set K is sequentially compact,
i.e., each sequence S = {pi}ren C K admits some accumulation point s € K, (i.e, each
neighborhood of s contains some element of S different from s). If X is a topological metric
space (see below), sequentially compactness and compactness are equivalent.

1.1.12. A topological space (X, 7) is said to be Hausdorff if each pair (p,q) € X x X admits a
pair of neighborhoods U, U, with p € Uy, ¢ € U, and U,NU,; = 0. If X is Hausdorff and z € X
is a limit of the sequence {zy, }neny C X, this limit is unique. Hausdorff property is a topological
property.

1.1.13. A semi metric space is a set X endowed with a semidistance, that isd: X x X —
[0, +00), with d(z,y) = d(y,z) and d(x,y) + d(y, z) > d(z, z) for all z,y,z € X. If d(x,y) =0
implies = y the semidistance is called distance and the semi metric space is called metric
space. Either in semi metric space or metric spaces, the open metric balls are defined as
Bs(y) :={z € R" | d(z,y) < s}. (X,d) admits a preferred topology called metric topology
which is defined by saying that the open sets are the union of metric balls. Any metric topology
is a Hausdorff topology. It is very simple to show that a mapping f : A — My, where A C M,
and M7, M5 are semimetric spaces endowed with the metric topology, is continuous with respect
to the usual "€ — §” definition if and only f is continuous with respect to the general definition
of given above, considering A a topological space equipped with the metric topology induced by
M;.

1.1.14. If X is a vector space with field K = C or R, a semidistance and thus a topology can
be induced by a seminorm. A semi norm on X is a mapping p : X — [0,+00) such that
plav) = |alp(v) for all @ € K, v € X and p(u + v) < p(u) + p(v) for all u,v € X. If pis a
seminorm on V', d(u,v) := p(u — v) is the semidistance induced by p. A seminorm p such
that p(v) = 0 implies v = 0 is called norm. In this case the semidistance induced by p is a
distance.



1.1.1 The topology of R".

A few words about the usual topology of R™ are in order. That topology, also called the Eu-
clidean topology, is a metric topology induced by the usual distance d(z,y) = /> (z; — yi)?,
where x = (z1,...,2,) and y = (y1,...,yn) are points of R"™. That distance can be induced by
anorm ||z|| = /3" (x;)%. As a consequence, an open set with respect to that topology is any
set A C R™ such that either A = ) or each x € A is contained in a open metric ball B,(z) C A
(if s >0,y € R", Bs(y) :={z € R" | ||z —y|| < s}). The open balls with arbitrary center and
radius are a basis of the Euclidean topology. A relevant property of the Euclidean topology of
R™ is that it admits a countable basis i.e., it is second countable. To prove that it is sufficient to
consider the open balls with rational radius and center with rational coordinates. It turns out
that any open set A of R™ (with the Euclidean topology) is connected by paths if it is open and
connected. It turns out that a set K of R” endowed with the FEuclidean topology is compact
if and only if K is closed and bounded (i.e. there is a ball B,(x) C R" with r < oo with
K C B,(x)).

Exercises 1.1.

1. Show that R™ endowed with the Euclidean topology is Hausdorff.

2. Show that the open balls in R with rational radius and center with rational coordinates
define a countable basis of the Euclidean topology.
(Hint. Show that the considered class of open balls is countable because there is a one-to-one
mapping from that class to Q" x Q. Then consider any open set U € R™. For each x € U there is
an open ball B, (z) C U. Since Q is dense in R, one may change the center x to 2’ with rational
coordinates and the radius 7, to r’,s which is rational, in order to preserve x € Cy := B, , (/).
Then show that U,C, = U.)

3. Consider the subset of R?, C := {(z,sin2) | z €]0,1]} U{(z,y) | z =0,y € R}. Is C
path connected? Is C connected?

4. Show that the disk {(z,y) € R? | 22 + y? < 1} is homeomorphic to R%. Generalize the
result to any open ball (with center and radius arbitrarily given) in R™.
(Hint. Consider the mapping (z,y) — (z/(1—+v/2? +y?), y/(1—+/z? + y?)). The generalization
is straightforward).

5. Let f : M — N be a continuous bijective mapping and M, N topological spaces, show
that f is a homeomorphism if N is Hausdorff and M is compact.
(Hint. Start by showing that a mapping F' : X — Y is continuous if and only if for every
closed set K C Y, F~1(K) is closed. Then prove that f~! is continuous using the properties of
compact sets in Hausdorff spaces.)

1.1.2 Topological Manifolds.

Definition 1.1. (Topological Manifold.) A topological space (X, 7) is called topological
manifold of dimension n if X is Hausdorff, second countable and is locally homeomorphic to
R™, that is, for every p € X there is a neighborhood U,, > p and a homeomorphism ¢ : U, — V,,



where V,, C R" is an open set (equipped with the topology induced by R™).$

Remark 1.1.

(1) The homeomorphism ¢ may have co-domain given by R™ itself.

(2) We have assumed that n is fixed, anyway one may consider a Hausdorff connected topolog-
ical space X with a countable basis and such that, for each x € X there is a homeomorphism
defined in a neighborhood of x which maps that neighborhood into R" were n may depend
on the neighborhood and the point x. An important theorem due to Whitehead shows that,
actually, n must be a constant if X is connected. This result is usually stated by saying that
the dimension of a topological manifold is a topological invariant.

(3) The Hausdorff requirement could seem redundant since X is locally homeomorphic to R™
which is Hausdorff. The following example shows that this is not the case. Consider the set
X := RU{po} where pg € R. Define a topology on X, T, given by all of the sets which are
union of elements of € U T,,, where € is the usual Euclidean topology of R and U € T, iff
U= (Vo\{0})U{po}, Vb being any neighborhood of 0 in €. The reader should show that T
is a topology. It is obvious that (X, 7) is not Hausdorff since there are no open sets U,V € T
with UNV =0and 0 € U, pg € V. Anyhow, each point x € X admits a neighborhood which
is homeomorphic to R: R = {po} U (R \ {0}) is homeomorphic to R itself and is a neighborhood
of pg. It is trivial to show that there are sequences in X which admit two different limits.

(4). The simplest example of topological manifold is R" itself. An apparently less trivial ex-
ample is an open ball (with finite radius) of R™. However it is possible to show (see exercise
1.1.4) that an open ball (with finite radius) of R™ is homeomorphic to R™ itself so this example
is rather trivial anyway. One might wonder if there are natural mathematical objects which are
topological manifolds with dimension n but are not R™ itself or homeomorphic to R™ itself. A
simple example is a sphere S? C R3. §? := {(z,y,7) € R? | 22 +y? 4+ 22 = 1}. S? is a topological
space equipped with the topology induced by R? itself. It is obvious that S? is Hausdorff and
has a countable basis (the reader should show it). Notice that S? is not homeomorphic to R?
because S? is compact (being closed and bounded in R?) and R? is not compact since it is not
bounded. S? is a topological manifold of dimension 2 with local homeomorphisms defined as
follows. Consider p € S? and let II,, be the plane tangent at S? in p equipped with the topology
induced by R3. With that topology II, is homeomorphic to R? (the reader should prove it).
Let ¢ be the orthogonal projection of S? on IT,. It is quite simply proved that ¢ is continuous
with respect to the considered topologies and ¢ is bijective with continuous inverse when re-
stricted to the open semi-sphere which contains p as the south pole. Such a restriction defines
a homeomorphism from a neighborhood of p to an open disk of II,, (that is R?). The same pro-
cedure can be used to define local homeomorphisms referred to neighborhoods of each point of S%.



1.2 Differentiable Manifolds.

If f:R™ — R" it is obvious the meaning of the statement ” f is differentiable”. However, in
mathematics and in physics there exist objects which look like R™ but are not R itself (e.g. the
sphere S? considered above), and it is useful to consider real valued mappingsf defined on these
objects. What about the meaning of ” f is differentiable” in these cases? A simple example is
given, in mechanics, by the configuration space of a material point which is constrained to belong
to a circle S'. S! is a topological manifold. There are functions defined on S, for instance the
mechanical energy of the point, which are assumed to be ”differentiable functions”. What does
it mean? An answer can be given by a suitable definition of a differentiable manifold. To that
end we need some preliminary definitions.

1.2.1 Local charts and atlas.

Definition 1.2.  (k-compatible local charts.) Consider a topological manifold M with
dimension n. A local chart or local coordinate system on M is pair (U, ¢) where U C M
is open, U # 0, and ¢ : p — (z'(p),...,2"(p)) is a homeomorphism from U to the open set
»(U) C R™. Moreover:

(a) alocal chart (U, ¢) is called global chart if U = M;

(b) two local charts (U, ¢), (V,) are said to be C*-compatible, k € (N '\ {0}) U {0}, if ei-
ther UNV = () or, both ¢pop=! : p(UNV) — R™ and o~ ! : ¢(UNV) — R™ are of class C*. ¢

The given definition allow us to define a differentiable atlas of order k € (N\ {0}) U {oc}.

Definition 1.3. (Atlas on a manifold.) Consider a topological manifold M with dimen-
sion n. A differentiable atlas of order k € (N\ {0}) U {oco} on M is a class of local charts
A = {(Ui, ¢;) }ier such that :

(1) A covers M, i.e., M = U;crUs,

(2) the charts of A are pairwise C*-compatible. ¢

Remark 1.2.  An atlas of order k € N\{0} is an atlas of order k—1 too, provided k—1 € N\{0}.
An atlas of order oo is an atlas of all orders.

1.2.2 Differentiable structures.

Finally, we give the definition of differentiable structure and differentiable manifold of order

ke (N\{0}) U {oo}.

Definition 1.4. (Ck-differentiable structure and differentiable manifold.) Con-
sider a topological manifold M with dimension n, a differentiable structure of order k €

10



(N\ {0}) U {0} on M is an atlas M of order k which is maximal with respect to the C*-
compatibility requirement. In other words if (U,¢) ¢ M is a local chart on M, (U, ¢) is not
C*-compatible with some local chart of M.

A topological manifold equipped with a differentiable structure of order k € (N\ {0}) U {o0} is
sald to be a differentiable manifold of order k. $

We leave to the reader the proof of the following proposition.

Proposition 1.1.  Referring to definition 1.4, if the local charts (U,$) and (V,v) are sepa-
rately C* compatible with all the charts of a C* atlas, then (U, ¢) and (V,v) are C* compatible. {

This result implies that given a C* atlas A on a topological manifold M, there is exactly one
Ck-differentiable structure My such that A C My. This is the differentiable structure which
is called generated by A. My is nothing but the union of A with the class of all of the local
charts which are are compatible with every chart of A.

Comments 1.1. (1) R” has a natural structure of C*°-differentiable manifold which is con-
nected and path connected. The differentiable structure is that generated by the atlas containing
the global chart given by the canonical coordinate system, i.e., the components of each vector
with respect to the canonical basis.

(2) Consider a real n-dimensional affine space, A”. This is a triple (A", V,7) where A" is a
set whose elements are called points, V' is a real n-dimensional vector space and 7 : A" x A" — V
is a mapping such that the two following requirements are fulfilled.

(i) For each pair P € A", v € V there is a unique point @ € A" such that ]@ =w.

(ii) PO + QR = PB for all P,Q, R € A™.

1@ is called vector with initial point P and final point (). An affine space equipped with a
(pseudo) scalar product (defined on the vector space) is called (pseudo) Euclidean space.
Fach affine space is a connected and path-connected topological manifold with a natural C'*°
differential structure. These structures are built up by considering the class of natural global
coordinate systems, the Cartesian coordinate systems, obtained by fixing a point O € A"
and a vector basis for the vectors with initial point O. Varying P € A", the components of each
vector O—}% with respect to the chosen basis, define a bijective mapping f : A" — R™ and the
Euclidean topology of R™ induces a topology on A™ by defining the open sets of A" as the sets
B = f~Y(D) where D C R" is open. That topology does not depend on the choice of O and the
basis in V' and makes the affine space a topological n-dimensional manifold. Notice also that
each mapping f defined above gives rise to a C'*° atlas. Moreover, if g : A" — R" is another
mapping defined as above with a different choice of O and the basis in V, fog™! : R — R"®
and go f~! : R® — R™ are C® because they are linear non homogeneous transformations.
Therefore, there is a C'°° atlas containing all of the Cartesian coordinate systems defined by
different choices of origin O and basis in V. The C'*°-differentiable structure generated by that
atlas naturally makes the affine space a n-dimensional C'*°-differentiable manifold.

11



(3) The sphere S? defined above gets a C*-differentiable structure as follows. Considering all
of local homeomorphisms defined in remark (4) above, they turn out to be C*° compatible and
define a C™ atlas on S2. That atlas generates a C*-differentiable structure on S”. (Actually
it is possible to show that the obtained differentiable structure is the only one compatible with
the natural differentiable structure of R?, when one requires that S? is an embedded submanifold
of R3.)

(4) A classical theorem by Whitney shows that if a topological manifold admits a C'*-differentiable
structure, then it admits a C°°-differentiable structure which is contained in the former. More-
over a topological n-dimensional manifold may admit none or several different and not diffeo-
morphic (see below) C*°-differentiable structures. E.g., it happens for n = 4.

Important note. From now on ”differential” and ”differentiable” without further indication
mean C*°-differential and C*°-differentiable respectively. Due to comment (4) above, we develop
the theory in the C*° case only. However, several definitions and results may be generalized to
the C* case with 1 < k < oo

Exercises 1.2.
1.2.1. Show that the group SO(3) is a three-dimensional differentiable manifold.

1.2.3 Differentiable functions and diffeomorphisms.

Equipped with the given definitions, we can state the definition of a differentiable function.

Definition 1.5.  (Differentiable functions and diffeomorphisms.) Consider a continuous
mapping f: M — N, where M and N are differentiable manifolds with dimension m and n.
(1) f is said to be differentiable at p € M if the function:

Yo fop™t:p(U) = R",

is differentiable, for some local charts (V,1), (U,¢) on N and M respectively with p € U,
f(p) e Vand f(U) C V.

(2) f is said to be differentiable if it is differentiable at every point of M.

The real vector space of all differentiable functions from M to N is indicated by D(M|N) or
D(M) for N =R.

If M and N are differentiable manifolds and f € D(M|N) is bijective and f~! € D(N|M), f
is called diffeomorphism from M to N. If there is a diffeomorphism from the differentiable
manifold M to the differentiable manifold N, M and N are said to be diffeomorphic.$

Remark 1.3.

(1) It is clear that a differentiable function (at a point p) is continuous (in p) by definition.
(2) It is simply proved that the definition of function differentiable at a point p does not depend
on the choice of the local charts used in (1) of the definition above.

12



(3) Notice that D(M) is also a commutative ring with multiplicative and addictive unit el-
ements if endowed with the product rule f-¢g : p — f(p)g(p) for all p € M and sum rule
f+g:p— f(p)+ g(p) for all p € M. The unit elements with respect to the product and sum
are respectively the constant function 1 and the constant function 0. However D(M) is not a
field, because there are elements f € D(M) with f # 0 without (multiplicative) inverse element.
It is sufficient to consider f € D(M) with f(p) =0 and f(q) # 0 for some p,q € M.

(4) Consider two differentiable manifolds M and N such that they are defined on the same
topological space but they can have different differentiable structures. Suppose also that they
are diffeomorphic. Can we conclude that M = N7 In other words:

Is it true that the differentiable structure of M coincides with the differentiable structure of N
whenever M and N are defined on the same topological space and are diffeomorphic?

The following example shows that the answer can be negative. Consider M and N as one-
dimensional C*-differentiable manifolds (k > 0) whose associated topological space is R equipped
with the usual Euclidean topology. The differentiable structure of M is defined as the differen-
tiable structure generated by the atlas made of the global chart f : M — R with f : x — z,
whereas the differentiable structure of N is given by the assignment of the global chart g : N — R
with ¢ :  — 23. Notice that the differentiable structure of M differs from that of N because
fog ' :R — Ris not differentiable in z = 0. On the other hand M and N are diffeomorphic!
Indeed a diffeomorphism is nothing but the map ¢ : M — N completely defined by requiring
that gogo f~1: 2+ x for every z € R.

(5) A subsequent very intriguing question arises by the remark (4):

Is there a topological manifold with dimension n which admits different differentiable structures
which are not diffeomorphic, differently from the example given above?

The answer is yes. More precisely, it is possible to show that 1 < n < 4 the answer is negative,
but for some other values of n, in particular n = 4, there are topological manifolds which admit
differentiable structures that are not diffeomorphic. When the manifold is R™ or a submanifold,
with the usual topology and the usual differentiable structure, the remaining non-diffeomorphic
differentiable structures are said to be exotic. The first example was found by Whitney on the
sphere S”. Later it was proved that the same space R* admits exotic structures. Finally, if n > 4
once again, there are examples of topological manifolds which do not admit any differentiable
structure (also up to homeomorphisms ).

It is intriguing to remark that 4 is the dimension of the spacetime.

(6) Similarly to differentiable manifolds, it is possible to define analytic manifolds. In that case
all the involved functions used in changes of coordinate frames, f : U — R™ (U C R™) must be
analytic (i.e. that must admit Taylor expansion in a neighborhood of any point p € U). Analytic
manifolds are convenient spaces when dealing with Lie groups. (Actually a celebrated theorem
shows that a differentiable Lie groups is also an analytic Lie group.) It is simply proved that
an affine space admits a natural analytic atlas and thus a natural analytic manifold structure
obtained by restricting the natural differentiable structure.

13



1.3 Some Technical Lemmata. Differentiable Partitions of Unity.

In this section we present a few technical results which are very useful in several topics of differ-
ential geometry and tensor analysis. The first two lemmata concerns the existence of particular
differentiable functions which have compact support containing a fixed point of the manifold.
These functions are very useful in several applications and basic constructions of differential
geometry (see next chapter).

Lemma 1.1. [Ifz € R" and x € B.(x) C R"™ where B,(x) is any open ball centered in x with
radius r > 0, there is a neighborhood G, of x with G, C B,(x) and a differentiable function
f:R"™ = R such that:

(1) 0< f(y) <1 forally e R,

(2) f(y):1 if y € G,

(3) f(y) =01y & Br(x). O

Proof. Define L
a(t) = e (t+r)(t+r/2)

for t € [—r,—7r/2] and «a(r) = 0 outside [—r, —r/2]. a € C*°(R) by construction. Then define:

It a(s)ds
[~ a(s)ds

r

B(t) :=

This C*°(R) function is nonnegative, vanishes for ¢ < —r and takes the constant value 1 for
t > —r/2. Finally define, for y € R™:

f(y) = Bz —yl) -

This function is C°°(R™) and nonnegative, it vanishes for ||z — y|| > r and takes the constant
value 1if ||z —y|| < r/2 so that G = B, j»(x) O.

Lemma 1.2. Let M be a differentiable manifold. For every p € M and every open neighbor-
hood of p, Uy, there is a open neighborhoods of p, V,, and a mapping h € D(M) such that:

(1) V, € Up,

(2) 0< h(q) <1 forallge M,

(3) h(q) =1if g€ V),

(4) h(q) =0 if x & Up.

h is called hat function centered on p with support contained in U,. &

Proof. First of all we notice the following elementary result.

Let X be a topological Hausdorff space, ¥ C X is any open set, and Z C Y another open
set with respect to the topology on Y induced by X. If the closure 7" of Z referred to Y is
compact then 7" =7 the closure of Z with respect to X. (Indeed, as AT compact in Y it
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is compact in X and thus closed since X is Hausdorff. Therefore 7Y 5 7% since the former is
a closed set in X that contains Z and the latter is the smallest closed set in X including Z. On
the other hand since Z'- C Y is closed in X and Y is open, it has to be closed in Y too because
Y \ZX =YN(X \ZX) is open it being the intersection of two open sets. As Z" is the smallest
closed set containing Z, AR YA implies A ZX.)

Let us start with our construction. Consider a local chart (W, ¢) with p € W, and define
Uy, = ¢~ Y(B,(x)), B,(z) being an open ball with finite radius r > 0 centered on z := ¢(p).
Referring to lemma 1.1, define V,, := ¢~ 1(G,) so that VPW = ¢~ Y(G,) because ¢ : W — ¢p(W)
is a homeomorphism. For the same reason, as G, is compact, W,W is compact as well and one
has V, := VPM = W,W = ¢ 1(G;) C ¢71(B,(x)) = U, and (1) holds true consequently. Finally
define h(q) := f(¢(q)) for ¢ € W and h(q) := 0 if ¢ ¢ W. Notice that the support of f in ¢(W)
is compact and it coincides with that of h in W, that in turn coincides with that of h in M due
to the initially mentioned result (ZX = 7Y), in particular supp(h) C W is a compact set in
M. By construction the function h automatically satisfies all requirements (2)-(4) barring the
smoothness property that we go to prove. To establish it, it is enough to prove that, for every
q € M there is a local chart (U, 1,) such that howq_1 is C*(14(Uy)). If ¢ € W the local chart is
(W, ¢) itself. Then notice that M \ W is open and thus, for every ¢ € M \ W, starting from local
chart (Ug, ¢y,) with ¢ € U, and sufficiently restricting the open neighborhood U, around ¢, we can
construct a local chart (Ug, ¥, := 9, [v,) with ¢ € Uy € M\W. Therefore hot; ! is C™(1h4(Uy))
because h o @qu_l = 0. It remains to consider the case ¢ € OW = M \ (W U (M \ W)) only. It
would be enough to prove that, if ¢ € 9W, there is an open set U, 5 ¢ with U;Nsupp(h) = 0. (In
this way, restricting U, if necessary, one has a local chart (Uy,v,) with ¢ € U, and h o d)q_l =0
so that h o w;l is smooth.) Let us prove the existence of such a U,. If ¢ € OW then ¢ ¢ W
and thus g € supp(h) C W. Since M is Hausdorff, for every x € supp(h) there are open neigh-
borhoods O, and O,(f) of z and ¢ respectively with O, N Oéx) = (); Since supp(h) is compact we
can extract a finite covering of supp(h) made of open sets O,,, i =1,2,..., N and consider the

open set U, := ﬁizl,,wNO((f"). By construction U,Nsupp(h) C Uqﬂi:L,,,,NO((fi) = () as wanted. O

Remark 1.4. Hausdorff property plays a central role in proving the smoothness of hat func-
tions defined in the whole manifold by the natural extension f(g) = 0 outside the initial smaller
domain W. Indeed, first of all it plays a crucial role in proving that the support of A in W
coincides with the support of A in M. This is not a trivial result. Using the non-Hausdorff,
second-countable, locally homeomorphic to R, topological space M = R U {po} defined in re-
mark (3) after definition 1.1, one simply finds a counterexample. Define the hat function h, as
said above, first in a neighborhood W of 0 € R such that W is completely contained in the
real axis and h has support compact in W. Then extend it on the whole M by stating that h
vanishes outside W. The support of the extended function h in M differs from the support of h
referred to the topology of W: Indeed the point pg belongs to the former support but it does not
belong to the latter. As an immediate consequence the extended function h is not continuous
(and not differentiable) in M because it is not continuous in py. To see it, take the sequence
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of the reals 1/n € R with n = 1,2,.... That sequence converges both to 0 and py and trivially
limy,— o0 R(1/n) = h(0) =1 # h(py) = 0.

1.3.1 Paracompactness.

Let us make contact with a very useful tool of differential geometry: the notion of paracom-
pactness. Some preliminary definitions are necessary. If (X,7) is a topological space and
€ = {Ui}ier C T is a covering of X, the covering €’ = {V;};c; C 7 is said to be a refinement
of € if every j € J admits some i(j) € I with V; C U(jy. A covering {U; }ies of X is said to be
locally finite if each z € X admits an open neighborhood G, such that the subset I, C I of
the indices k € I, with G, N Uy # 0 is finite.

Definition 1.6. (Paracompactness.) A topological space (X,7) is said to be paracom-
pact if every covering of X made of open sets admits a locally finite refinement.$

It is simply proved that a second-countable, Hausdorff, topological space X is paracompact if
it is locally compact, i.e. every point x € X admits an open neighborhood U, such that
U, is compact. As a consequence every topological (or differentiable) manifold is paracompact
because it is Hausdorff, second countable and locally homeomorphic to R™ which, in turn, is
locally compact.

Remark 1.5. It is possible to show (see Kobayashi and Nomizu: Foundations of Differential
Geometry. Vol 1, Interscience, New York, 1963) that, if X is a paracompact topological space
which is also Hausdorff and locally homeomorphic to R™, X is second countable. Therefore,
a topological manifold can be equivalently defined as a paracompact topological space which is
Hausdorff and locally homeomorphic to R™.

1.3.2 Existence of a differentiable partition of unity.

The paracompactness of a differentiable manifold has a important consequence, namely the ex-
istence of a differentiable partition of unity.

Definition 1.7.  (Partition of Unity.) Given a locally finite covering of a differentiable
manifold M, € = {U,}icr, where every U; is open, a partition of unity subordinate to C is a
collection of functions {f;};e; C D(M) such that:

(1) suppfi; C U; for every i € I,

(2) 0 < fi(x) <1 for every i € I and every z € M,

(3) Yoier fi(x) =1 for every x € M.

Remark 1.6.
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(1) Notice that, for every x € M, the sum in property (3) above is finite because of the locally
finiteness of the covering.

(2) It is worth stressing that there is no analogue for a partition of unity in the case of an
analytic manifold M. This is because if f; : M — R is analytic and suppf; C U; where U; is
sufficiently small (such that, more precisely, U; is not a connected component of M and M \ U;
contains a nonempty open set), f; must vanish everywhere in M.

Using sufficiently small coordinate neighborhoods it is possible to get a covering of a differen-
tiable manifold made of open sets whose closures are compact. Using paracompactness one finds
a subsequent locally finite covering which made of open sets whose closures are compact.

Theorem 1.1. (Existence of a partition of unity.) Let M be a differentiable manifold
and C = {U; }ier a locally finite covering made of open sets such that U; is compact. There is a
partition of unity subordinate to C.

Proof. See Kobayashi and Nomizu: Foundations of Differential Geometry. Vol 1, Interscience,
New York, 1963. O
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Chapter 2

Tensor Fields in Manifolds and
Associated Geometric Structures.

2.1 Tangent and cotangent space in a point.

We introduce the tangent space by a direct construction. A differentiable curve or differen-
tiable path v : (—€y,4+€,) — N, e, > 0, where N is a differentiable manifold, is a mapping
of D(M|N), with M = (—e€y,+€,) equipped with the natural differentiable structure induced
by R. e, depends on 7. If p € M is any point of a n-dimensional differentiable manifold, @),
denotes the set of differentiable curves v with v(0) = p.

Then consider the relation on @):

' i and onlv if dmfy| _d:vfy,|
v~ ifand only if — o = — "0

Above, we have singled out a local coordinate system ¢ : ¢ +— (x!,...2") defined in a neighbor-

hood U of p, and t — x% (t) denotes the i-th component of the mapping ¢ o v. Notice that the

above relation is well defined, in the sense that it does not depend on the particular coordinate

system about p used in the definition. Indeed if 1 : ¢ — (y',...y") is another coordinate system

defined in a neighborhood V of p, it holds
dxfy oxt dy%

7 =0 = @‘woy(O)E‘tzo :

The n x n matrices J(q) and J'(q) of coefficients, respectively,

oz’
Oyl lw(Q) ’

and
3yk
Ol |¢(Q) J
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defined in each point ¢ € U NV, are non-singular. This is because, deriving the identity:

(povy™ o (oo™ =idyrnvy
one gets: ' ' '
ox' oy’ ox' i
By V@) g lota) = Grlet@ = %
This is nothing but
J(@)J'(q) =1,
and thus
detJ(q) detJ'(q) =

which implies det.J'(q), detJ(q) # 0. Therefore the matrices J(¢q) and J'(q) are invertible and in
particular: .J'(q) = J(¢)~!. Using this result, one simply gets that the definition

' i and onlv if da:;‘ dx/‘
v~y bandonly i o tli=0 =~ le=0
can equivalently be stated as
d dyj /
v ~~" if and only if yv |t 0= dz lt=0 -

~ is well defined and is an equivalence relation as one can trivially prove. Thus the quotient
space TyM := @,/ ~ is well defined too. If v € @, the associated equivalence class [y] € T, M
is called the vector tangent to v in p.

Definition 2.1.  (Tangent space.) If M is a differentiable manifold and p € M, the set
T,M := @,/ ~ defined as above is called the tangent space at M in p. ¢

As next step we want to define a vector space structure on T,M. If v € [n],y € [] with
nl,[n'] € T,M and «a, € R, define afn] + B[n'] as the equivalence class of the differentiable
curves 7" € (), such that, in a local coordinate system about p,

% ’i
dfl:,y// |t:O d
dt

where the used curves are defined for ¢t €] — €, +-€[ with € = Min(ey, e,/). Such a definition does
not depend on both the used local coordinate system and the choice of elements v € [n],y" € [/],
~" we leave the trivial proof to the reader. The proof of the following lemma is straightforward
and is left to the reader.

Lemma 2.1.  Using the definition of linear combination of elements of T, M given above, T, M
turns out to be a vector space on the field R. In particular the null vector is the class 0, € T, M,
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where yop € 0, if and only if, in local coordinates about p, a:lv(t) = z'(p) + tO(t) where every
Oi(t) = 0ast—0.

To go on, fix a chart (U,1) about p € M, consider a vector V' € R™. Take the differentiable
curve I'yy contained in ¢ (U) C R™ (n is the dimension of the manifold M) which starts form
Y (p) with initial vector V, I'y : t — tV + o (p) with ¢t €] — §,6[ with 6 > 0 small sufficiently.
Define a mapping ¥, : R — T,M by ¥, : V s [tp~}(Ty)] for all V € R™.

We have a preliminary lemma.

Lemma 2.2.  Referring to the given definitions, ¥, : R" — T,M is a vector space isomor-
phism. As a consequence, dimT,M = dimR"™ =n. {

Proof. U, : R" — T,M is injective since if V # V', ¢ "}T'y) # ¢~ YTy) by construction.
Moreover W, is surjective because if [y] € T,M, 9 ~1(I'y) ~ v when V = %\t:(ﬂ/}(y(t)). Finally
it is a trivial task to show that W, is linear if 7;,M is endowed with the vector space structure
defined above. Indeed aW¥,(V) + S¥,(W) is the class of equivalence that contains the curves 7
with (in the considered coordinates)

dzt . )
n _ ) 7
7 lt=0 = aV" + BW".

One curve that satisfies this constraint is
(—€,€) >t —t(aV + W) +1Y(p) .
Thus, in particular
alp (V) + BY(W) = [(—e.€) 2 t = &7 (HaV + W) + ¢(p))]
for some € > 0. But also, by definition of V¥, it holds
[(—€,€) 3t t(aV + BW) + ¢(p)] = Tp(aV + BW).

As a consequence
Up(aV + W) = a¥p(V) + U, (W)

and this concludes the proof. O
Definition 2.2. (Basis induced by a chart.) Let M be a differentiable manifold, p € M,

and take a chart (U,v) with p € U. If Ey,..., E, is the canonical basis of R", e,; = ¥,E;,
i=1,...,n, define a basis in T, M which we call the basis induced in 7,M by the chart

U,9). &
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Proposition 2.1. Let M be a n-dimensional differentiable manifold. Take p € M and
two local charts (U,), (U',4) with p € U, U’ and induced basis on T,M, {epi}iz1...n and
{ep;Yi=1...n respectively. If t, = t'ey = t"e); € T,M then

. 0z
t7 = o luwt"
or equivalently
oz’ ,
Epk = wwp)em‘ ’

where "7 = (' op™1)I (2!, ..., 2™) in a neighborhood of 1 (p).

Proof. We want to show the thesis in the latter form, i.e.,

ox'

o /
ok = Gk |y () € -

Each vector E; of the canonical basis of the space R" associated with the chart (U,%) can
be viewed as the tangent vector of the differentiable curve I'y : t — tEj; 4+ ¢ (p) in R™. Such
a differentiable curve in R™ defines a differentiable curve in M, 4 : t — ¥~ 1(I'x(t)) which
starts from p. In turn, in the set ¢/ (U’) C R™ this determines a curve A : t — ¥'(7x(¢)). In
coordinates, such a differentiable curve is given by

1308y — 3000 _ Il k
VU (t) =2 (2 (t),..., 2" (1) = a7 (2, .t Ty, Ty)

where l”; are the coordinates of p with respect to the chart (U, ). Taking the derivative at t =0

we get the components of the representation of Ej with respect to the canonical basis Ff,--- , El,
of R™ associated with the chart (U’,+’). In other words, making use of the isomorphism ¥,
defined above and the analogue W;, for the other chart (U’, ),

-1 ; Ba:’j
(W, 0 W) B = o) »
or ‘
-1 858/3
(U, 0 W) By = 5 lue Ej.
As \IJ;, is an isomorphism, that is equivalent to
dx' )
By = Ok o) Vo 5

but e, = VU, E, and e),; = ¥, £} and thus we have proved that

B 8a:’j’ ,
Cpk = Ok ¥(p)€pj >

which is the thesis.O
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2.1.1 Vectors as derivations.

We want to show that there is a natural isomorphism between 7, M and ﬁpM , the latter being
the space of the derivations generated by operators a%fvb?' We need two preliminary definitions.

Definition 2.3. (Derivations) Let M be a differentiable manifold. A derivation in p € M
is a R-linear map D, : D(M) — R, such that, for each pair f,g € D(M):

Dyfg= f(p)Dpg+ g(p)Dypf -

The R-vector space of the derivations in p is indicated by D,M.{

Derivations exist and, in fact, can be built up as follows. Consider a local coordinate system
about p, (U, ¢), with coordinates (x!,...,2"). If f € D(M) is arbitrary, operators

9 df 0!
Pl AR At wa TOR

are derivations. Notice also that, changing coordinates about p and passing to (V1) with
coordinates (y',...,y") one gets:

0 ox" 0
Tyk‘p = Tyk\wp)@’ﬁ'

Since the matrix J of coefficients g—z;]w(p) is not singular as we shown previously, the vector

space spanned by derivations %b, for k =1,...,n, coincides with that spanned by derivations
a%klp for k =1,...,n. In the following we shall indicate such a common subspace of D, (M) by
D, M.

To go on, let us state and prove an important locality property of derivations.

Lemma 2.3. Let M be a differential manifold. Take any p € M and any D, € D,M.
(1) If h € D(M) vanishes in a open neighborhood of p,

D,h=0.

(2) For every f,g € D(M),
Dpf = Dp97

provided f(q) = g(q) in an open neighborhood of p.
(3) If h € D(M) is constant in a neighborhood of p,

Dyh=0.
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Proof. By linearity, (1) entails (2). Let us prove (1). Let h € D(M) a function which vanishes in
a small open neighborhood U of p. Shrinking U if necessary, by Lemma 1.2 we can find another
neighborhood V' of p, with V' C U, and a function g € D(M) which vanishes outside U taking
the constant value 1 in V. As a consequence ¢’ := 1 — g is a function in D(M) which vanishes
in V and take the constant value 1 outside U. If ¢ € U one has ¢'(q)h(q) = ¢’(¢) - 0 = 0 = h(q),
if ¢ ¢ U one has ¢'(¢)h(q) = 1-h(q) = h(q) hence h(q) = ¢'(q)h(q) for every ¢ € M. As a
consequence

Dph = ng/h = 9/(p)Dph + h(p)ng’ =0-Dph+0- ngl =0.

The proof of (3) is straightforward. It is sufficient to show that the thesis holds true if h is
constant everywhere in M, then (2) implies the thesis in the general case. If h is constant, let
g € D(M) a hat function with g(p) = 1. By linearity, since h is constant

Dy(hg) = hDypg .
On the other hand, since D), is a derivation,
Dy(hg) = hDpg + g(p)Dyh .
Comparing with the identity above, one gets
9(p)Dph = 0.

Since g(p) = 1, one has D,h = 0. O

As a final proposition we precise the interplay between D,M and T,M proving that actually
they are the same R-vector space via a natural isomorphism.

A technical lemma is necessary. We remind the reader that a open set U C R" is said to be a
open starshaped neighborhood of p € R™ if U is a open neighborhood of p and the closed R

segment pq is completely contained in U whenever ¢ € U. Every open ball centered on a point
p is an open starshaped neighborhood of p.

Lemma 2.4. (Flander’s lemma.) If f : B — R is C>°(B) where B C R" is an open
starshaped neighborhood of py = (x4, ...,zR), there are n differentiable mappings g; : B — R
such that, if p= (x',... 2"),

F(p) = f(po) +>_ 9:(p)(@" — zp)

with

foralli=1,....n.
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Proof. let p = (z!,...,2") belong to B. The points of pgp are given by
y'(t) = xf + t(a" — xp)

for t € [0,1]. As a consequence, the following equation holds

1 n 1 . .
f(p) = f(po) +/O %f(po +t(p—po))dt = f(po) + ) ( ; af\po+t(p—po)dlt> (' — x) .
=1

ozt
If Loy
9i(p) == 0 @‘poﬂ(pfpo)dt’
so that
(po) = 1ﬁ‘ _ o
gi\Po) = o Oz po®t = filpo s

the equation above can be re-written:

n

fl@) = f(po) + Y gi(p)(a’ — () -

i=1

By construction the functions g; are C°°(B) as a direct consequence of theorems concerning
derivation under the symbol of integration (based on Lebesgue’s dominate convergence theo-
rem). O

Proposition 2.2.  Let M be a differentiable manifold and p € M. There is a natural R-vector
space isomorphism F' : T,M — D,M such that, if {ep;}i=1,. n is the basis of T,M induced by

any local chart about p with coordinates (z',... ™), it holds:

0
FotPey tkw\p ,
for all t, = tkepk € T,M. In particular the set {a%k‘p}kﬂ,m,n is a basis of DpyM.
As a consequence:
(a) derivations in p are one-to-one represented by a vectors in T,M and this representation
does not depend on the choice of a particular local chart about p;
(b) every derivation in p can uniquely be decomposed as a linear combination of derivations
{a%k‘p}k:l,---,n for each local chart about p referred to coordinates (z',... z"). &

Proof. The mapping
0
.k k
F:tiep —t —axk|p

is a linear mapping from a n-dimensional vector space to the vector space generated by the
derivations {%\p}kzl,wn. As said above this latter space is denoted by D,M. F'is trivially

surjective, then it defines a isomorphism if {%|p}k=1,.~.,n is a basis of iij or, it is the same, if
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the vectors @pM are linearly independent. Let us prove that these vectors are, in fact, linearly
independent. If (U, ¢) is the considered local chart, with coordinates (z?,...,2"), it is sufficient
to use n functions f@) € D(M), j =1,...,n such that f) o ¢(¢q) = 27(q) when ¢ belongs to an
open neighborhood of p contained in U. This implies the linear independence of the considered

derivations. In fact, if:
c* aﬁk |p =0
then

o 38f o=

which is equivalent to ckéi =0or:
=0 forallj=1,...,n

The existence of the functions fU) can be straightforwardly proved by using lemma 1.2. The
mapping ) : M — R defined as:

Y9 (q) = h(q)# (q) if ¢ € U, where ¢/ : ¢ — 27(q) for all ¢ € U,

f9q)=0ifge M\ U,

turns out to be C° on the whole manifold M and satisfies (f()o¢)(q) = 27(¢) in a neighborhood
of p provided h is any hat function centered in p with support completely contained in U.

The isomorphism F' does not depend on the used basis and thus it is natural. Indeed,

. 1k k
F:t Cpk'—>t mh}

can be re-written as:

ok 83:”, oxk ;o 02" 0
33? )( axk p’r‘) = (ax” )( axk or'" |P) .

Fo

Since -
b ox’"

the identity above is noting but:

0
Fot'e vt a/i\p

To conclude the proof it is sufficient to show that iij = D, M. In other words it is sufficient
to show that, if D, € D,M and considering the local chart about p, (U, ¢) with coordinates
(x,...,2"), there are n reals c!, ..., c" such that

Dyf = Z kafo¢_
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for all f € D(M). To prove this fact we start from the expansion due to lemma 2.3 and valid in
a neighborhood U, C U of ¢(p):

(fod™)(e(a)) = (foo ) (o(p) + Enjgz'(é(q»(wi — ),
i=1

where ¢(q) = (z!,...,2") and ¢(p) = (x} ..., xy) and

(o) = 200

If hy, hy are hat functions centered on p (see lemma 1.2) with supports contained in U, define
h:= hy-ho and f’ := h- f. The multiplication of h and the right-hand side of the local expansion
for f written above gives rise to an expansion valid on the whole manifold:

(@) = Fhla) + 3 gla)r
=1

where the functions ¢}, € D(M) and
ri(q) = ha(q) - (z* — l‘;)) = (z' — ;1:;) in a neighborhood of p
while

d(foo™ ") d(foo™)

9i(p) = m(p) - =5 lom) = =57 low) -

Moreover, by lemma 2.3, D,,f" = D, f since f = f’ in a neighborhood of p. As a consequence
Dypf = Dyf' =D, <f(P)h(Q) + igé(qm(@) :
Since ¢ — f(p)h(q) is constant in a neighborhood of p, D, f(p)h(q) = 0 by lemma 2.3. Moreover
Dy (S ttwnto)) = 32 60Dy 7Dy

where 7;(p) = (2!, — x¢) = 0. Finally we have found

P p
Ny Of o™t
_ k
-3 et) = Yt
i=1
where the coefficients '
c' = Dypr;

do not depend on f by construction. This is the thesis and the proof ends. O
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Remark 2.1. With the given definition, it arises that any n-dimensional Affine space A"
admits two different notions of vector. Indeed there are the vectors in the space of translations
V used in the definition of A™ itself. These vectors are also called free vectors. On the other
hand, considering A" as a differentiable manifold as said in the comment (2) after proposition
1.1, one can define vectors in every point p of A", namely the vectors of T,M. What is the
relation between these two notions of vector? Take a basis {e;}ier in the vector space V and
a origin O € A", then define a Cartesian coordinate system centered on O associated with the
given basis, that is the global coordinate system:

¢ A" SR :ps ((Op, V), (Op, &™) = (at,...,2").

Now also consider the bases %\p of each T,A" induced by these Cartesian coordinates. It

results that there is a natural isomorphism x, : 7,A"™ — V which identifies each %M, with the
corresponding e;’.

Indeed the map defined above is linear, injective and surjective by construction. Moreover using
different Cartesian coordinates y', ...,4" associated with a basis fi, ..., f,, in V and a new origin
O’ € A™, one has

Y= Al jxj +C?

where

€L = A] kfj and Cl = <O/O, f*l> .
Thus, it is immediately proved by direct inspection that, if X; is the isomorphism
9 .
A 4 ('S

Xp.ua—yl.\pr—)ufz,
it holds x, = x;- Indeed

Xp : v’@\p —v'e;
can be re-written, if [B; ¥] is the inverse transposed matrix of [AP ]

At juJBZ- kaiyk‘p — A jUjBi kfk .

But A? i Bi k— 6;“ and thus

Xp.v@\p'—)vel

'This is equivalent to say the initial tangent vector at a differentiable curve v :Je,e[— A™ which start from

p can be computed both as an element of V: 4|, = limp_0 Ms or an element of T,A" using the general
procedure for differentiable manifolds. The natural isomorphism is nothing but the identification of these two
notions of tangent vector.
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can equivalently be re-written

9 .
u]@‘p — u’ fj s

that is x, = X;- In other words the isomorphism y does not depend on the considered Cartesian

coordinate frame, that is it is natural.

2.1.2 Cotangent space.

As T, M is a vector space, one can define its dual space. This space plays an important role in
differential geometry.

Definition 2.4. (Cotangent space.) Let M be a n-dimensional manifold. For each p € M,
the dual space Ty M is called the cotangent space on p and its elements are called 1-forms
in p or, equivalently, covectors in p. If (z!,... 2") are coordinates about p inducing the basis
{Tzk‘p}kzl,m,m the associated dual basis in Ty M is denoted by {d:ck]p}kzlw’n. &

Exercises 2.1.
2.1.1. Let v : (—¢,+€) — M be a differentiable curve with «(0) = p. Show that the tangent
vector at v in p is:

. dxl, 0
Ylp = ﬁ|t=0 @hﬂ»

where (x!,... 2") are local coordinates defined in the neighborhood of p, U, where v is repre-

sented by t :Ufy(t), i=1,...,n.
2.1.2. Show that, changing local coordinates,

1k
ky Ox i
dz’"|p, = Oz lpdz’|p
; — At — "
and if wy, = wpda’|, = W'p,dz’" |, then
i
, ox

Wor = —=|pWpi -
P ax,r’pp

2.2 Tensor fields.

The introduced definitions allows one to introduce the tensor algebra Ag(T,M) of the tensor
spaces obtained by tensor products of spaces R, T,M and T;M. Using tensors defined on each
point p € M one may define tensor fields.

Definition 2.5. (Differentiable Tensor Fields.) Let M be a n-dimensional manifold. A

differentiable tensor field ¢ is an assignment p — ¢, where the tensors ¢, € Ag(T,M) are of
the same kind and have differentiable components with respect to all of the canonical bases of
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Ar(Tp,M) given by tensor products of bases {%b}k:l,m,n C T,M and {dmk|p}k:17n_m cCTyM
induced by all of local coordinate systems on M.

In particular a differentiable vector field and a differentiable 1-form (equivalently called cov-
ector field) are assignments of tangent vectors and 1-forms respectively as stated above.

For tensor fields the same terminology referred to tensors is used. For instance, a tensor field ¢

which is represented in local coordinates by ' ;(p) Bii |p ® da?|, is said to be of order (1,1). &

Remark 2.2.
(1) It is clear that to assign on a differentiable manifold M a differentiable tensor field 7' (of
any kind and order) it is necessary and sufficient to assign a set of differentiable functions

(:El, sy z) e Tt jl‘..jk(:vl, ceeya™)

in every local coordinate patch (of the whole differentiable structure of M or, more simply, of
an atlas of M) such that they satisfy the usual rule of transformation of components of tensors:
if (x1,---,2™) and (y',--- ,y") are the coordinates of the same point p € M in two different
local charts,

o™ dxim Oyl Oyt

i 1 .
Tv Gk (l' [ 7[13“) - aykl ‘p e aykm ‘pale ‘P e 8$]m ‘P

Then, in local coordinates,

T(p) =T,

0 ) )
J1-'-jk%‘p®”’®&E7im|p®d$]l|p®---®dxjk|p,

(2) It is obvious that the differentiability requirement of the components of a tensor field can be
checked using the bases induced by a single atlas of local charts. It is not necessary to consider
all the charts of the differentiable structure of the manifold.

(3) If X is a differentiable vector field on a differentiable manifold, X defines a derivation at
each point p € M: if f € D(M),

af

X ox’ b

p(f) = Xi(P)

where z!,..., 2" are coordinates defined about p. More generally, every differentiable vector

field X defines a linear mapping from D(M) to D(M) given by
f= X(f) forevery fe D(M),
where X (f) € D(M) is defined as

X(f)(p) :=Xp(f) foreverype M.

(4) For (contravariant) vector fields X on a differentiable manifold M, a requirement equivalent
to the differentiability is the following: the function X (f) : p — X, (f) (where we used X, as a
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derivation) is differentiable for all of f € D(M). Indeed, if X is a differentiable contravariant
vector field and if f € D(M), one has that X(f) : M 3 p — X,(f) is a differentiable function
too as it having a coordinate representation

of
8$i ‘(331’,.. @n)

X(flod™ :o(U) 3 (z!, - a") = XM (2o 2")

in every local coordinate chart (U, ¢) and all the involved function being differentiable. Con-
versely, if p — X, (f) defines a function in D(M), X(f), for every f € D(M), the components
of p — X, in every local chart (U, ¢) must be differentiable. This is because, in a neighborhood
ofge U

X'(q) == Xq(fY)

where the function f() € D(M) vanishes outside U and is defined as r — z(r) - h(r) in U,
where z° is the i-th component of ¢ (the coordinate z*) and h a hat function centered on ¢ with
support in U.

Similarly, the differentiability of a covariant vector field w is equivalent to the differentiability
of each function p — (X, w,), for all differentiable vector fields X.

(5) If f € D(M), the differential of f in p, df, is the 1-form defined by

_9f
~ Oxt
in local coordinates about p. The definition does not depend on the chosen coordinates. As a
consequence of remark (1) above, varying the point p € M, p + df, defines a covariant differen-
tiable vector field denoted by df and called the differential of f.

(6) The set of contravariant differentiable vector fields on any differentiable manifold M defines
a vector space with field given by R. Notice that if R is replaced by D(M), the obtained alge-
braic structure is not a vector space because D(M) is a commutative ring with multiplicative
and addictive unit elements but fails to be a field as remarked above. However, the incoming
algebraic structure given by a ”vector space with the field replaced by a commutative ring with
multiplicative and addictive unit elements” is well known and it is called module.

|pd$i‘p )

dfp

The following lemma is trivial but useful in applications.

Lemma 2.5.  Let p be a point in a differentiable manifold M. Ift is any tensor in Ar(T,M),
there is a differentiabile tensor field in M, = such that 2, =t. &

Proof. Consider a local coordinate frame (U, ¢) defined in an open neighborhood U of p. In
U a tensor field =’ which have constant components with respect the bases associated with the
considered coordinates. We can fix these components such that =, = ¢. One can find (see
remark 2 after definition2.4) a differentiable function h : ¢(U) — R such that h(¢(p)) = 1 and
h vanishes outside a small neighborhood of ¢(p) whose closure is completely contained in ¢(U).
E defined as (ho ¢)(r)-E'(r) if r € U and E(r) = 0 outside U is a differentiable tensor fields on
M such that =, = ¢.0
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2.2.1 Lie brackets.

Contravariant differentiable vector fields can be seen as differential operators (derivations in
each point of the manifold) acting on differentiable scalar fields. It is possible to obtain such an
operator by an appropriate composition of two vector fields. To this end, consider the application
[X,Y]: D(M)— D(M), where X and Y are vector fields on the manifold M, defined as follows

(X, Y](f) == X (Y () =Y (X(f)) ,

for f € D(M). It is clear that [X,Y] is linear. Actually it turns out to be a derivation too.
Indeed, a direct computation shows that it holds

X(Y(f9)) = FX(Y(9)) + gY(X(f)) + (X(/)N(Y(9) + (X(9)(Y(f))

and
Y(X(fg)) = fY(X(9)) + 9X (Y (f)) + Y (/)X (9) + ¥ (9)(X(f)),
so that
(X, Y](fg) = FIX.Y](9) + g[X, Y](f) -

Using proposition 2.2, this fact shows that, for each point p of M, [X, Y], : f — ([X,Y](f))(p) is
a derivation. Hence it is represented by a contravariant vector of T, M (denoted by [X,Y],). On
the other hand, varying the point p one gets [X, Y], (f) is a differentiable function if f € D(M).
This is because (see remark 4 above), as X and Y are differentiable vector fields, X (f) and
Y (f) are in D(M) if f € D(M) and thus X (Y (f)) and Y (X(f)) are in D(M) too. Thus, using
remark 4 above, one gets that, as we said, M 3 p — [X, Y], is a (differentiable) vector field on M.

Definition 2.6.  (Lie Bracket.) Let X,Y be a pair of contravariant differentiable vector
fields on the differentiable manifold M. The Lie bracket of X and Y, [X, Y], is the contravariant
differentiable vector field associated with the differential operator

(X, Y](f) ==X Y () =Y (X)),
for f € D(M).$

Exercises 2.2.
2.2.1. Show that in local coordinates
) 2 . 0X 0
XY, =X —=—|, - Y (p)— —, .
X, ]p < (p) Ozt Ip (p) Ozt ’p) Oz p

2.2.2. Prove that the Lie brackets define a Lie algebra in the real vector space of the con-
travariant differentiable vector fields on any differentiable manifold M. In other words [, | enjoys
the following properties, where XY, Z are contravariant differentiable vector fields,
antisymmetry, [X,Y] = —[Y, X;

R-linearity, [aX + Y, Z] = a[X, Z] + B]Y, Z] for all o, B € R;
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Jacobi identity, [ X, [Y, Z]] + [Y, [Z, X]] + [Z, [ X, Y]] = 0 (0 being the null vector field);

Important note. From now tensor (vector, covector) field means differentiable tensor (vector,
covector) field.

2.3 Tangent and cotangent space manifolds.

If M is a differentiable manifold and with dimension n, we can consider the set
TM :={(p,v) |peM , veT,M}.

It is possible to endow T'M with a structure of a differentiable manifold with dimension 2n.
That structure is naturally induced by the analogous structure of M.
First of all let us define a suitable second-countable, Hausdorff topology on TM. If M is a
n-dimensional differentiable manifold with differentiable structure M, consider the class B of all
(open) sets U C M such that (U,¢) € M for some ¢ : U — R"™. It is straightforwardly proved
that B is a basis of the topology of M. Then consider the class T'B of subsets of TM, V', defined
as follows. Take (U, ¢) € M with ¢ : p — (x'(p),...,2"(p)), and an open nonempty set B C R"
and define

Vi={(pv)eTM | pelU ,ve ¢,B},
where qu : R"™ — T, M is the linear isomorphism associated with ¢: qu : (v},, cUp) vé%b.
Let Trp denote the topology generated on T'M by the class T'B of all the sets V' obtained by
varying U and B as said above. T'B itself is a basis of that topology. Moreover Jrs is second-
countable and Hausdorff by construction. Finally, it turns out that T'M, equipped with the
topology Trs, is locally homeomorphic to M x R™, that is it is locally homeomorphic to R?™.
Indeed, if (U, ¢) is a local chart of M with ¢ : p — (2!(p),...,2"(p)), we may define a local
chart of TM, (TU, ®), where

TU :=={(p,v) | peU , veT,M}
by defining
D (p,v) —~ (:xl(p),...,x"(p),v;,,...,vg) ,

where v = v}@%b. Notice that @ is injective and ®(TU) = ¢(U) x R* C R?". As a consequence
of the definition of the topology Trg on T'M, every ® defines a local homeomorphism from T'M
to R?". As the union of domains of every ® is TM itself

Urv=1m,

TM is locally homeomorphic to R?".

The next step consists of defining a differentiable structure on T'M. Consider two local charts on
TM, (TU,®) and (TU’, ®') respectively induced by two local charts in M, (U, ¢) and (U’, ¢’). As
a consequence of the given definitions (TU, ®) and (TU’, ®') are trivially compatible. Moreover,
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the class of charts (TU,®) induced from all the charts (U, ¢) of the differentiable structure of
M defines an atlas A(TM) on TM (in particular because, as said above, | J/TU = TM). The
differentiable structure M,y induced by A(T'M) makes TM a differentiable manifold with
dimension 2n.

An analogous procedure gives rise to a natural differentiable structure for

"M :={(p,w) | pEM , wp € T;M}.

Definition 2.7. (Tangent and Cotangent Space Manifolds.) Let M be a differentiable
manifold with dimension n and differentiable structure M. If (U, ¢) is any local chart of M with

¢:prs (a(p),..., 2" (p)) define
TU :={(p,v) |peU , veT M}, TU :={(p,w) | pelU , weT M}
and ) .
Vi={pv) [pelU, vegB}, "V:={(pw) [pelU , we" ¢B},

where B C R" is any open nonempty set and qu :R" — T, M and *ép : R"™ — T M are the
linear isomorphisms naturally induced by ¢. Finally define ® : TU — ¢(U) x R® C R?" and
*®: T*U — ¢(U) x R™ C R?" such that

1 n

D (p,v) —~ (a:l(p),...,x”(p),vp,...,Up),

__ .00
where v = v}, 5

|, and

O (p,U) = (xl(p)7 s 'amn(p)awlpa s 7wpn) 9

where w = w;,dz’|p.
The tangent space (manifold) associated with M is the manifold obtained by equipping

T™ :={(p,v) | peM , veT,M}
with:
(1) the topology generated by the sets V' above varying (U, ¢) € M and B in the class of open

nonempty sets of R",
(2) the differentiable structure induced by the atlas

A(TM) :={(U,®) | (U,¢) € M}.
The cotangent space (manifold) associated with M is the manifold obtained by equipping
"M :={(p,w) |peM , weT;M}

with:
(1) the topology generated by the sets *V above varying (U, ¢) € M and B in the class of open
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nonempty sets of R",
(2) the differentiable structure induced by the atlas

TA(TM) = {(U®) | (U,¢) € M}.
¢

From now on we denote the tangent space, including its differentiable structure, by the same
symbol used for the “pure set” T'M. Similarly, the cotangent space, including its differentiable
structure, will be indicated by T* M.

Remark 2.3. It should be clear that the atlas A(T'M) (and the corresponding one for 7% M)
is not maximal and thus the differential structure on TM (T*M) is larger than the definitory
atlas.

For instance suppose that dim(M) = 2, and let (U, M) be a local chart of the (C'*°) differentiable
structure of M. Let the coordinates of the associated local chart on TM, (TU, ®) be indicated
by z!, 22, v, v? with 2’ € R associated with ¢ and v* € R components in the associated bases

in Ty-1(41 ,2)M. One can define new local coordinates on TU:

yl =t ol y2 = y3 = x2 4+ 0? | y4:::p2—v2.

The corresponding local chart is admissible for the differential structure of T'M but, in general,
it does not belong to the atlas A(T'M) naturally induced by the differentiable structure of M.

There are some definitions related with definition 2.7 and concerning canonical projections, sec-
tions and lift of differentiable curves.

Definition 2.8. (Canonical projections, sections, lifts.) Let M be a differentiable
manifold. The surjective differentiable mappings

I1:TM — M such that II(p,v) — p,

and
M: T*M — M such that *T(p,w) —p,

are called canonical projections onto T'M and T*M respectively.

A section of T'M (respectively T M) is a differentiable map o : M — T'M (respectively T*M),
such that II(o(p)) = p (respectively *II(o(p)) = p) for every p € M.

If v:tw— ~v(t) € M, t € I interval of R, is a differentiable curve, the lift of ~, T', is the
differentiable curve in TM,

It (y(0),5(1)) -
&
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Chapter 3

Differential mapping and
Submanifolds.

3.1 Push forward.

A useful tool in differential geometry is the differential of a differentiable function also called
push forward.

Definition 3.1. (Differential or push forward of a mapping.) If f : N — M is a
differentiable function from the differentiable manifold NV to the differentiable manifold M, for
every p € N, the differential of f at p or push forward of f at p

dfp : TpN — Tf(p)M,
is the linear mapping defined by

(dfpyXp)(g) := Xp(go f)
for all differentiable vector fields X on N and differentiable functions g € D(M).{

Remark 3.1.

(1) Take two local charts (U, ¢) in N and (V,) in M about p and f(p) respectively and use
the notation ¢ : U 3 q + (2'(q),...,2"(q)) and ¥ : V > r — (y*(r),...,y™(r)). Then define
fi=vofogplt: d(U) = R™and §g:=goy!:y(V) = R f and § "represent” f and g,
respectively, in the fixed coordinate systems. By construction, it holds

al, (gofo¢_1>:Xi 4 (goz/)_loqj}ofogb_l) .

Oz ozt

That is, with obvious notation

X(gof)=X'

Xp(gof):X;;

O - o 03, 0ff (0fF .\ 93
8xi<gof)_X8yk|f8xi_<8xiX 3yk|f'
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In other words

aff .\ 99
a0 = (55x) 5.

This means that, with the said notations, the following very useful coordinate form of df,, can
be given

i 0 i 0o fogmh)F 0
dfy: X' ()55l = X'(p) 5 |6(p) Tyk’f(p)'
That formula is more often written
; 0 ; oy* 0
dfp: X' (D) g5l = X'P)55laie),.an0) a—yk\f(p),

where it is understood that ¢ o fo ¢! : (z!,...,2") — (y(z!,...,2"),...,y™(z}, ..., z")).
(2) With the meaning as in the definition above, often df is indicated by fi and go f is denoted
by f*g.

3.2 Rank of a differentiable map: immersions and submersions.

The notion of differential allows one to define the rank of a map and associated definitions useful
in distinguishing among the various types of submanifolds of a given manifold.

Notice that, if (U, ¢) and (V,1) are local charts about p and f(p) respectively, the rank of the
Jacobian matrix of the function ¢o fo¢~!: ¢(U) — R™ computed in ¢(p) does not depend on
the choice of those charts. This is because any change of charts transforms the Jacobian matrix
into a new matrix obtained by means of left or right composition with nonsingular square ma-
trices and this does not affect the range.

Definition 3.2. If f: N — M is a differentiable function from the differentiable manifold N
to the differentiable manifold NV and p € N:

(a) The rank of f at p is the rank of df,, (that is the rank of the Jacobian matrix of the function
Yo fop~t computed in ¢(p) € R?, (U, ¢) and (V, 1) being a pair of local charts about p and
f(p) respectively);

(b) p is called a critical point or singular point of f if the rank of f at p is is not maximal.
Otherwise p is called regular point of f;

(c) If p is a critical point of f, f(p) is called critical value or singular value of f. A regular
value of f, ¢ is a point of M such that every point in f~!(g) is a regular point of f.¢

It is clear that if IV is a differentiable manifold and U C N is an open set, U is Hausdorff

second countable and locally homeomorphic to R™. Thus we can endow U with a differentiable
structure naturally induced by that of IV itself, by restriction to U of the domains of the local
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charts on N. We have the following remarkable results.

Theorem 3.1. Let f : N — M be a differentiable function with M and N differentiable
manifolds with dimension m and n respectively and take p € N.

(1) If n > m and the rank of f at p is m, i.e. dfy is surjective, for any local chart (V,1) about
f(p) there is a local chart (U,¢) about p such that

Yo fop Hat . 2™ 2" = (b ..., 2™ ;

(2) If n < m and the rank of f at p is n, i.e. df, is injective, for any local chart (U, $) about p
there is a local chart (V,4) about f(p) such that

Yofopt(at,...,x") = (z ..., 2™ 0,...,0);

(3) If n = m, the following statements are equivalent

(a) dfp : TyN — Ty N is a linear isomorphism,

(b) f defines a local diffeomorphism about p, i.e. there is an open neighborhood U of p
and an open neighborhood V' of f(p) such that f [y:— V defined on the differentiable manifold
U equipped with the natural differentiable structure induced by N and evaluated on the differen-
tiable manifold V' equipped with the natural differentiable structure induced by M.

Sketch of the proof. Working in local coordinates in N and M and passing to work with the
Jacobian matrices of the involved functions (a) and (b) are direct consequences of Dini’s implicit
function theorem. Let us pass to consider (c). Suppose that g := f [¢ is a diffeomorphism onto
V. In that case g~ : V — U is a diffeomorphism to and go f = id;;. Working in local coordinates
about p and f(p) and computing the Jacobian matrix of go f in p one gets J[g] ¢y J[f], = I. This
means that both detJ[g](,) and detJ[f], cannot vanish. In particular det J[f], # 0 and, via
the remark (1) above, this is equivalent to the fact that df, is a linear isomorphism. Conversely,
assume that dfy, is a linear isomorphism. In that case both (1) and (2) above hold and there is
a pair of open neighborhoods U 5 p and V' > f(p) equipped with coordinates such that

1l)ofo¢_1(_1;1’“"33m):(:L'l’_“’wm),

which means that o fo¢~!(xl,...,2™) : ¢(U) — (V) is the (restriction of) identity map on
R™. This fact immediately implies that f [y is a diffeomorphism onto V. O

3.3 Submanifolds.

Let us consider the definitions involved with the notion of submanifold.

Definition 3.3. If f: N — M is a differentiable function from the differentiable manifold N
to the differentiable manifold M then:
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(a) f is called submersion if df, is surjective for every p € N;
(b) f is called immersion if df, is injective for every p € N;
(¢) An immersion f is called embedding if
(i) it is injective and
(ii) f : N — f(N) is a homeomorphism when f(N) is equipped with the topology induced
by M.

Definition 3.4. Let M, N be two differentiable manifolds and suppose that, regardless the
respective differentiable structures, N C M. N is said to be a differentiable submanifold
of M if the inclusion map i : N — M is differentiable and is an embedding. In that case, the
differentiable structure of N is said to be induced by M.

An equivalent definition can be given by using the statement in (b) of the following proposition.

Proposition 3.1. Let M a differentiable manifolds with dimension m and let N C M.
(a) If N is a differentiable manifold with dimension n which is submanifold of M, the following
pair of conditions are satisfied:

(i) the topology of N is that induced by M,

(i) for every p € N (and thus p € M) there is an open (in M ) neighborhood of p, U, and a
local chart of M, (Up, ¢), such that if we use the notation, ¢ : ¢ — (z'(q),...,2™(q)), it holds

d(NNU,) = {(z',...,2™) € p(U) | 2" =0,...,2™ =0} .

(b) If (i) and (ii) hold for some fized n < m, N can be equipped with a differentiable structure
N so that it results to be a submanifold with dimension n of M. That differentiable structure
is obtained as follows. The maps N NU, > q — (x(q),...,2"(q)) defines a local charts about
every point p € N with domain V, = NNU,. The set of these charts is an atlas whose generated
differentiable structure is N.

Sketch of proof. (a) if N is a submanifold of M, the topology of N must be that induced
by M because the inclusion map is a homeomorphism from the topological manifold N to the
subset N C M equipped with the topology induced by M. Using theorem 3.1 (items (2) and
(3)) where f is replaced by the inclusion map one straightforwardly proves the validity of (ii).
(b) Under the given hypotheses equip N with the topology induced by M. As a consequence N
turns out to be Hausdorff and second countable. By direct computation, it result that, if the
conditions (i),(ii), are satisfied, the local charts with domains V,, defined in (b), varying p € N,
are: (1) local homeomorphisms from N to R™ (this is because the maps ¢ are local homeomor-
phisms from M to R™), (2) pairwise compatible (this is because these charts are restrictions of
pairwise compatible charts). Since there is such a chart about every point of N, the set of the
considered charts is an atlas of V. Using such an atlas it is simply proved by direct inspection
that the inclusion map ¢ : N < M is an embedding. O
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Examples 3.1.

1. The map v : R 3 ¢~ (sint, cost) C R? is an immersion, since dy # 0 (which is equivalent to
say that 4 # 0) everywhere. Anyway that is not an embedding since + is not injective.

2. However the set C' := v(R) is a submanifold of R? if C is equipped with the topology induced
by R? and the differentiable structure is that built up by using (b) of proposition 3.1. In fact,
take p € C and notice that there is some t € R with v(¢) = p and dv, # 0. Using (2) of theorem
3.1, there is a local chart (U,1)) of R? about p referred to coordinates (z!,x?), such that the
portion of C' which has intersection with U is represented by (z!,0), z! € (a,b). For instance,
such coordinates are polar coordinates (0,7), § € (—m, ), r € (0,+00), centered in (0,0) € R?
with polar axis (i.e., 8 = 0) passing through p. These coordinates define a local chart about p
on C in the set U N C with coordinate z'. All the charts obtained by varying p are pairwise
compatible and thus they give rise to a differentiable structure on C'. By proposition 3.1 that
structure makes C a submanifold of R?. On the other hand, the inclusion map, which is always
injective, is an immersion because it is locally represented by the trivial immersion z! + (2!, 0).
As the topology on C' is that induced by R, the inclusion map is a homeomorphism. So the
inclusion map i : C < R? is an embedding and this shows once again that C' is a submanifold
of R? using the definition itself.

3. Consider the set in R?, C := {(z,y) € R?|2? = y?}. It is not possible to give a differentiable
structure to C in order to have a one-dimensional submanifold of R2. This is because C equipped
with the topology induced by R? is not locally homeomorphic to R due to the point (0,0).

4. Is it possible to endow C' defined in 2.2.3 with a differentiable structure and make it a
one-dimensional differentiable manifold? The answer is yes. C is connected but is the union
of the disjoint sets Cy = {(z,y) € R? |y = z}, O3 := {(z,y) € R? |y = —z , = > 0} and
Cs := {(z,y) € R® |y = —x , x < 0}. C; is homeomorphic to R defining the topology on
C by saying that the open sets of C; are all the sets fi(I) where I is an open set of R and
fi:R >z (x,2). By the same way, Cy turns out to be homeomorphic to R by defining its
topology as above by using fa : R 5 z — (€%, —€®). C3 enjoys the same property by defining
fz : R >z — (—€*,¢e*). The maps f; L fa L fa L also define a global coordinate system on
C1,Cy, Cs respectively and separately, each function defines a local chart on C'. The differ-
entiable structure generated by the atlas defined by those functions makes C a differentiable
manifold with dimension 1 which is not diffeomorphic to R and cannot be considered a subman-
ifold of R

5. Consider the set in R?, C' = {(z,y) € R? |y = |x|}. This set cannot be equipped with a
suitable differentiable structure which makes it a submanifold of R?. Actually, differently from
above, here the problem concerns the smoothness of the inclusion map at (0,0) rather that the
topology of C. In fact, C' is naturally homeomorphic to R when equipped with the topology
induced by R?. Nevertheless there is no way to find a local chart in R? about the point (0, 0) such
that the requirements of proposition 3.1 are fulfilled sue to the cusp in that point of the curve C.
However, it is simply defined a differentiable structure on C' which make it a one-dimensional
differentiable manifold. It is sufficient to consider the differentiable structure generated by the
global chart given by the inverse of the homeomorphism f : R 3t — ([|¢],1).

6. Let us consider once again the cylinder C' C E? defined in the example 4.1.2. C is a submani-
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fold of E3 in the sense of the definition 3.3 since the construction of the differential structure made
in the example 4.1.2 is that of proposition 3.1 starting from cylindrical coordinates 0,7’ := r—1, z.

3.3.1 Theorem of regular values.

To conclude, we state (without proof) a very important theorem with various application in
mathematical physics.

Theorem 3.2. (Theorem of regular values.) Let f: N — M be a differentiable function
from the differentiable manifold N to the differentiable manifold M with dim M < dim N .
If y € M is a reqular value of f, P := f~*({y}) C N is a submanifold of N .{

Remark 3.2. A know theorem due to Sard, show that the measure of the set of singular
values of any differentiable function f : N — M must vanish. This means that, if S C M is
the set of singular values of f, for every local chart (U, ¢) in M, the set ¢(SNU) C R™ has
vanishing Lebesgue measure in R” where m = dim M.

Examples 3.2.

1. In analytical mechanics, consider a system of N material points with possible positions
P, € R3 k = 1,2,...,N and c constraints given by assuming fi(P,..., Py) = 0 where the
¢ functions f; : R3N — R, i = 1,...,c are differentiable. If the constraints are functionally

independent, i.e. the Jacobian matrix of elements g—g; has rank ¢ everywhere, z!,22,... 23N

being the coordinates of (P, ..., Px) € (R*)Y, the configuration space is a submanifold of R3¥
with dimension 3N — ¢. This result is nothing but a trivial application of theorem 3.2.

2. Consider the same example 3.1.2 from another point of view. As a set the circumference
C ={(z,y) € R?|2® +y?> =1} is f71(0) with f : R? — R defined as f(z,y) := 2% +y*>—1. The
value 0 is a regular value of f because df, = 2zdx + 2ydy # 0 if f(z,y) = 0 that is (z,y) € C.
As a consequence of theorem 3.2 C' can be equipped with the structure of submanifold of R2.
This structure is that defined in the example 3.1.2.

3. Consider a function z = g(z,y) in R® where (x,3) € U, U being any open set and suppose
that the function g is differentiable. Since dz, # 0, the function f(z,y, z) := 2z — g(x, y) satisfies
dfp = dz|p+ %|pdl'|p—|— g—Z|pdy|p = 0 for every point p € U xR. In particular this fact happens for
the points such that f(p) = 0. As a consequence the map z = g(z,y) defines a two-dimensional
submanifold embedded in R3.
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Chapter 4

Riemannian and pseudo Riemannian
manifolds.

Definition 4.1.  ((Pseudo) Riemannian Manifolds.) A connected differentiable manifold
M equipped with a symmetric (0,2) differentiable tensor ® field which defines a signature-
constant (pseudo) scalar product (| ), in each space Ty M @ Ty M is called (pseudo) Rieman-
nian manifold. ® is called (pseudo) metric of M.

In particular a n — dimensional pseudo Riemannian manifold is called Lorentzian if the sig-
nature of the pseudo scalar product is (1,n — 1) (i.e. the canonical form of the metric reads
(=1,+1,--- ,+1).) &

Comments 4.1.

(1) It is possible to show that each differentiable manifold can be endowed with a metric.

(2) Assume that v : [a,b] — M is a differentiable curve on a (pseudo) Riemannian manifold,
ie., v € C*(la,b]) where v € C*®([a,b]) means v € C*((a,b)) and furthermore, the limits of
derivatives of every order toward a* and b~ exists and are finite. It is possible to define the

(pseudo) length of ~ as .
Lo = [ VIGOR©)d .

Above and from now on (§(t)|§(t)) indicates (¥(t)|¥(t)))-

(3) A (pseudo) Riemannian manifold M is path-connected and the path between to points
p,q € M can be chosen as differentiable curves. Then, if the manifold is Riemannian (not
pseudo), define

b
d(p,q) = inf { [ VIG@R@

d(p, q) is a distance on M, and M turns out to be metric space and the associated metric topol-
ogy coincides with the topology initially given on M.

7 [l = My € C([a,b]) ’V(a)Zp,v(b)Zq} |
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4.1 Local and global flatness.

A physically relevant property of a (semi) Riemannian manifold concerns its flatness.

Definition 4.2.  (Flatness.) A n-dimensional (pseudo) Riemannian manifold M is said to
be locally flat if, for every p € M, there is a local chart (U, ¢) with p € U, which is canonical,
ie.,

(9¢)ij = diag(—1,...,—1,4+1,...,+1)

for each ¢ € U, where ' ‘
®(q) = (9q)ijda’|q @ da’ |,

is the (pseudo) metric represented in the local coordinates (x!,...z") defined by ¢. (In other
words all the bases {a%k’q}k:l,m,m g € U, are (pseudo) orthonormal bases with respect to the
pseudo metric tensor.)

A (pseudo) Riemannian manifold is said to be globally flat if there is a global chart which is
canonical.$

In other words, a (pseudo) Riemannian manifold is locally flat if admits an atlas made of canon-
ical local charts. If that atlas can be reduced to a single chart, the manifold is globally flat.

Examples 4.1.

1. Any n-dimensional (pseudo) Euclidean space E" with signature (m,p), i.e, a n-
dimensional affine space A™ whose vector space V is equipped with a (pseudo) scalar product
(|) with signature (m,p) is a (pseudo) Riemannian manifold which is globally flat. To show
it, first of all we notice that the presence of a (pseudo) scalar product in V singles out a class
of Cartesian coordinates systems called (pseudo) orthonormal Cartesian coordinates sys-
tems. These are the Cartesian coordinate systems built up by starting from any origin O € A"
and any (pseudo) orthonormal basis in V. Then consider the isomorphism x, : V. — T,M
defined in the remark after proposition 2.2 above. The (pseudo) scalar product (|) on V' can
be exported in each T,A" by defining (u|v), := (x, 'ulx; 'u) for all u,v € T,A". By this way
the bases {%b}i:l,m,n associated with (pseudo) orthonormal Cartesian coordinates turn out
to be (pseudo) orthonormal. Hence the (pseudo) Euclidean space E", i.e., A" equipped with a
(pseudo) scalar product as above, is a globally flat (pseudo) Riemannian manifold.

2. Consider the cylinder C' in E3. Referring to an orthonormal Cartesian coordinate system
z,y,z in E3, we further assume that C is the set corresponding to triples or reals {(x,y,z2) €
R3 | 22+ 9% = 1}. That set is a differentiable manifold when equipped with the natural differen-
tiable structure induced by E3 as follows. First of all define the topology on C as the topology
induced by that of E3. C turns out to be a topological manifold of dimension 2. Let us pass to
equip C' with a suitable differential structure induced by that of E3. If p € C, consider a local
coordinate system on C, (0, z) with 6 €]0,7[, z € R obtained by restriction of usual cylindric
coordinates in E3 (r, 0, z) to the set » = 1. This coordinate system has to be chosen (by rotating
the origin of the angular coordinate) in such a way that p = (r = 1,0 = 7/2, z = z,). There is
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such a coordinate system on C for any fixed point p € C. Notice that it is not possible to extend
one of these coordinate frame to cover the whole manifold C' (why?). Nevertheless the class
of these coordinate system gives rise to an atlas of C' and, in turn, it provided a differentiable
structure for C. As we shall see shortly in the general case, but this is clear from a synthetic
geometrical point of view, each vector tangent at C' in a point p can be seen as a vector in
E? and thus the scalar product of vectors u,v € T,C makes sense. By consequence there is a
natural metric on C induced by the metric on E3. The Riemannian manifold C' endowed with
that metric is locally flat because in coordinates (6, z), the metric is diagonal everywhere with
unique eigenvalue 1. It is possible to show that there is no global canonical coordinates on C.
The cylinder is locally flat but not globally flat.

3. In Finstein’s General Theory of Relativity, the spacetime is a four-dimensional Lorentzian
manifold M?*. Hence it is equipped with a pseudo-metric ® = gijdzni ® dx? with hyperbolic
signature (1,3), i.e. the canonical form of the metric reads (—1,+1,+1,+1) (this holds true
if one uses units to measure length such that the speed of the light is ¢ = 1). The points of
the manifolds are called events. If the spacetime is globally flat and it is an affine four dimen-
sional space, it is called Minkowski Spacetime. That is the spacetime of Special Relativity Theory.

4.2 Existence of Riemannian metrics.

It is possible to show that any differentiable manifold can be equipped with a Riemannian met-
ric. This result is a straightforward consequence of the existence of a partition of unity (see
Section 1). Thus, in particular, it cannot be extended to the analytic case.

Theorem 4.1. If M is a differentiable manifold, it is possible to define a Riemannian metric
® on M.

Proof. Consider a covering of M, {U;}icr, made of coordinate domains whose closures are
compact. Then, using paracompactness, extract a locally finite subcovering € = {V;};c;. By
construction each V; admits local coordinates ¢; : V; — R"™. For every j € J define, in the
bases associated with the coordinates, a component-constant Riemannian metric g;. If {h;};cs
is a partition of unity subordinate to C (see theorem 1.1), ® := Y c;h;g; is well-defined,
differentiable (in a neighborhood of any point the sum encompasses only a finite number of
differentiable functions) and defines a strictly positive scalar product on each point of M.O

4.3 Induced metric and isometries.

Let M be a (pseudo) Riemannian manifold with (pseudo) metric tensor ®. If N is another
manifold equipped with an immersion i, : N — M it is possible to induce to N a covariant
symmetric differentiable tensor field @ associated with ®. If & is nondegenerate, it defines a
(pseudo) metric called the (pseudo) metric on N induced by M. The procedure is straightfor-
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ward. Indeed dij, : T,N — T,,M is injective and, as a consequence, any v € T,,IN can be seen as
a vector in a subspace of T),M, that subspace being di,T, N. In turn we can define the bilinear
symmetric form in T, N x T,,N:

O np(v|u) == @(dipv|dipu)

Varying p € N and assuming that u = U(p), v = V(p) where U and V are differentiable vector
fields in N, one sees that the map p — ®xn,(V(p)|U(p)) must be differentiable because it is
composition of differentiable functions. We conclude that p + @y, define a covariant symmet-
ric differentiable tensor field on N. The procedure works, in particular, whenever N C M is a
submanifold since the inclusion ¢ : N < M is an embedding.

Definition 4.3.  Let M be a (pseudo) Riemannian manifold with (pseudo) metric tensor ®
and i : N — M an embedding. The covariant symmetric differentiable tensor field on N, ®n,
defined by

P np(viu) := ®(dipv|dipu) for allp € N and u,v € TyN

1s called the metric induced on N by M.

If N C M is connected, i : N < M is the canonical inclusion and ®pn is not degenerate, and
thus (N, ®n) is a (pseudo) Riemannian manifold, it is called (pseudo) Riemannian submanifold
of M.

Particular attention deserves the case where ¢ : N — M is a diffeomorphism and N is equipped
with a metric @’ as well.

Definition 4.4.  Let (M, ®) and (N,®") be two (pseudo) Riemannian manifolds. A diffeo-
morphism ¢ : N — M s called isometry, and (M, ®) and (N, ®’) are said to be isometric, if
it results @ = @', or equivalently ', = ®.

Remark 4.1.

(1) We stress that, in general, ® is not a (pseudo) metric on N because there are no guarantee
for it being nondegenerate. Nevertheless, if ® is a proper metric, i.e. it is positive defined,
®  is necessarily positive defined by construction. In that case, when N C M, (N, ®y) is a
Riemannian submanifold of M if and only if NV is connected.

(2) What is the coordinate form of ®x? Fix p € N, a local chart in N, (U,¢) with p € U
and another local chart in M, (V,1) with p € V once again. Use the notation ¢ : q +—
(v*(q),---,y"(q)) and ¥ : 7+ (2'(r),...,2™(r)). The inclusion map i : N — M admits the
coordinate representation in a neighborhood of p

ii=voiog l:(yl, . y") = (@t Ly, 2 (YY)

Finally, in the considered coordinate frames one has ® = gijdfni ®dx) and Py = 9 N)kldyk ®dyt.
With the given notation, if u € T, N, using the expression of df, given in the remark (1) after
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definition 3.1 with f = 4, one sees that, in our coordinate frames

. 02
(dipu)' = 8—ykuk .

As a consequence, using the definition of @ in definition 4.3, one finds

ox' oI ox' Ol
k.l - k l R P
J(N)RUV = Py (ulv) = gwiayku aylv = <6y’f By gzg) urv .

Thus . .
Ox" Oz’ kol
9Nkl — aiykaiylgz‘j uv'=0.

Since the values of the coefficients u” and v® are arbitrary, each term in the matrix of the
coefficients inside the parentheses must vanish. We have found that the relation between the
tensor g;; and the tensor gy evaluated at the same point p with coordinates (y,...,y") in N
and (z1(y%,...,9"),...,2™(y},...,y")) in M reads

B = P pam) Dl 9110)

INkI\P) = Bk | W) T W) 9ij\P) -

Examples 4.2.

1. Let us consider the submanifold given by the cylinder C' C E? defined in the example 4.1.2.
It is possible to induce a metric on C' from the natural metric of E3. To this end, referring to
the formulae above, the metric on the cylinder reads

B ozt 0xI -
gkl = Byt Dy 9ij -
where 2!, 22, 2 are local coordinates in E? defined about a point ¢ € C and y', y? are analogous
coordinates on C defined about the same point q. We are free to take cylindrical coordinates
adapted to the cylinder itself, that is ' = 6,22 = r,2® = z with § = (—7,7), 7 € (0, +00),

z € R. Then the coordinates y',4? can be chosen as y' = 6 and 3> = z with the same
domain. These coordinates cover the cylinder without the line passing for the limit points at
0 = m = —m. However there is such a coordinate system about every point of C, it is sufficient

to rotate (around the axis z = u?) the orthonormal Cartesian frame u!, 42, u? used to define the
initially given cylindrical coordinates. In global orthonormal coordinates u', u?, u3, the metric

of E3 reads
d = du' @ du' + du® ® du? + du® ® du?

that is & = (5Z-jdui @du?. As u' =rcosf, u?> = rsiné, u? = z, the metric ® in local cylindrical
coordinates of E3 has components
ozt Ox)

Irr =3 or 0 =1
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Ox® 927 9

goo = 90 0 ig =T
B Ozt 0z

goo = 92 92

All the mixed components vanish. Thus, in local coordinates x
of E? takes the form

5ij:1

1 3

=0,2> = r,2® = z the metric

® =dr @dr+r’dd @ d + dz @ dz

The induced metric on C, in coordinates 3! = @ and y? = z has the form

ozt Ozd

C= 50 ay gijdy’ @ dy' = r|3d0 ® df +dz @ dz = d @ d + dz @ dz .

That is
P =dI®dI+dz®dz .

In other words, the local coordinate system y',y? is canonical with respect to the metric on
C induced by that of E3. Since there is such a coordinate system about every point of C, we
conclude that C is a locally flat Riemannian manifold. C' is not globally flat because there is no
global coordinate frame which is canonical and cover the whole manifold.

2. Let us illustrate a case where the induced metric is degenerate. Consider Minkowski spacetime
M*, that is the affine four-dimensional space A* equipped with the scalar product (defined in
the vector space of V associated with A* and thus induced on the manifold) with signature
(1,3). In other words, M* admits a (actually an infinite class) Cartesian coordinate system with

coordinates z°, 2!, 22, 3 where the metric reads

3
¢ = gijdxi @ dr! = —da® @ da® + Z de' @ dat .
i—1

Now consider the submanifold
Y= {p € M4 ’ (xo(p)vxl(p)vxZ(p)ﬂxg(p)) = (u,u,v,w) , U, VW € R}

We leave to the reader the proof of the fact that ¥ is actually a submanifold of M* with dimension
3. A global coordinate system on ¥ is given by coordinates (y', 2, y3) = (u,v,w) € R3 defined
above. What is the induced metric on X7 It can be obtained, in components, by the relation

ozt Oxd

— .~ D q
_gzjayp 8yqdy ®dy .

Oy = g(E)pqdyp ® dyq
Using 20 = y', 2! = ¢!, 2 = 4, 2% = ¢, one finds gisy33 = 1, gimy3k = g = 0 for k = 1,2
and finally, g(sy11 = g(x)22 = 0 while g(5y12 = g(x)21 = 1. By direct inspection one finds that
the determinant of the matrix of coefficients g(x),, vanishes and thus the induced metric is de-
generate, that is it is not a metric. In Theory of Relativity such submanifolds with degenerate
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induced metric are called “null submanifolds” or “light-like manifolds”.
3. In view of 1 in Examples 4.1 and of the introduced tools, we can re-state the definition of
locally flat (pseudo)Riemannian manifold as follws.

Definition 4.5. (Flatness.) A n-dimensional (pseudo) Riemannian manifold M is said to
be locally flat if it admits a covering {U; };c.» made of open subsets, such that every (pseudo)
Riemannian submanifold (Uj, ¢ [y,) is isometric to a (pseudo) Euclidean space with signature

(m,p), E".$
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Chapter 5

Covariant Derivative. Levi-Civita’s
Connection.

5.1 Affine connections and covariant derivatives.

Consider a differentiable manifold M. Suppose for simplicity that M = A", the n-dimensional
affine space. The global coordinate systems obtained by fixing an origin O € A", a basis
{€i}i=1,..n in V, the vector space of A" and posing:

6: A" SR :ps ((Op, eN),...,(Op, &™) .

are called Cartesian coordinate systems. These are not (pseudo) orthonormal Cartesian
coordinates because there is no given metric.

As is well known, different Cartesian coordinate systems (z!,...,2") and (y!,...,y") are related
by non-homogeneous linear transformations determined by real constants A’ s B,

where the matrix of coefficients A’ ; 1s non-singular.

Let (z!,...,2") be a system of Cartesian coordinates on A”. Each vector field X can be decom-
posed as X, = X;%]p. Changing coordinate system but remaining in the class of Cartesian
coordinate systems, components of vectors transform as

X" = AlXT,
if the primed coordinates are related with the initial ones by:
R Aijxj +B'.
If Y is another differentiable vector field, we may try to define the derivative of X with respect
to Y, as the contravariant vector which is represented in a Cartesian coordinate system by:
oY o

(VxY)p =Xy o555l
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or, using the index notation and omitting the index p,

j 0Y‘i .
oxJ

(VxY)' =X

The question is: " The form of (VxY)? is preserved under change of coordinates?” If we give the
definition using an initial Cartesian coordinate system and pass to another Cartesian coordinate
system we trivially get: ' . '

(VxY)', = A";(VxY)y,

since the coefficients A ; do not depend on p and the action of derivatives on these coefficients
do not produce added terms in the transformation rule above. Hence, the given definition does
not depend on the used particular Cartesian coordinate system and gives rise to a (1,0) tensor
which, in Cartesian coordinates, has components given by the usual R™ directional derivatives
of the vector field Y with respect to X.

The given definition can be re-written into a more intrinsic form which makes clear a very
important point. Roughly speaking, to compute the derivative in p of a vector field Y with
respect to X, one has to subtract the value of Y in p to the value of Y in a point ¢ = p + h X,
where the notation means nothing but that ﬁ = hxpYp, Xp : TpA™ — V being the natural
isomorphism between T),A™ and the vector space V' of the affine structure of A" (see the remark
after proposition 2.2). This difference has to be divided by h and the limit A — 0 defines the
wanted derivatives. It is clear that, as it stands, that procedure makes no sense. Indeed Y, and
Y,, belong to different tangent spaces and thus the difference Y, —Y), is not defined. However the
affine structure gives a meaning to that difference. In fact, one can use the natural isomorphisms
Xp : TpA™ — V and x4 : T,A" — V. As a consequence Alg, p| := X;I 0 Xq : TgA" — T,A" is a
well-defined vector space isomorphism. The very definition of (VxY'), can be given as

. Alp+ h Xy, plYpinx, —Yp
(VxY), = ilzli% h .

Passing in Cartesian coordinates it is simply proved that the definition above coincides with
that given at the beginning. On the other hand it is obvious that the affine structure plays a
central role in the definition of (VxY'),. Without such a structure, that is in a generic manifold,
it is not so simple to define the notion of derivative of a vector field in a point. Remaining in the
affine space A™ but using arbitrary coordinate systems, one can check by direct inspection that
the components of the tensor VxY are not the R™ usual directional derivatives of the vector
field Y with respect to X. This is because the constant coefficients A;- have to be replaced by

%\p which depend on p. What is the form of VxY in generic coordinate systems? And what
about the definition of VxY in general differentiable manifolds which are not affine spaces? We
shall see that the answer to these questions enjoy an interesting interplay.
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5.1.1 Affine connections.

The key-idea to give a general answer to the second question is to generalize the properties of
the operator Vx above.

Definition 5.1. (Affine Connection and Covariant Derivative.) Let M be a differen-
tiable manifold. An affine connection or covariant derivative V, is a map

V:(X,Y)— VY,

where X, Y, VxY are differentiable contravariant vector fields on M, which obeys the following
requirements for every point p € M:

(1) (VivagzX)p = f0)(VyX)p + 9(p)(VzX),, for all differentiable functions f, g and differ-
entiable vector fields X,Y, Z;

(2) (Vy fX), =Y,(f)Xp+ f(p)(Vy X), for all differentiable vector field X,Y and differentiable
functions f;

(3) (Vx(aY + %))y = a(VxY), + B(VxZ), for all a, € R and differentiable vector fields
XY Z.

The contravariant vector field Vy X is called the covariant derivative of X with respect to
Y (and the affine connection V). {

Remark 5.1.

(1) It is very important that the three relations written in the definition are understood point-
wisely also if, very often, they are written without referring to any point of the manifold. For
instance, (1) could be re-written Vyyy,2X = fVy X + ¢V X.

(2) The identity (1) implies that, if X, = X}, then

(VXZ);D = (VX’Z)p ’

in other words:

(VxZ), depends on the value X,, attained at p by X, but not on the other values of X.

In particular this means that, it make sense to define the derivative in p, Vx Y, where X, € T, M
is a simple vector and not a vector field. Indeed one can always extend X, to a vector field in
M using lemma 2.5, and the derivative does not depend on the choice of such an extension.

As a consequence, the following alternative notations are also used for (VxZ),:

(Vx2)p = (Vx,2)p = Vx,Z .

To show that (Vx Z), = (Vx'2), if X, = X}, by linearity, it is sufficient to show that (Vx Z), =
0 if X, = 0. Let us prove this fact. First suppose that X vanishes in a neighborhood U, of p.
Let h € D(M) be a function such that h(p) = 0 and h(¢q) =1 in M \ U, (such a function can by
constructed as the difference of the constant function 1 and a suitable hat function centered in
p). By definition X = hX and thus (VxZ2), = h(p)(VxZ)p, =0(VxZ), = 0.
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Then suppose that X, = 0 but, in general X, # 0 if ¢ # p. If g is a hat function centered on p
that vanishes outside a coordinate patch (U, ¢) with coordinates z!, ..., 2", we can write

.0
X =gX'y + X

ozt

By construction, X’ vanishes in a neighborhood of p where

X =gX'g—
gaAg Ot
since g = 1 thereon. Putting all together and using the condition (1), one gets, where every
scalar function gX" is well-defined on the whole manifold,
(Vx2), = g(p)Xi(p)(Vg%Z)p +(VxZ)p.
The first term in the right-hand side vanishes because X*(p) = 0 by hypotheses, the second

vanishes too because X’ vanishes in a neighborhood of p. Hence (VxZ), =0 if X,, = 0.
(3) The requirement (2) entails that, if Y = Y” in a neighborhood of p then

(VXY)p = (VXY,)p :

In other words:

(VxY), depends on the behaviour of Y in a (arbitrarily small) neighborhood of p.

To show it, it is sufficient to prove that (VxY), = 0 if ¥ vanishes in a neighborhood U of p.
To prove it, notice that, under the given hypotheses: Y = hY where h € D(M) is a function
which vanishes in a neighborhood of p, V' C U and takes the constant value 1 outside U. As a
consequence

(VXY)p = (VXhY)p = h(p)(VXY)p + Xp(h)y;) =0+ Xp(h)y}) :

Since X, is a derivation in p and h vanishes in a neighborhood of p, X, (h) = 0 (cf lemma 2.3).
This proves that (VxY), = 0.

(4) It is clear that the affine structure of A™ provided automatically an affine connection V
through the class of isomorphisms A[q, p|. In fact,

. Alp+hXp,plYpinx, — Y
(VaX)p i= Jimy h

satisfies all the requirements above. The point is that, the converse is not true: an affine con-
nection does not determine any affine structure on a manifold.
(5) An important question concerns the existence of an affine connection for a given differen-
tiable manifold. It is possible to successfully tackle that issue after the formalism is developed
further. Exercise 5.1.1 below provided an appropriate answer.
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5.1.2 Connection coefficients.

Let us come back to the general definition 5.1 In components referred to any local coordinate
system (z!,...,2") defined in a neighborhood U of p € M, we can compute (VxY),. To this
end we decompose X and Y along the local bases made of vectors 9/9z|, defined for ¢ € U.
Actually these vectors and the components Y? are not defined in the whole manifold as required
if one wants to use definition 5.1. Nevertheless one can define these fields on the whole manifold
by multiplying them with suitable hat functions which equal 1 constantly in a neighborhood of
p and vanishes outside the domain of the considered coordinate map. The fields so obtained
will be indicated with the index , below. It holds (using notations introduced in the remark (2)
above): 5
O3V = iz, (V7. +7)

where the vector field vanishes in a neighborhood of p since, there, \ & 86J =Y. As a conse-
quence, the field Z does not give contribution to the computation of the covariant derivative in
p by remark (3) above. Hence

0 i ; 0 N L
(VxY)p = vXw( ) 527 | Y/ o= =X'(0)Y!(»)V » + X" (p) Or *|p@*|p

* 0z « 5a7 1P T &

In other words, in our hypotheses:

0 NG C G

(VXY)p =X ( ) ( )vail \pax]‘* +Xl(p) Ot ’P@‘p

Notice that, if ¢, are fixed, the coefficients V o _ |p%* define a (1,0) tensor field in p which
ozt

with respect to %]p. This derivative does not depend on the used

extensmn of the ﬁeld 2 gince 2 0
Oxd«  OxI

\Y% a 2 W instead ofV a 2 |, a 7 . It holds

is the derivative of a J

in a neighborhood of p. For this reason we shall write

) <va,pa

0
k
't al‘j ozt 8 j7 dx |p>

Voo ﬁh’ = FZ’(P)WB-

The coefficients Ffj = Ff’j (p) are differentiable functions of the considered coordinates and are
called connection coefficients.

Using these coeflicients and the above expansion, in components, the covariant derivative of Y
with respect to X can be written down as:

oY?
(VxY)' = X7 (5= +T5Y").
Oz’
Fix a differentiable contravariant vector field X and p € M. The linear map Y, — (Vy, X),
(taking the remark (2) above into account) and lemma 2.5 define a tensor, (VX), of class (1, 1)
in Ty M ® T, M such that the (only possible) contraction of Y}, and (VX), is (Vy X),. Varying
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p € M, p— (VX), define a smooth (1,1) tensor field VX because in local coordinates its
components are differentiable because they are given by coefficients

oxX* ok . A

W—I—F%X =. V]XZ = Xz’j.
VX is called covariant derivative of X (with respect to the affine connection V).

In components we have . o
(VyX)' =Y'X" ;.

5.1.3 Transformation rule of the connection coefficients.

Now we are interested in the transformation rule of the connection coefficients under change of
coordinates. We pass from local coordinates (z',...,2") to local coordinates (z’ Lo ") and

the connection coefficients change form Ffj to I Zq'

ox'?t o Ok ,h> Oz 02'F ox'?t o p ,h>'

k _ ky — ey
Iy = (V. o dzx") = (Vaur o ( ~ ox'h Oxi azilp( ozJ 837'(1)’

ozt 8(E] ’ ozt da'P ax] 81.,(1)’ (%th

Expanding the last term we get
oz oz'? ax’q) ( d /h> N oz 0z’ 9’7 v 0
o' Oxt 507 O ) Ozl o't Oxt Oxi 507 9/

which can be re-written as

dm’h> ,

ok 9P 92" oxF ox'P 9z’ _,1,
o't Oxt OxPOxi Gyt Oxt OxI T P?

or

rk — ozk 922" ok 9x'P 921,
U gpth Ozt T 9p!t Oxt Oxd T P
The obtained result shows that the connection coefficients do not define a tensor because of the
non-homogeneous former term in the right-hand side above.

Remark 5.2.
If V is the affine connection naturally associated with the affine structure of an affine space A",
it is clear that Ffl = 0 in every Cartesian coordinate system. As a consequence, in a generic

coordinate system

i

1y 8x/h oridxi

where the primed coordinates are Cartesian coordinates and the left-hand side does not depend
on the choice of these Cartesian coordinates. This result gives the answer of the question ”What
is the form of VxY in generic coordinate systems (of an affine space)?”. The answer is

oY’
OxI

r

(VxY)' = X7 (5= +T}Y")
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where the coefficients F§ i are defined as

p  OxF 2"

i 8x’h Oridxri

the primed coordinates being Cartesian coordinates.

r

5.1.4 Torsion tensor
By Schwarz’ theorem, the inhomogeneous term in

L 02k 92" 9xk 0xP 0x' ),
I = —— - ——
U gt 0xidx T gt Bat dad T PU

drops out when considering the transformation rules of coeflicients:
Tfk = F}k - ;cj .
Hence, these coefficients define a tensor field which, in local coordinates, is represented by:

This tensor field is symmetric in the covariant indices and is called torsion tensor field of
the connection. It is straightforwardly proved that for any pair of differentiable vector fields
X and Y
k k iy
(VxY)p = (Vv X), — [X,Y]p)" =T(V), i X,V

for every point p € M. That identity provided an intrinsic definition of torsion tensor field
associated with an affine connection. In other words, the torsion tensor can be defined as a
bilinear mapping which associates pairs of differentiable vector fields X, Y with a differentiable

vector field T'(V)(X,Y') along the rule
T(V)p(Xp,Yp) = Vx,Y = Vy, X — [X,Y],.

It is worthwhile stressing that this identity shows that the difference of Vx,Y — Vy, X and
[X,Y], does not depend on the shape of the fields X and Y, but on the values attained by them
at the point p only. Notice that this fact is false if considering separately Vx Y — Vy X and
X, Y],.

There is a nice interplay between the absence of torsion of an affine connection and Lie brack-
ets. In fact, using the second definition of torsion tensor field we have the following useful result.

Proposition 5.1. Let V be an affine connection on a differentiable manifold M. If V is
torsion free, i.e., the torsion tensor T'(V) field vanishes on M,

[X,Y] = VyY - Vy X,

for every pair of contravariant differentiable vector fields X,Y.
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5.1.5 Assignment of a connection.

All the procedure used to define an affine connection can be reversed obtaining the following
result. We leave the straightforward proof of the proposition below to the reader.

Proposition 5.2. The assignment of an affine connection on o differentiable manifold M
1s completely equivalent to the assignment of coefficients Ffj (p) in each local coordinate system,
which differentiably depend on the point p and transform as

ok 92" ozk  92'P 9x'?
k h
Fij(p) = Az ’paxi(‘):cj b+ oz I ox' b Oxd P /pq(p> ’ (5.1)

under change of local coordinates. More precisely:
(a) if an affine connection V is given, coefficients Fﬁj associated with NV which satisfy (5.1) are

defined by

0

Lij(p) =V oy =y datly)

(b) if coefficients Ffj (p) are assigned for every point p € M and every coordinate system of an
atlas of M, such that (5.1) hold, an affine connection associated with this assignment is given
by

i , OY! i
(VxY), = Xﬁ(@b + ij(P)%k) .

in every coordinate patch of the atlas, for all vector fields X,Y and every point p € M;

(c) if V and V' are two affine connections on M such that the coefficients Ffj(p) and F’fj(p)
respectively associated to the connections as in (a) coincide for every point p € M and every
coordinate system about p in a given atlas on M, then V =V'. {

Note. Shortly, after we have introduced the notion of geodesic segment and parallel transport,
we shall come back to the geometrical meaning of the covariant derivative.

5.2 Covariant derivative of tensor fields.

If M is a differentiable manifold equipped with an affine connection V, it is possible to extend
the action of the covariant derivatives to all differentiable tensor fields. In other words if X is
a differentiable vector field and u is a differentiable tensor field, it is possible to define a new
tensor field V xu, of the same order as u, uniquely. It is done by assuming the following further
requirements on the action of Vx, which are supposed to hold true point-wisely, but we omit ,,
everywhere for the shake of notational simplicity;

(4) Vx(au+ pv) = aVxu+ fVxo for all a, B € R, differentiable tensor fields u,v and differ-
entiable vector fields X.

(5) Vx f = X(f) for all differentiable vector fields X and differentiable functions f.

(6) Vx(t®u) := (Vxt)®@u+t® Vxu for all differentiable tensor fields u, ¢t and vector fields X.
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(7) Vx({Y,n) = (VxY,n) + (Y,Vxn) for all differentiable vector fields X,Y and differentiable
covariant vector fields 7.

In particular, the action of Vx on covariant vector fields turns out to be defined by the require-
ments above as follows.

_, 0 k_ ( 9 > k 9 k
where 9 P
i 0Tk
—_— = = X = X/L B
and
(Va2 = X (Vo 0 da”y = Xin, I,
Xagckﬂ] - N %8‘73’{:7 - Nrlik -
Putting all together we have:
0
(Vx e’ = X (G0~ Thny) da*
which is equivalent to:
oy,
i =Mk = o — Lighe s
(V0)ki = n, i Lk

where we have introduced the covariant derivative of the covariant vector field n, V7, as the
unique tensor field of tensors in Ty M ® Ty M such that the contraction of X, and (Vn), (with
respect to the space corresponding to the index i) is (Vx,7)p.

It is simply proved that, given an affine connection V, there is exactly one map which transforms
tensor fields to tensor fields (preserving their order) and satisfies all the requirements above.
Uniqueness is straightforward. Indeed, as shown above, the action on covariant tensor fields
is uniquely fixed, the action on scalar fields in defined in (5), finally (6) determines the action
on generic tensor fields. The proof of existence is constructive: in components the uniquely-
determined action of the connection on tensor fields is the following. First of all introduce the
covariant derivative of the tensor field ¢, Vt, which has to be interpreted as the unique tensor
field of tensors in Ty M ® S, M (SpM being the space of the tensors in p which contains t,) such
that the contraction of X, and (Vt), (with respect to the space corresponding to the index r)
is (Vx,1)p:

o ottt , . 4 ,
(VO 1 (p) = S 28, e DR () () + o+ T (D), ()

=I5, () g (p) = o = T () () - (5.2)

The reader can easily check the validity of requirements (4)-(7) for the map V : (X,t) — Vxt
defined in that way.
The following notation is used in the literature:

g ived . i1.d
t 1o = (V) jregir = Vol Gk
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5.3 Levi-Civita’s connection.

Let us show that, if M is (pseudo) Riemannian, there is a preferred affine connection completely
determined by the metric. This is Levi-Civita’s affine connection.

Theorem 5.1.  Let M be a (pseudo) Riemannian manifold with metric locally represented by
d = gijdxi ® dx’. There is exactly one affine connection V such that :

(1) it is metric, i.e., VO =0

(2) it is torsion free, i.e., T(V) = 0.

That is the Levi-Civita connection which is defined by the connection coefficients, called
Christoffel’s coefficients,:

L s (39ks n 09gs; 89jkz>
Oxi  OxF  Oxs/

Tho={ "%} = 39

&

Proof. Assume that a connection with the required properties exits. Expanding (1) and rear-
ranging the result, we have:
Ogii
_C%UZZ = - ZiQSj - sz'gis >

twice cyclically permuting indices and changing the overall sign we get also:

OGri
83:; =195 + T5,9ks
and 5
ik
&;i =I79s + Likgjs -

Summing side-by-side the obtained results, taking the symmetry of the lower indices of connec-
tion coefficients, i.e. (2), into account as well as the symmetry of the (pseudo) metric tensor, it
results:

OYri n 99 99
Oxd Ozt Oxk
Contracting both sides with % g"" and using g..g"" = 67 we get:

» 1 0 0gki  Ogjr  0¢ij 1 %, 09k  Ogri  Ogij ,
7 = g™ L ])25 R Ly ={i";}.

2 oxJ ozt Oxk ozt oxi  Oxk

We have proved that, if a connection satisfying (1) and (2) exists, its connection coefficients
have the form of has the form of Christoffel’s coefficients. This fact also implies that, if such a
connection exists, it must be unique. The coefficients

i o L s Ogks agsj 8gjk
U ) =505 Tl + 55 = 55 Ip)
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define an affine connection because they transform as:

ork 92" ozk  oz'P, ox'?
{i kj}(p) = P |p6:ﬂiaa?j |p + P |p LI |p O |p {p " q}/(p) )

as one can directly verify. This concludes the proof. O

Remark 5.3.

(1) The meaning of the requirement (1) is the following. One expects that, in the simplest case,
the operation of computing the covariant derivative commutes with the procedure of raising and
lowering indices. That is, for instance,

gk Vit . =V (grit ) -

The requirement (1) is, in fact, equivalent to the commutativity of the procedure of raising and
lowering indices and that of taking the covariant derivative as it can trivially be proved noticing
that, in components, requirement (1) read:

Vigij = 0.

(2) This remark is very important for applications. Consider a (pseudo) Euclidean space E".
In any (pseudo) orthonormal Cartesian coordinate system (and more generally in any Cartesian
coordinate system) the affine connection naturally associated with the affine structure has van-
ishing connection coefficients. As a consequence, that connection is torsion free. In the same
coordinates, the metric takes constant components and thus the covariant derivative of the met-
ric vanishes too. Those results prove that the affine connection naturally associated with the
affine structure is Levi-Civita’s connection. In particular, this implies that the connection V
used in elementary analysis is nothing but the Levi-Civita connection associated to the metric of
R™. The exercises below show how such a result can be profitably used in several applications.
(3) A point must be stressed in application of the formalism: using non-Cartesian coordinates
in R™ or E”, as for instance polar spherical coordinates r,6,¢ in R3, one usually introduces
a local basis of TpR3, p = (r,0,¢) made of normalized-to-1 vectors e,,eg, e, tangent to the
curves obtained by varying the corresponding coordinate. These vectors do not coincide with

the vector of the natural basis %|p, %|pa 8%>|P because of the different normalization. In fact, if

g= 5Z~jda:i ® dz? is the standard metric of R? where !, 22, 22 are usual orthonormal Cartesian

coordinates, the same metric has coefficients different from 4;; in polar coordinates. By con-
struction g, = g(%, %) =1, but ggg = g(%, %) # 1 and ggp = g(%, %) # 1. So 5% = e, but
% = \/900€p and % = V994€¢-

Exercises 5.1.

1. Show that, if Vi are affine connections on a manifold M, then V = >, fxV} is an
affine connection on M if the smooth functions fi : M — R satisfy fr > 0 and fi(¢) =0 in a
neighborhood of p, barring a finite number of indices k depending on p € M, and Y. fu(p) =1
for every p € M (i.e. > fxVy is a convex linear combination of connections).
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2. Show that a differentiable manifold M (1) always admits an affine connection, (2) it is

possible to fix that affine connection in order that it does not coincide with any Levi-Civita
connection for whatever metric defined in M.
Solution. (1) By theorem 4.1, there is a Riemannian metric ® defined on M. As a consequence
M admits the Levi-Civita connection associated with ®. (2) Let w, n be a pair of co-vector
fields defined in M and X a vector field in M. Suppose that they are somewhere nonvanishing
and w # 7 (these fields exist due to lemma 2.5 and using ® to pass to co-vector fields from
vector fields). Let = be the tensor field with =, := X, ® wy, @ 1, for every p € M. If ' j; are
the Levi-Civita connection coefficients associated with ® in any coordinate patch in M, define
I’ jk =T ‘ ik + =K jk in the same coordinate patch. By construction these coefficients transforms
as connection coefficients under a change of coordinate frame. As a consequence of proposition
5.2 they define a new affine connection in M. By construction the found affine connection is not
torsion free and thus it cannot be a Levi-Civita connection.

3. Show that the coefficients of the Levi-Civita connection on a manifold M with dimension

n satisfy
; dln/|g|
Fij(p) = Wbﬂ'

where g(p) = det[g;j(p)] in the considered coordinates.
Solution. Notice that the sign of g is fixed it depending on the signature of the metric. It holds

Oln/lg] 1 99
oxi  2g0x7°

Using the formula for expanding derivatives of determinants and expanding the relevant deter-
minants in the expansion by rows, one sees that

dg o 1+k 091k 2+k 092k n+k Ogni
That is 5 5
99 _ _1y\itk,. ¢ 99k
axj Z( 1) Coflk‘ 8.%'-] 9

ik

On the other hand, Cramer’s formula for the inverse matrix of [g;x], [gP?], says that

. — 1)tk
g* = (760fm
g
and so,
@ _ ggik gk
OxJ OxJ '
hence

109 _ 1 w09
2g0x3 27 OxI
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But direct inspection proves that Lo
L) = 59750

Putting all together one gets the thesis.)

4. Prove, without using the existence of a Riemannian metric for any differentiable manifold,
that every differentiable manifold admits an affine connection.
(Hint. Use a proof similar to that as for the existence of a Riemannian metric: Consider an atlas
and define the trivial connection (i.e, the usual derivative in components) in each coordinate
patch. Then, making use of a suitable partition of unity, glue all the connections together paying
attention to the fact that a convex linear combinations of connections is a connection.)

5. Show that the divergence of a vector field div X := V,; X? with respect to the Levi-Civita
connection can be computed by using:

, 1 9/lglv?
@iV )0) = === -

6. Use the formula above to compute the divergence of a vector field V' represented in polar
spherical coordinates in R?, using the components of V' either in the natural basis %, %, % and
in the normalized one e,, ey, e, (see the remark (2) above).

7. Execute the exercise 3.1.3 for a vector field in R? in polar coordinates and a vector field
in R3 is cylindrical coordinates.

8. The Laplace-Beltrami operator (also called Laplacian) on differentiable functions is

defined by:

Af=g"V;Vif,

where V is the Levi-Civita connection. Show that, in coordinates:

1 0 o 0
A — T Z‘ji. pJ -
A90) =~ (g Vols 55 b

9. Consider cylindrical coordinates in R?, (r,0, 2). Show that:

2f 19f 19*f 8°f

Af=-2 220 =27 2
!/ 6r2+r8r+r2892+822

10. Consider spherical polar coordinates in R3, (r,6, ¢). Show that:

10 ([ ,0f 1 a(sin96f> 1 0f

Af:ﬁ% (T E)—Fr?sin@% a0 r2sin2 0 02
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5.4 Geodesics: parallel transport approach.

Take a manifold M equipped with an affine connection V. It is possible to generalize the
concept of straight line by introducing the concept of geodesic. Consider a smooth regular curve
v : (a,b) = M (we remark that the definition of a curve used here includes a preferred choice for
the parameter ¢ and it is assumed that ¥(¢) # 0 for t € [a, b] so that the map v : (a,b) — v((a, b))
is bijective) and we also assume that v((a,b)) is an embedded submanifold of M. Next fix a
smooth vector field V' defined on v, that is a smooth assignation t — V'(t) € T, M. It is possible

to extend V to a smooth vector field V defined in a neighborhood N of y((a, b)). (Indeed, in view
of the fact that v((a,b)) is an embedded submanifold of dimension 1, in a open neighborhood U
in M of any point p € y((a,b)), v is described, in a local chart, as z¥ = 0 for £ > 1 and 2! runs
along the considered portion of 7. V(q) for ¢ € y((a,b))NU is defined exactly on the line z¥ = 0
for k > 1 and takes the form V = V* (xl)a%kh(q) thereon. Thus one can extend V' assuming
that, in coordinates, it verifies V¥(z!, ..., 2") := V¥(2!) in that local chart. Using a partition of
the unity subordinated to an open covering of v((a, b)) made of such domains of local charts one
easily obtains the smooth extension 1% along the whole curve 7.) Hence 1% lv((ap))= V. Then we

may consider the field Vi)V (t) = (VV‘N/) [y((ab))- It is a trivial task to show that the obtained

restriction defines a vector field on 7((a, b)) which does not depend on the extension V of V and
thus the used notation is appropriate. As a matter of fact, in local coordinates, we have

~ Vi , da?
) <k ) k
(Vo) V) ' Iyw=" (t)@ + jk(’Y(t))EV
so that:
A ) da?
(Vs)V () = 7 F}k(V(t))E k, (5.3)

where the independence from the extension is apparent. More generally, even if v((a, b)) is not
an embedded submanifold, but it is a smooth curve without self-intersections and if (a,b) >
t = V(t) € Ty M is smoothly defined, the right hand-side of (5.3) does not depend on the
chosen local chart, as one can prove by direct inspection using the rule of transformation of the
connection coefficients when changing coordinates. This fact provides an intrinsic definition of
Vi)V (t) as a vector defined at every point «(t). In particular, if focusing on the special case
V :=4(t), we have:

d*xt , dad dzk

Tl +F}k(7“))ﬁ%> (5.4)

(Vi (@) =
where v is given by n = dimM smooth functions ! = z°(t). If V is Levi-Civita’s connection
in R™ or in an affine space referred to a metric which is everywhere constant and diagonal in
Cartesian coordinates, in Cartesian coordinate system it holds respectively:

v o d%at

a (Vﬁ(tﬂ"(t))zzdi

(VW)V(t))i = 2
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As a consequence, straight lines are the unique solutions of Vﬁ(t)ﬁi(t) = 0 in those spaces. More
precisely, if v = 7(t) is a solution of the equation above, in whatever (generally local) Cartesian
coordinate system, the expression for the curve v, parametrized by the parameter ¢ € (¢, d), has
the form 2%(t) = a’t + b* for 2n constants a',... a" bl,... b".

5.4.1 Parallel transport and geodesics.

In general manifolds we have the following definition which, in a sense, extends the concept of
straight line. Notice that we can omit the hypothesis that V is extendible in a neighbourhood
of 7 since the equation of geodesic transport does not require it to be stated.

Definition 5.2. Let M be a differentiable manifold equipped with an affine connection V.
Let v : (a,b) — M be a smooth curve in M with 4(t) # 0 if ¢ € (a,b) without self intersections.
A C! vector field T defined on y((a, b)), i.e. a C! map (a,b) >t T(t) € Ty M, is said to be
transported along v parallely to 4 (and with respect to V) if

ViynT(y(t)) =0 forallt € (a,b),

where the left-hand side has to be interpreted as in (5.3) referring to any coordinate patch about
any point on 7.
v is a geodesics if it transports its tangent vector parallely to itself. In other words ~ satisfies
the geodesic equation:

Viyp¥(t) =0 forallt € (a,b).

&

In the (semi) Riemannian case we have an important result which, in particular holds true for
Levi-Civita connections.

Proposition 5.3. If a differentiable manifold M admits both a (pseudo)metric ® and an
affine connection V such that V® =0 (i.e., the connection is metric), the parallel trans-
port preserves the scalar product. In other words, if X,Y are vector fields defined in a
neighborhood of a differentiable curve v = v(t), and both X,Y are parallely transported along =,
it turns out that t — (X (v(¢))|Y (v(t))) is constant. <

Proof. The connection is metric and thus in any local coordinate patch around any point on ~:

LXGONY 60) =+ gy X )Y (1)

56005 ; e dX (1) o s
— AkZIY 1 J . k J
T kX (MY (7) + gi5 (7)F e

Now the condition g;;, = 0 can be re-written:

Y1)

() + 9 (DA X (7) 7

00;
St = Thites + Ty

62



that inserted above produces:

LX) = (T5X]¥) + (V4Y]X) =0,

a

Remark 5.4.

(1) Let M be a differentiable manifold equipped with an affine connection V. From known
theorems of ordinary differential equations, if p € M and v € T),M, there is only one geodesic
segment vy = ~y(t) which starts from (0) = p with initial tangent vector 4(0) = v and defined in
a neighborhood of 0. This is because the geodesic equation is a second-order equation written in
normal form in any coordinate system about p and the remaining term in the geodesic equation
is smooth. The correct background where one can profitably study the properties of the geodesic
equation is 7'M where the geodesic equation reduces to a first-order equation. Then the theorem
of global existence and uniqueness assures that, for a fixed p € M and v € T, M there is only
one maximally extended geodesic with those initial data.

A straightforward consequence of the (local) uniqueness theorem is that the tangent vector of a
non constant geodesic 7 : (a,b) — M cannot vanish in any point.

(2) If one changes the parameter of a non constant geodesic t — ~(t), t € (a,b) to u = u(t)
where that mapping is smooth and du/dt # 0 for all ¢t € (a,b), the new differentiable curve
v i u — y(t(u)) does not satisfy the geodesic equation in general. Anyway, working in local
coordinates and using (5.4), and the geodesic equation for 7, one finds immediately

Lo dPt
Vi (u) = WW@) :

Since (t) # 0, we see that +' satisfies the geodesic equation too, if and only if u = kt + k" for

some constants k € R\ {0} and k' € R. These transformations of the parameter of geodesics

which preserve the geodesic equations are called affine transformations (of the parameter).

(3) If v: (a,b) — M is fixed, the parallel transport condition
ViV (v(t) =0 forall t € (a,b).

can be used as a differential equation. Expanding the left-hand side in local coordinates
(x',...,2") one finds a first-order differential equation for the components of V referred to
the bases of elements {f%h(t):

(2
O LRV ).
As the equation is linear, in normal form with smooth known functions in the right-hand side, the
initial vector V(y(a)) determines V = V(vy(t)) uniquely along the whole curve, more precisely,
along the portion of the curve contained in the domain of the used local coordinates. Using a
covering of open sets equipped with coordinates, V' = V(7(¢)) turns out to be fixed along the
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whole curve . In a certain sense, one may view the solution ¢ — V(¢) as the “transport” and
“evolution” of the initial condition V(y(a)) along ~ itself.

The global existence and uniqueness theorem has an important consequence. If 7y : [a,b] — M
is any differentiable curve and u,v € (a,b) with u < v, the notion of parallel transport along -y
produces an vector space isomorphism P [y(u),y(v)] : Ty — Ty(y) which associates V' € T,
with that vector in T,) which is obtained by parallely transporting V' in T’ ).

If V is metric, proposition 5.3 implies that P,[y(u),v(v)] also preserves the scalar product, in
other words, it is an isometric isomorphism.

(4) Consider a Riemannian manifold M. Let v = y(¢) be a non constant geodesic segment with
t € [a,b) with respect to the Levi-Civita connection. The length ascissa or length parameter

(0= [ VBERE) d

defines a linear function s = kt + k' with k& # 0 and thus s can be used to re-parametrize
the geodesic. Indeed (¥(¢')|¥(t')) is constant by proposition 5.3 and (¥(¢')|5(t')) # 0 because
5(t') # 0.

(5) If the manifold M is equipped with an affine connection M, it is possible to show that each
point of p € M admits a neighborhood U such that, if ¢ € U, there is a unique geodesic segment
~ completely contained in U from p to g. These neighborhoods are called geodesically convex.

Examples 5.1. As we said, in Finstein’s General Theory of Relativity, the spacetime is a four-
dimensional Lorentzian manifold M. Hence it is equipped with a pseudo-metric ® = gijd:ri ®dx?
with hyperbolic canonic form (—1, 41, +1, +1) (this holds true if one uses units to measure length
such that the speed of the light is ¢ = 1). The points of the manifolds are called events. If
the spacetime is flat and it is an affine four dimensional space, it is called Minkowski spacetime.
That is the spacetime of Special Relativity Theory.

If Ve T,M, V # 0, for some event p € M, V is called timelike, lightlike (or null), spacelike
if, respectively (V|V) < 0, (V|V) =0, (V|V) > 0. A curve v : R — M is defined similarly
referring to its tangent vector 4 provided 4 preserves the sign of (§|¥) along the curve itself.
The evolution of a particle is represented by a world line, i.e., a timelike differentiable curve
v :u+— y(u) and the length parameter (length ascissa) along the curve

tw) = [ VIG@R@) v

(notice the absolute value) represents the proper time of the particle, i.e., the time measured by
a clock which co-moves with the particle. If 7(¢) is an event reached by a welding the tangent
space T ;)M is naturally decomposed as T, M = L(¥(t)) © (), where L((t)) is the linear
space spanned by (t) and X is the orthogonal space to L((t)). It is simple to prove that
the metric ®,(;) induces a Riemannian (i.e., positive) metric in X (t)- () represents the local
rest space of the particle at time ¢.

Lightlike curves describe the evolution of particles with vanishing mass. It is not possible to
define proper time and local rest space in that case.
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As a consequence of the remark (3) above, if a geodesic v has a timelike, lightlike, spacelike
initial tangent vector, any other tangent vector along v is respectively timelike, lightlike, space-
like. Therefore it always make sense to define timelike, lightlike, spacelike geodesics. Timelike
geodesics represent the evolutions of points due to the gravitational interaction only. That in-
teraction is represented by the metric of the spacetime.

5.4.2 Back on the meaning of the covariant derivative.

The notion of parallel transport respect to an affine connection enable us to give a more geo-
metrical meaning of the notion of covariant derivative. As remarked in Section 5.1, if M is a
differentiable manifold and we aim to compute the derivative of a vector field X with respect to
another vector field Y in a point p € M, we should compute something like the following limit

iy X 1Y) = X(p)
h—0 h

Unfortunately, there are two problems involved in the formula above:

(1) What does it mean p+hY? In general, we have not an affine structure on M and we cannot
move points thorough M under the action of vectors as in affine spaces.

(N.B. The reader should pay attention on the fact that affine connections and affine structures
are different objects!).

(2) X(p) € T,M but X(p + hY) € Tpyipy M. If something like p + hY makes sense, we ex-
pect that p + hY # p because derivatives in p should investigate the behaviour of the function
g — X(¢) in a “infinitesimal” neighborhood of p. So the difference X (p + hY) — X (p) does not
make sense because the vectors belong to different vector spaces!

As we have seen in Section 5.1, if M is an affine space A" the candidate definition above can be
improved into

R A[P + h}/pvp]Xp—l—hYp - Xp
(VyX), = }lllir(l) . .
(see Section 3.1 for notation) which turns out to coincide with the definition given via the
affine connection naturally associated with the affine structure of A™. Is it possible to extend
such a (equivalent) definition of derivative in the case of a manifold M equipped with an affine
connection V? The answer is yes. Fix p and Y (p) and consider the unique geodesic segment
[0,€) © h — ~(h) starting from p with initial vector Y (p). Consider the point y(h). Formally
we can view that point as “p+ hY”. Using that interpretation X (p 4+ hY") has to be interpreted
as X (y(h)) and the problem (1) becomes harmless. That is not the whole story because

X(v(h) = X(p)

does not make sense anyway since the vectors belong to different vector spaces.
As we are equipped with geodesics, we can move the vectors along them using the notion of
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parallel transport. In practice, to improve our idea we may say that
X(p+hY)

must actually be understood as
P Hp v (X (v(R))

where
Pa [a(u), a(v)] : Ta(u) — Ta(v)

is the vector-space isomorphism, introduced in the remark (3) after proposition 5.3, induced by
the parallel transport along a differentiable curve « : [a,b] - M for v < v and u,v € [a,b].
Within this interpretation

X(p+hY) = X(p) =P [p, v (W)X (v(h)) — X (p)

makes sense because both 9’;1 [p,v(h)] X (v(h)) and X (p) belong to the same vector space T},(M).
Notice that, in general

P A (WX (v(h) # X(p) .

Summarizing, if M is equipped with an affine connection V, the derivative of X with respect to
Y in p can be define as

P, v (W)X (y(h)) — X(p)
- :

Dy X|, := lim

Let us show that the notion of derivative defined above is nothing but the covariant derivative
Vy X referred to the affine connection V. To this end, take a local coordinate system about p.
From the equation of parallel transport, if P~* := P, [p,y(h)] we have

X'(y(h)) = (T*IX(V(h)))i +h Y7 (7(h)) T (v(h)) (T*lX(v(h)))k = hA'(h),
where A%(h) — 0 as h — 0%. That identity can equivalently be written
(PIX(4(R))" = X (3() + h Y7 (p) () (PX(v(h))" + RO (),

where we have dropped some infinitesimal functions which are now embodied in O° with O%(h) —
0 as h — 0. Using that expansion in the definition of D¥ X|p we get:

Xi(y(h) = X'(p) + h Y7 (p) Ty (p) (P X (5(h)))" — hO(R)

(DYX|,)" = lim }i
Equivalently:
i . Xy (h) - Xi(p . ; i _ k
(DY) += tim XX ID =X g v, ) (25 X ()
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and thus .
(DYX1y)" = Y*0) oy + VI ) (p) X ) = (V3 X))

Let us summarize our results into a Proposition.

Proposition 5.4. Let M be a differentiable manifold equipped with an affine connection V.
If X and'Y are differentiable contravariant vector fields in M and p € M,

. i
(V3 X)) = lim 2 w<h>]Xf§v<h>> Xw)

where, v : [0,€) — M 1is the unique geodesic segment referred to V starting from p with initial
tangent vector Y (p) and
Pa [a(u)a Oé(’[))] : Ta(u) - Ta(v)

is the vector-space isomorphism induced by the V parallel transport along a differentiable curve
a:la,bl = M foru <wv and u,v € [a,b]. &

5.5 Geodesics: variational approach.

There is another approach to determine geodesics with respect to Levi-Civita’s connection in a
Riemannian manifold. Indeed, geodesics satisfy a wvariational principle because, roughly speak-
ing, they stationarize the length functional of curves.

5.5.1 Basic notions of elementary variation calculus in R".

Let us remind some basic notion of elementary variation calculus in R™. Fix an open nonempty
set 2 C R", a closed interval I = [a,b] C R with a < b and take a nonempty set

Gc{y:I—=Q|~yeC)}

for some fixed integer 0 < k < +oo (y € C!([a,b]) means that v € C'((a,b)) and the limits
toward either a* and b~ of derivatives of v exist and are finite up to the order 1).

A variation V of v € G, if exists, is a map V : [0,1] x I — U such that, if V; denotes the
function t — V' (s,t):

(1) V € C%*([0,1] x I) (i.e., V € C?*((0,1) x (a,b)) and the limits awards the points of the
boundary of (0,1) x (a,b) all the derivatives of order up to 2k exist and are finite),

(2) V5 € G for all s € [0,1],

(8) Vo =~ and V; # v for some s € (0, 1].

It is obvious that there is no guarantee that any + of any G admits variations because both con-
dition (2) and the latter part of (3) are not trivially fulfilled in the general case. The following
lemma gives a proof of existence provided the domain G is defined appropriately.
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Lemma 5.1.  Let Q C (R™)* be an open nonempty set, I = [a,b] witha < b. Fiz (p,Py,..., P._1)
and (¢,Q1,...,Qr_1) in Q. Let D denote the space of elements of {y: 1 — R" | v € C?**(I)}
such that:

k—
(1) (y(t), 65717, ceey ‘fwﬁ%?) € Q for allt € [a,b],

1 k—1 1 k—1
(2) (V(a% CéTY’UJ SRR Ztkf?’a) = <p7 Pla s >PI€71) and (V(b)a ZT’IY‘ZN SER) Cétkiffly‘b) = (Q7 Ql: s 7Qk*l>'
Within the given definitions and hypotheses, every v € D admits variations of the form

Vai(s,t) = ~(t) £ sen(t)

where ¢ > 0 is a constant, 1 : [a,b] — R™ is C* with

n(a) =n(b) =0,
and e T
n, _dmn
gl = g o =0

forr=1,... k—1. In particular, the result holds for every ¢ < C, if C > 0 is sufficiently small.
As a consequence endowing D with the norm topology induced by the norm

b

it turns out that every punctured metric ball BX(v) = {~" € D\{v} | |ly —=~'|| < r} is not empty
for every r > 0.

&

dty
dtk

dt

ye-.,SUD
I

9]l = masx {sgp Il sup

Proof. The only nontrivial fact we have to show is that there is some C' > 0 such that

dl dk—l
(wt) e sent), S (V1) £ sen(t)), ., S (1(t) scn<t>>) €0

for every s € [0,1] and every t € I provided 0 < ¢ < C. From now on for a generic curve
T:1—=R",

. dr(t) d*1r(t)

T(t) := (T(t), R s )

We can suppose that  is compact. (If not we can take a covering of 5([a,b]) made of open
balls of (R™)*¥ = R™ whose closures are contained in . Then, using the compactness of ¥([a, b])
we can extract a finite subcovering. If Q' is the union of the elements of the subcovering,
' C Qis open, & C Q and V is compact and we may re-define  := '.) 9Q is compact
because it is closed and contained in a compact set. If || || denotes the norm in R™ the
map (z,y) — ||z —y|| for x € 7, y € 00 is continuous and defined on a compact set. Define
m = ming yesxa0 |[7 — yl|[. Obviously m > 0 as 4 is internal to Q. Clearly, if t — 7j(t) satisfies
[17(t) — n(t)|| < m for all t € [a,b], it must hold 7(I) C Q. Then fix n as in the hypotheses
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of the Lemma and consider a generic R™-component t — (t) + sci’(t) (the case with — is
analogous). The set I’ = {t € I | 7*(t) > 0} is compact because it is closed and contained in
a compact set. The s-parametrized sequence of continuous functions, {7* + scij’} se[0,1], MONO-
tonically converges to the continuous function 4° on I’ as s — 07 and thus converges therein
uniformly by Fubini’s theorem. With the same procedure we can prove that the convergence is
uniform on I” = {t € I | 7#*(t) < 0} and hence it is uniformly on I = I’UI”. Since the proof can
be given for each component of the curve, we get that ||(7(¢) + scn(t)) —7(¢)|| — 0 uniformly in
t € I as sc — 07. In particular ||((t) + scni(t)) — 3(t)|| < m for all ¢ € [a,b], if sc < §. Define
C:=6§/2. If0<c<C, sc<dforse(0,1] and ||[(F(t) + sci(t)) —7(t)]| < m uniformly in ¢ and
thus 4(t) + sen(t) € Q for all s € [0,1] and ¢ € I.

Decreasing C' if necessary, by a similar proof we get that, ¥(t) — scij(t) € D for all s € [0, 1] and
tel,if0<c<C.

The last statement can be proved as follows. Let v/ € D\ {7y}. Such a curve exists with the form
v (t) = sen(t), with 0 < ¢ < C due to the previous part of the proposition. By construction
[l = +'|| < ro for some ro > 0. Since 0 < sc < C for every s € (0,1), the curve scn belongs to
B, (7). In other words B;(y) is not empty for every r € (0,79). O

Exercises 5.2. .

1. In the same hypotheses of lemma 5.1, drop the condition v(a) = p (or v(b) = ¢, or
both conditions or other similar conditions for derivatives) in the definition of D and prove the
existence of variations V4 in this case too.

(Hint. Note that the proof is obvious.)

We recall the reader that, if G C R” and F : G — R is any sufficiently regular function,
xo € Int(G) is said to be a stationary point of F if dF|,, = 0. Such a condition can be

re-written as
dF(zo + su)

ds
for all w € R™. In particular, if F' attains a local extreme value in zg (i.e. there is a open
neighborhood of xy, Uy C G, such that either F'(z¢) > F(x) for all z € Up\{xo} or F(x¢) < F(x)
for all x € U \ {zo}), zo turns out to be a stationary point of F.
The definition of stationary point can be generalized as follows. Consider a functional on G C
{y:I—=U | ~vyecC?(I)},ie. amapping F:G — R. We say that 7 stationary point of F,
if for all variations of g, V, the variation of F,

dF[Vy] |
ds 570

’S:O :07

OV F|yy =
exists and vanishes.
Remark 5.5. There are different definition of 0y F related to the so-called Fréchet and

Gateaux notions of derivatives of functionals. Here we adopt a third definition useful in our
context.
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5.5.2 Euler-Poisson equations.

For suitable spaces G and functionals F': G — R, defining an appropriate topology on G itself,
it is possible to show that if F' attains a local extremum in v9 C G, then vy must be a stationary
point of F. We state a precise result after the specialization of the functional F'.

From now on we work on domains G of the form D defined in lemma 5.1 and we focus attention
on functionals with the form

Pl ::/Iff<t,'y(t),cj;,-- f;k>dt (5.5)

where k is the same used in the definition of D and F € C*(Q). Making use of lemma 5.1 we
can prove a second important Lemma.

Lemma 5.2. If F: D — R is the functional in (5.5) with D defined in Lemma 3.1, 6y F|,
exists for every v € D and every variation of vy, V' and

k
d [ 0T
«wm-}: /% [ Y (adﬂ
s=0 T dtr

=1

oVv? gt

Yo

¢

Proof. From known properties of Lebesgue’s measure based on Lebesgue’s dominate conver-
gence theorem (notice that [0, 1] x I is compact an all the considered functions are continuous
therein), we can pass the s-derivative operator under the sign of integration obtaining

ar+1 Vz

oV oF
srn=3 [ (5] e300 )

We have interchanged the derivative in s and r derivatives in ¢ in the first factor after the second
summation symbol, it being possible by Schwarz’ theorem in our hypotheses. The following
identity holds

8:0

oty oF t—/ Lovidr oF
1 Otr0s (‘)dr ok Js dtr add%f

This can be obtained by using integration by parts and dropping boundary terms in a and b
which vanishes because they contains factors

al+1vi
M ’t:a or b

with [ =0,1,...,k — 1. These factors must vanish because the conditions on curves in D:
Y(a) =p and ~(b) =gq,
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d"ty

a = PT’
drt |
and dre

drt | Q’f‘

for r =1,...,k — 1 imply that the variations of any vy € D with their ¢t-derivatives in ¢ and b
up to the order k — 1 have to vanish in a and b whatever s € [0,1]. Then the formula in thesis
follows trivially. O

A third and last lemma is in order.

Lemma 5.3.  Suppose that f : [a,b] — R", with components f : [a,b] = R, i =1,...,n, is

continuous. If
/ th 2 -0
a

for every C* function h : R — R™ whose components h' have supports contained in in (a,b),

it has to hold f(x) =0 for all x € [a,].

Proof. If zy € (a,b) is such that f(xg) > 0 (the case < 0 is analogous), there is an integer j €
{1,...,n} and an open neighborhood of zy, U C (a,b), where f7(x) > 0. Using the remark (3)
after definition 2.4, take a function g € C*°(R) with suppg C U, g(x) > 0 therein and g(z¢) = 1,
so that, in particular, f/(x)g(wg) > 0. Shrinking U one finds another open neighborhood of g,
U’, such that U’ C U and g(z)f7(z) > 0 on U’. As a consequence ming;g - ff=m>0.

Below x4 denotes the characteristic function of a set A and h : (a,b) — R” is defined as h? = g
and h' = 0 if ¢ # j. Finally we have:

. b .
0= [ r@ e = [ o P = [ o P
because the integrand vanish outside U. On the other hand, as U’ C U and g(x)f(z) > 0 in U,

xu(2)g(x) f (z) > xgr(x)g(z) f (z)
and thus

O—LZhZ dx>/ g(x)fi(x )demﬁdx>0.

because m > 0 and fﬁdx > [y dxz > 0 because nonempty open sets have strictly positive
Lebesgue measure.
The found result is not possible. So f(z) =0 in (a, b) and, by continuity, f(a) = f(b) = 0. O

We conclude the general theory with two theorems.
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Theorem 5.2. Let Q C (R”)”C be an open nonempty set, I = |a,b] with a < b. Fiz
(p,P1,y...,Pp_1) and (¢,Q1,...,Qr—1) in Q. Let D denote the space of elements of {vy : 1 —
R™ | v € Czk( )} such that:

dkl

(1) ( ()7d1t""7dk 1t) € Q for allt € [a,b],
(2)( (a), dlt!a,...,%ya) =, Pr,...,Pe_1) and (V(b), ..., ﬁt\b) = (¢, Q1,-..,Qr_1).

Finally define
dry dk
Fly] = —
b= [ o (t,y(t), AT ) d
where F € CF(1).

Under these hypotheses v € D is a stationary point of F' if and only if it satisfies the Euler-
Poisson equations fori=1,...,n:

0F & Ldr [ 8F
87i+z(71) dtr (ad “/i> =0.

T
r=1 dtr

¢

Proof. It is clear that if v € D fulfills Euler-Poisson equations, v is an extremal point of F
because of lemma 5.2.
By lemma 5.2 once again, if v € D is a stationary point, it must satisfy

oV k dr [ 0F
> ) % [ (o)

=1
for all variations V. We want to prove that these identities valid for every variation V of + entail
that ~ satisfies E-P equations. The proof is based on lemma 5.3 with

. o & Ldr [ 0F
[ g ()

r=1 dtr

dt =0

Y0

Yo
and A
ov?

h' =
0s

s=0

Indeed, the functions h’ defined as above range in the space of C*°(R) functions with support
in (a,b) as a consequence of lemma 5.1 if one uses variations V¥(s,t) = ~§(t) + csn'(t) with
n' € C*(R) supported in (a,b). In this case h = cn’. The condition

oV k dr [ 0F
5 ne e ()
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becomes -
c/ Zh’(x)fz(x)d:c =0
a =1

for every choice of functions h; € C*°((a,b)), i = 1,...,n and for a corresponding constant ¢ > 0
which does not affect the use of the lemma 5.1. Then, lemma 5.1 implies the thesis. O

Remark 5.6. Notice that, for k = 1, Euler-Poisson equations reduce to the well-known
Euler-Lagrange equations F being the Lagrangian of a mechanical system.

Theorem 5.3. With the same hypotheses of theorem 5.2, endow D with the norm topology
induced by the norm

If the functional F': D — R attains an extremal value at vy € D, vy turns out to be a stationary
point of F' and it satisfies Euler-Poisson’s equations. <

dy
dtk

Y
12l ::max{sup]|fy|,sup ‘ ,...,Sup
I 1|l dt I

Proof. Suppose that - defines a local maximum of F' (the other case is similar). In that case
there is an open norm ball B C D centered in g, such that, if v € B\ {1}, F(y) < F(y). In
particular if Vi = v + scn,

F(vo £ csn) — F(v) <
S

0

for every choice of n € C*°(R) whose components are compactly supported in (a,b) and s € [0, 1].
¢ > 0 is a sufficiently small constant. The limit as s — 0T exists by lemma 5.2. Hence

5ViF"Yo <0.

Making explicit the left-hand side by lemma 5.2 one finds

o ofor & dr OF
+ / v -+ 1) —_— dt <0,
2 )" L‘W 2 (8?)] .
Y0
and thus
n foF & dr oF
;~/f [871 ;( ) dtr <8ddt’Z >]

Y0
Using lemma 5.3 as in proof of theorem 5.2 we conclude that - satisfies Euler-Poisson’s equa-
tions. As a consequence of theorem 5.2, 7 is a stationary point of F. O
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5.5.3 Geodesics from variational point of view.

We can pass to consider geodesics in Riemannian and Lorentzian manifolds. Let us state and
prove a first theorem which is valid for properly Riemannian metrics and involves the length of
a differentiable curve (see the comment (2) after definition 4.1).

Theorem 5.4.  Let M be a Riemannian manifold with metric locally denoted by g;;. Take
p,q € M such that there is a common local chart (U, $), ¢(r) = (z'(r),...,z"(r)), withp,q € U.
Fiz [a,b] C R, a < b and consider the curve-length functional:

b i j

1l = [ oty G604,
defined on the space S of (differentiable) curves 7y : [a,b] — U (U being identified to the open
set p(U) C R™) with y(a) = p, v(b) = q and everywhere nonvanishing tangent vector 7.
(a) If v0 € S is a stationary point of L, there is a differentiable bijection with inverse differen-
tiable, u : [0, L[vo]] — [a, b], such that you is a geodesic with respect to the Levi-Civita connection
connecting p to q.
(b) If v0 € S is a geodesic (connecting p to q), o is a stationary point of L.{

Proof. First of all, notice that the domain S of L is not empty (M is connected and thus path
connected by definition) and S belongs to the class of domains D used in theorem 5.2: now
Q=¢U)x (R"\ {0}). L itself is a specialization of the general functional F' and the associated
function F is C*° (indeed the function x — /2 is C*° in the domain R\ {0}).

(a) By theorem 5.2, if 9 € S is a stationary point of F', 7 satisfies in [a, b]:

da’ 1 99ij da’ da?

n dT‘ds d’r‘dS
R N

where x%(t) := 2(70(t)) and the metric g;,, is evaluated on o(t).
da” da*

Since 4o(t) # 0 and the metric is positive, g.s(70(t)) %G % # 0 in [a, b] and the function

s@:f¢awm§ﬁ%

takes values in [0, L]v]] and, by trivial application of the fundamental theorem of calculus, is
differentiable, injective with inverse differentiable. Let us indicate by u : [0, L[yo]] — [a,b] the
inverse function of s. By (5.6), the curve s — ~y(u(s)) satisfies the equations

d dxl} 19g;; dx® da?

@@@‘

Expanding the derivative we get

2zt Ogri dxt dad 1 0gij dx' dx? B

ds2 Ik + 0xi ds ds 20xF dt dt
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These equations can be re-written as

d2zt 1

ds2 7™ 2

0z ds ds Ozt ds ds  Oxk ds ds

Contracting with ¢"* these equations become

d?a" lg”“ {3!}/@ n dgik  Dgij| da’ da? _
ds? 2 Oxd  Oxi  OxFl ds ds ’

which can be re-written as the geodesic equations with respect to Levi-Civita’s connection:

&z’ T }d‘rldﬁ
ds? t s ds

=0.

(b) A curve from p to q, t — 7(t), can be re-parametrized by its length parameter: s = s(t),
s € [0, L[v]] where s(t) € [0,L(7o)] is the length of the curve 7y evaluated from p to v(t). In
that case it holds

and thus

x" dxt
o)) .

Then suppose that ¢ — () is a geodesic. Thus ¢ € [a, b] is an affine parameter. By the remark
(4) after definition 5.2, there are ¢,d € R with ¢ > 0 such that t = ¢s + d. As a consequence

2" d! z" da!
Vot L ot 4 6.7

and thus

x” dx!
oot et 1 5:5)

Cc

Following the proof of (a) by a reversed order one proves that

@H”'}dﬂdﬁ—
dt? Ol de de

implies ‘ o
d [, de'] 10gy dtd _
dat |Mar | T 207k dt dt

or, since ¢ > 0, ) - o
d dx’ 10g;j dx* dx?

G P | T2k @ ar
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Using the fact that ¢ is constant and (5.8), these equations are equivalent to Euler-Poisson
equations

dz? 199ij dat dad.
‘i{ Iki~gq -|_28:ck dt dt
dt [ dz" dzs J dz" dzs

9rs~ar ~dt 9rs~ar “dt

:07

and this concludes the proof by theorem 5.2. O
We can generalize the theorem to the case of a Lorentzian manifold.

Theorem 5.5. Let M be a Lorentzian manifold with metric locally denoted by g;;. Take
p,q € M such that there is a common local chart (U, $), ¢(r) = (z*(r),...,z"(r)), withp,q € U.
Fiz [a,b] C R, a < b and consider the timelike-curve-length functional:

Mm=f¢

defined on the space St of (differentiable) curves v : [a,b] — U (U being identified to the open
set p(U) C R™) with y(a) = p, v(b) = q and v is timelike, i.e. (Y|%) <0 everywhere.

Suppose that p and q are such that St # ().

(a) If yo € St is a stationary point of Ly, there is a differentiable bijection with inverse differen-
tiable, w : [0, LT[v0]] — [a,b], such that you is a timelike geodesic with respect to the Levi-Civita
connection connecting p to q.

(b) If vo € St is a timelike geodesic (connecting p to q), Yo is a stationary point of Lp.{

(1) i)

g5 (t) LD 426

Proof. The proof is the same of theorem 5.4 with the specification that St, if nonempty, is a
domain of the form D used in theorem 5.2. In particular the set  C R?” used in the definition
of D is now the open set:

{(z', ..., 2™ ol ) e R (2. 2™) € 9(U) (g¢_1(x1"“7xn))ijvivj < 0}
where g;; represent the metric in the coordinates associated with ¢. O

Theorem 5.6. Let M be a Lorentzian manifold with metric locally denoted by g;j. Take
p,q € M such that there is a common local chart (U, $), ¢(r) = (z*(r),...,z"(r)), with p,q € U.
Fiz [a,b] C R, a < b and consider the spacelike-curve-length functional:

b J}i xj
Lsb) = [ sty OO A00)

defined on the space Sg of (differentiable) curves v : [a,b] — U (U being identified to the open
set p(U) C R™) with y(a) = p, v(b) = q and v is spacelike, i.e. (§|¥) > 0 everywhere.
Suppose that p and q are such that Ss # (.
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(a) If o € Ss is a stationary point of Lg, there is a differentiable bijection with inverse dif-
ferentiable, u : [0, Lg[vo]] — [a,b], such that v o u is a spacelike geodesic with respect to the
Levi-Civita connection connecting p to q.

(b) If v0 € Sg is a spacelike geodesic (connecting p to q), Yo is a stationary point of Lg.{

Proof. Once again the proof is the same of theorem 5.4 with the specification that Sg, if
nonempty, is a domain of the form D used in theorem 5.2. In particular the set  C R?" used
in the definition of D is now the open set:

{(z', ...,z ol o) eR™ | (2. .. 2™) € o(U) (g¢71($1’m@n))ijvivj > 0}
where g;; represent the metric in the coordinates associated with ¢. O

Exercises 5.3.

1. Show that the sets © used in the proof of theorem 5.5. and theorem 5.6 are open in R?",
(Hint. Prove that, in both cases Q = f~1(FE) where f is some continuous function on some
appropriate space and E is some open set in that space.)

Remark 5.7.

(1) Working in T'M, the three theorems proved above can be generalized by dropping the
hypotheses of the existence of a common local chart (U, ¢) containing the differentiable curves.
(2) It is worth stressing that there is no guarantee for having a geodesic joining any pair of
points in a (pseudo) Riemannian manifold. For instance consider the Euclidean space E? (see
example 4.1.1), and take p,q € E? with p # q. As everybody knows there is exactly a geodesic
segment v joining p and ¢q. If r € v and r # p, r # g, the space M \ {r} is anyway a Riemannian
manifold globally flat. However, in M there is no geodesic segment joining p and q.

As a general result, it is possible to show that in a (pseudo) Riemannian manifold, if two points
are sufficiently close to each other there is at least one geodesic segments joining the points.
(3) It is worth stressing that there is no guarantee for having a unique geodesic connecting a
pair of points in a (pseudo) Riemannian manifold if one geodesic at least exists. For instance,
on a 2-sphere S* with the metric induced by E3, there are infinite many geodesic segments
connecting the north pole with the south pole.

(4) Tt is possible to show that, in Riemannian manifolds, geodesics locally minimize the curve-
length functional (“locally” means here that the endpoints are sufficiently close to each other).
Conversely, in Lorentzian manifolds, timelike geodesics (see example 5.1) locally maximize the
curve-length functional.
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Chapter 6

Some advanced geometric tools.

6.1 Exponential map and its applications in General Relativity.

We go to introduce an important tool, a special coordinate system about any point of a manifold
endowed with a connection, called exponential map. It allows one to identify locally the manifold
with the tangent space at p. Moreover it provides a coordinate system such that the connection
coefficients vanishes exactly at p whenever the connection is torsion-free. This fact is of central
relevance in general relativity since it entails a mathematically rigorous statement of Finstein’s
equivalence principle.

6.1.1 The exponential map and normal coordinates about a point.

Consider a differentiable manifold M equipped with a smooth affine connection V (however C?

would be enough for what follows). If (U, ¢) is a local chart on M with coordinates ', ..., 2",
consider the associated natural coordinate patch on TM with coordinates (x!,... 2" &, ... 7).
In other words, a tangent vector of T, M with U > p can be written as:

;0

il

The Cauchy problem associated with the geodesic equation, referred to V and wviewed as an
equation in T M, reads in coordinates:

di* . did dik
dt _F(‘T(t));kﬁﬁ )
dx’ o i=1,...n. 6.1
i = .’L‘Z(t), ( )
7%(0) = 33; (0) = :i’é ,
In particular (le,, ..., xy) are the coordinates of p € U, the starting point of the geodesic with
i 0

initial vector &, = ij,5:[,- Let us indicate the unique mazimal (in U) solution of (6.1) by
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v = v(p,vp, t), where p € U, v, € T,M and t belongs to some open interval I > 0 generally
depending on p and v,. In the following, we represent (p,v,) in terms of the corresponding
coordinates (x5, ...,z &', ...,2") € ¢(U) x R* C R" x R™.

As is well known from the general theory of differential equations, if one considers maximal
solutions varying the initial conditions p € U, v, € T, M, and taking ¢ in the corresponding
interval, the obtained domain €2 C R” x R” x R of v is open in R™” x R™ x R. As a consequence,
if we fix r € U, there is a set of the form V, x Bs(0) x (—¢,€) — with € > 0, Bs(0) being the open

ball in R™ with radius § > 0 centered in 0 and V;. C U being open neighborhood of r — such that

Vi x B5(0) x (—¢€,€) 3 (p, vp, t) = v(p, vp, t)

is well defined. Now (6.1) and the uniqueness theorem entail that, for every A > 0, if the
geodesic t — y(p, vy, t) is defined for t € (—¢, €), then the geodesic t — v(p, Avy, t) is defined for
t € (—e/\ €e/N), and

V(p; Avp, ) = ¥(p, vp, AL) - (6.2)

(Indeed the right-hand side, considered as a function of t € (—e/\, €/)), satisfies the geodesic
equation with tangent initial vector at p Avy,.) Therefore, we can fix A > 0 sufficiently small in
order to have ¢’ := €/X > 1. We conclude that, if (p,u,) € V; x By(0) with &' = A\J, the map:

Vi x Bs(0) > (p,up) = v(p, up, t)

is well-defined for t € (—€¢/,¢') D (—1,1). Therefore, the function

Vi x By (0) 3 (p, up) = eXPp(up) = (p, up, 1) (6.3)

is well defined. Notices that, standard theorems on regular dependence of solutions of differen-
tial equations from initial conditions entail that (p,u,) — exp,(u,) is smooth as well.

For each p € V., Bs/(0) can be identified with an open starshaped neighborhood of the origin®
of T,M.

Definition 6.1. Let M be a differentiable manifold equipped with a smooth affine connec-
tion.

(a) The map (6.3) defined on a sufficiently small open set £ C T'M, (represented in coordinates
by a product V. x By (0)) is called exponential map on E.

(b) If p € M, the restriction to the exponential map to {p} x Uy, Uy being a suitable starshaped
neighborhood of 0 of the origin of T),M, is called exponential map centered in p.

Remark 6.1. By construction (use (6.2) with ¢ = 1), the map

[0,1] = exp,(Auy) € M, (6.4)

! An open starshaped neighborhood of the origin 0 of a topological vector space V is an open neighborhood U
of 0 such that, if v € U, the segment joining 0 to v belongs to U too.
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is the unique geodesic segment starting from p, with initial tangent vector w, and with affine
parameter A € [0, 1].

We can now state the main result about the exponential map.

Theorem 6.1.  Let M be a differentiable manifold equipped with a smooth affine connection
V and consider the exponential map centered in a point p € M. The following facts hold.

(a) In a sufficiently small starshaped neighborhood Uy of the origin of T,M , the exponential map
defines a diffeomorphism onto the open set exp,(Up).

(b) If V is torsion free and {ep;}ti=1,..n C Tp,M is a basis, consider the local coordinate system
defined on exp,(Up) which associates q € exp,(Uy) with the components of exp;l(q) with respect
to that basis, i.e.:

q— ((exp;l(q),e;1>,-~- ,<exp;1(q),e;1>) )

In that coordinate patch the connection coefficients of V vanishes at p.
(c) If V is Levi-Civita connection associated with a smooth metric g on M, and {ep;}i=1,..n C
TyM is a basis, consider the local coordinate system defined on exp,(Up):

qr— ((expgl(q),e;’;l), e 7<eXp;1(Q)7€;1>) .

In that coordinate patch the derivative of the components of the metric with respect to the coor-
dinates, vanish at p. {

Proof. By (3) in theorem 3.1, to prove (a) it is sufficient showing that dexp, |, is non singular.
Fix a local coordinate system about p with coordinates 2!, ..., 2™ and denote with (exp,(v))’
the component z' of any exp,(v). Using the remark 6.1 one gets, where we do not use the
convention of summation over repeated indices:

g2

where e’;j is the k-th component of e,; with respect to the basis {9/9z"|,}i=1,... n. The matrix of
these R™ vectors is nonsingular since {e;}j—=1,.., is a basis too. The proof of (a) is concluded.
Due to remark 6.1, in coordinates 3!, ..., y" defined on exp,(Up) which associates ¢ € exp,(Up)
with the components of exp,, (q) with respect to the basis {epi}ti=1,...n, a geodesic starting from

k _ k
)\:07 (pa ejv)\) = €pj>

- 0
(exp (v]epj))k =

9
oI v=0

p with initial vector v’ep; has equation: y*(\) = Av’. Therefore % = 0. On the other hand it
must also hold:

Py’ dy? dy*
vl e (y( ))ﬁﬁ =
As a consequence, for every A[0, 1]:
i dy’ dy*
jk(y( ))aa =
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In particular, if A = 0:

I’;-k(p)vjvk =0, forallv/ eR.

If the connect10n is torsion-free, i.e. I'¢ ] = F};j, the identities above entail, using v* = u’ + 2* for
all u’, 2% € R, F;k( yulzF = 0 for all u!, 2 € R, and thus:

§'k(p) =0.

The proof of (c) is an immediate consequence (b) and of the identity Vg = 0, which, in coordi-

nates reads:
8gkz

oy

- Fskgsz + Fﬂgks .

|

Definition 6.2. Let M be a differentiable manifold equipped with a smooth affine connection
V and p € M. Consider a starshaped neighborhood of 0, Uy C T, M where exp,, defines a local
diffeomorphism. If {ey;}i=1,...n C TpM is a basis, the local coordinate system defined on exp,,(Up)
which associates ¢ € exp,(Up) with the components of exp,, 1(g) with respect to that basis, i.e.:

qr— (<€Xp;1(q), ;1>7"' 7<exp;1(Q)v ;1>)

is called (Riemannian) normal coordinate system centered in p.

6.1.2 Riemannian normal coordinates adapted to a differentiable curve.

Let us pass to consider a more complicated construction concerning normal coordinates about a
given differentiable curve. If M is a differentiable manifold endowed with a smooth Riemannian
or Lorentzian metric g, let a : (a,b) — M be a differentiable curve with &(t) # 0 for every
t € (a,b). In case g is Lorentzian, we assume that « is timelike, i.e. g(a(t),a(t)) < 0 for every
€ (a,b).

Take to € (a,b), and consider a basis for the subspace N, )a of T,,) normal to &(to),
{ea(to)i}¢:27,.,7n. Then transport that basis along a using the parallel transport procedure. Due
to proposition 5.3, the transported vectors define a basis {ea(t)i}izgv,_’n for the subspace Ny )«
of T,;yM normal to &(t). Finally consider the map:

R™ 3 (t, 0%, .. ) = eXPap) <ZU €q ) (6.5)

The geometric meaning of (6.5) should be clear: the map associates (¢,v?, ..., v™) with the point
in M reached by the geodesic starting from «(t) with initial vector "7 , viea(t)l-, when the affine
parameter of the geodesic takes the value 1.

Let us discuss on the definition domain of the map (6.5). Fix a local system of coordinates

xl,..., 2" in an open set U > a(tg). The function exp on TM is defined in sufficiently small

81



open neighborhoods £ C TM such that, in coordinates z!,...,z" 4! ... 4", has the form
V x Bs(0) € R™ x R™, where V' corresponds to an open neighborhood of a(tg) and Bs(0) is an
open ball with radius § > 0 centered in the origin of R™. In the considered coordinates (6.5)
reads

; (6.6)

2 n oY) ——
(t, 0% V") o exXP ), e <Zx ) P (wl(t),...,m"(t))>

where « is parametrized as 2* = 2 (t) and

it (0% ") :=Z;Ui<6<x1 ()i 8| @1 (1) 1)) -

Since all involved functions are continuous, it is simply proved that the right hand side of (6.6)
is well defined for (t,v2,...,v") € (tg — €,to +€) x D, D C R""! being some open ball centered
in the origin of R"~ 1.

Theorem 6.2. Let M be a differentiable manifold endowed with a smooth Riemannian or
Lorentzian metric g, and « : (a,b) — M a differentiable curve with &(t) # 0 for every t € (a,b)
and of time-like type if g is Lorentzian. Take tg € (a,b), consider a basis for the subspace No(to)
of Tate) mormal to &(to), {€a(ty)iti=2,...n and transport that basis along o to {eqy)iti=2,...n for
every t € (a,b). Finally, consider the map

(to —e,to+€) x D > (t,0%,... v ) = €XDPqy) <Zv Calt ) (6.7)

for some € > 0 and D C R™™! being some open ball centered in the origin of R"~1. The following
facts hold.

(a) Shrinking if necessary the set of definition, the map (6.7) define a local diffeomorphism.
(b) In the local coordinate patch about o associated with coordinates

(yhy?, .y = (R o),
the connection coefficients of Levi-Civita connection satisfy, fori=1,...,n,
o) =0, ifte(to—eto+e) and (§,k) # (0,0). (6.8)
(c) If a is a geodesic, in the local coordinate patch about o associated with coordinates
(yho?, .yt = (020",
the connection coefficients of Levi-Civita connection satisfy,

Lela(t) =0, ifte(to—eto+e) andijk=1,...,n. (6.9)
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Moreover, the derivatives of the metric coefficients with respect to the said coordinates, vanishes
along a fort € (to — €, to+¢€). &

Proof. Consider normal coordinates x!,... 2" centered in p = a(ty) associated to the basis

{a(to)} U{eat)iti=2,...n- In that case 0/0z'|, = é(to) and 9/0x"], = eqsy); for i = 2,...,n.
A straightforward computation proves that:

eXPq(t) (Z yzea(t)z)) =
a(to) ( i=2 ot

where the functions g* are smooth. Since expq(p) (0) = a(t), we conclude that:

n

(exPagy (0) + 3 wig (2, y™)

t=to i=2

9
oyl

9 - i ' 9 k k 0 k "
a1 o (eXpa(t) (Z;y €a(t)i>> = Bt a(t)+0=a"(to) = <(‘3y1 wo)) = F,
For j = 2,...,n, using remark 6.1 one achieves (below there is no summation over repeated
indices):
0

. K . .
(42,...y™)=(0,...,0) (eXpa(to) (yjea(to)j» = (€a(t0)j) = 5]"

oyl

n k a
€XPqu ylea i = a7
oto) < © (; © >> 9y’

Therefore the range of the map (6.7) is n in «(tp) and thus it defines a local diffeomorphism
about that point. This concludes the proof of (a). The proof of (b) follows, dealing with as in
the proof of the analogous statement in theorem 6.1, using the following facts. (i) The geodesics
starting from «(t) with initial tangent vector > o vi%| o(t) have equation y'()\) = t (constant!)
and 3/ (\) = M/ for j = 2,...,n, this implies that I‘fj(oz(t)) =0ifi,j =2,...,n. (ii) The vectors
0/0y’ with j = 2,... n satisfy the equation of parallel transport with respect to «, that is with
respect to 9/0y:

d )
207 + 015 (a(1)d; =0,

this entails F’fj(a(t)) = F?l(a(t)) =0forj=2,...,n.

The proof of (c¢) is consequence of the following further result. Since « is a geodesic, in coor-
dinates y',...,y", the curve v/ = 0if j = 2,...,n and y* = X is a geodesic. With the same
procedure as above, one find that T'¥; (a(t)) = 0. O

Definition 6.3. Let M be a differentiable manifold endowed with a smooth Riemannian or
Lorentzian metric g, and « : (a,b) — M a differentiable curve with &(t) # 0 for every ¢ € (a,b)
and of time-like type if g is Lorentzian. Take ¢y € (a,b). The coordinate system defined as in
(6.7) is called (Riemannian) normal coordinate system about, or adapted to, 7. {
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6.1.3 The equivalence principle in General Relativity.

As previously said (see the example 5.1), a spacetime is a (C*°) four-dimensional manifold M,
equipped with a smooth metric ® with Lorentzian signature (—, +, 4+, +). A nonsingular smooth
curve M > v = ~(t) with t € (a,b) is called spacelike, timelike or null (equivalently lightlike) if
the tangent vector ¥ satisfies, respectively, (]7) > 0, (%]¥) < 0 and (¥|¥) = 0. Causal curves are
those smooth curves which are piece-wisely timelike or null indifferently, these curves describes
the stories of physical objects (material points) evolving in the universe. Causal geodesics are
the stories of free-falling objects, i.e. experiencing the background gravitational force only. The
gravitational force is described by the Lorentzian metric ®.

Consider a free-falling observer .# represented by the (C*°) timelike geodesic v : (a,b) - M
We assume, as in general relativity, that the affine parameter ¢ coincides with the proper time
measured by a clock at rest with the observer. This is true provided the tangent vector
fulfills (4|%) = 1 (see the example 5.1, we are assuming that ¢ = 1, ¢ being the speed of the
light). Fix a point p = 7(tp) and consider a normal coordinate system (¢, z!, 2% x3) about
including p in its domain. The property FJ (v(t)) = 0 has an important phys1cal consequence, in
General Relativity, called equivalence principle. If the considered observer .# studies the stories
(timelike geodesics) a = «(t) of free-falling bodies leaving .# at some ¢; using the coordinates
(yhy?, 3,y = (t, 2%, 22, 23), he finds that they are represented as straight non-accelerated
motions for sufficiently small times about ¢;1. In other words, locally, the gravitational effect has
been canceled out by a suitable choice of the reference frame. Without lack of generality we may
assume t; = 0 as well as v(0) = (0,0,0,0) in the used coordinates. The equations for « have
the form

d2yi ) dyj dyk

N2 OGN
where A is any affine parameter for the geodesic a. We arrange A such that A = 0 individuates
the event v(0), where v departs from ~y. Taylor expansion about A = 0 yields:

ih,J k=1,2,3,4,

dy A2 d2yi

|)\ 0o+ &+ 9 d)\2| :0+>\20j(>\)7

y'(A) =

where O7(\) — 0 as A — 0. However, in the considered coordinates, in view of (c) in Theorem
6.2, we have I';; ((0)) = 0, so that:

N U AN S )
and thus
y'(\) = Adih 0+ X207 (N) . (6.10)
In particular, for the first coordinate y' = ¢, we find
t(\) = Aj—ihzo + 220 (). (6.11)
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Since the geodesics a and v are both timelike, it must be

dt
ﬁ\xzo #0

(we leave the proof of the reader as an exercise). This fact implies that, about ¢t = 0, we can use
t as a parameter for the smooth curve . The spatial components of (6.10) read

dr®

(N = A=

=0 + A20%(\), a=1,2,3. (6.12)
The velocity of a respect to v for ¢t = 0 has components

L x=0
o - —
- dt ) o = 17 27 3 9
=0
so that, inserting it in (6.12) and taking (6.11) into account, we find with trivial manipulations,
zY(t) = tv® + t20%(t), a=1,2,3. (6.13)

where O (t) — 0 as t — 0. We have fount that, up to terms of third order in ¢, the motion of
« is given by a constant-speed motion, so that the acceleration due to the gravitational field,
has been suppressed by an appropriate choice of the coordinate. Actually, the way followed by
FEinstein was just the opposite: He first noticed the possibility to cancel out the effect of the
gravitational field locally by an appropriate choice of the reference frame as a consequence of
the fact that, in an assigned gravitational field, the Newtonian equations for the motion of test
bodies do not depend on the masses of the test bodies?. This fact, and relying on the structure
of special theory of relativity, lead him to postulate that the spacetime is a Lorentzian manifold
where the Lorentzian metric accounts for the gravitational field and the stories of free falling
bodies are (causal) geodesics.

6.2 Fermi’s transport in Lorentzian manifolds.

Consider a differentiable curve v : (a,b) — M, M being a spacetime as in the previous sub-
section. We further assume that the curve is timelike, i.e., (7(¢)|7(t)) < O everywhere along
the curve. We finally assume that ¢ denotes the length parameter and thus (y(¢)|y(¢t)) = —1.
t is the proper time associated with the particle which admits v as its worldline (see example
5.1). It is possible to define a smooth vector field along the curve itself, i.e., the restriction
(a,b) 2t = V) € TyyyM of a a differentiable vector field defined in a neighborhood of +. For
the moment we also suppose that V) € X, () denoting the subspace of T, ) (M) made
of the vectors u with (u|¥(t)) = 0. From a physical point of view, in the Lorentzian case, V)
is a vector in the rest space X, at time ¢ (see example 5.1) of the observer associated with the
world line «. For instance V' could be the spin of a particle whose world line is ~y itself.

2This is equivalent to say that the gravitational mass and the inertial mass coincide.
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We want to formalize the idea of vectors V' which do not rotate in 3, ;) during their evolution
along the worldline preserving metrical properties.

As T4y M is orthogonally decomposed as L(§(t)) ® X, the only possible infinitesimal defor-
mations of V,;) during an infinitesimal interval of time ¢ must take place in the linear space
spanned by 5. If V, ;) does not satisty V, ) € 3, (), a direct generalization of the said condition
is that the orthogonal projection of V. onto 3, does not rotate in the sense said above:
its infinitesimal evolution involves deformations along + only. The second condition about the
preservation of metrical structures means that (V,|V,)) is preserved in the evolution along
~. Notice that 4 naturally satisfies both requirements.

The non-rotating and metric preserving conditions can be generalized to set of vectors {V(ah(t) Yaca:
the annotating condition is formulated exactly as above for each vector separately, while the
metric preserving property means that the scalar products (V(q), ) |(Vip)yx)), With a,b € A, are
preserved during evolution along the line for t € (a, b).

In formulae, interpreting Vs, as said in 3.4, if V' is any differentiable contravariant vector field
defined in an open neighborhood of v((a, b)) and V(t) := V(v(t)), the non rotation constraint
reads:

Vi V(E) + (VO13(2) ¥(B)] = alt)3(2) , (6.14)

for some suitable function «.

Remark 6.2.
(1)' V(t) + (V(t)[5(t))7(t) is the orthogonal projection of V' onto ¥.). Indeed as T,yM =
L((1)) ® Zye)s
V(t) = c(t)3(t) + X (1),
1

where X(t) € ¥, is the wanted projection. Since ¥y = L(¥(t)),

(V(#),3(2)) = c®)(y(O)7(1)) = —c(?)

and thus
X () =V(t)+ (VO (0)¥(t) -

(2) We have interpreted the infinitesimal deformations of a vector U(t) during an infinitesimal
interval of time dt = h as dU = V4 ;Udt making explicit use of the Levi-Civita connection. As
explained in 3.5, up to an infinitesimal function of order h?, hV 41U is the difference of vectors
in T*y(t)Ma

Pot (V). At + W)U (Y(t + 1)) = U (v(t)

where « is a geodesic from y(¢) to y(t+h) (which in general is different from «) and Py (a(u), a(v)) :
Tou) = Tav) 1s the isometric vector-space isomorphism induced by Levi-Civita’s connection by

means of parallel transport along « (see the remark (3) after proposition 5.3.) The existence of

the geodesic « is assured if h is sufficiently small (see the remark (5) after proposition 5.3).

86



It is possible to get a mathematical formulation of the non-rotating condition more precise than
(6.14). Expanding (6.14) we get

ViV () + (Vs VO)(6)5(@) + (VO Vi 7)) 7(#) + (V) 17(2) Vi3 (E) = alt)¥(t) (6.15)

Taking the scalar product with #(¢) and using (¥(¢)|5(t)) = —1 we obtain

(Vs VOI3(@) = (Vi VO (1) = (V(O)IVs0)¥(1) = —alt) (6.16)
and thus
(V(OIV50)7(t) = alt) .
That identity used in the right-hand side of (6.14) produces the more precise equation
Vi V() + (VO (#) 4] = (VO V50 7)) 3 (1) - (6.17)
Equivalently:

ViV (t) + Vi (VL) ()] = (V(OIV40) 7)) 7(t) = 0,

or

Vi V(E) + (VOO Va3 () + (Vi VO1(E)5(t) = 0. (6.18)

This identity, which is the mathematical formulation of the non-rotating property, can be re-
written in a more suitable form which allows one to use the metric preserving property:

Vi V(E) + (VO () Vs y(t) = (VO)IVs0) 7 (#)¥(t) + %(V(t)l’y(t)) Y(t)=0. (6.19)

Both 4 and V satisfy the metric preserving property and thus it also holds

L wmm) =0 (6.20)

As a consequence (6.19) reduces to

Vi)V () + (VO () Vi@ y(t) = (V)IVs0) () ¥(t) = 0. (6.21)

We have found that if V satisfies both the non-rotating condition and the metric preserving
condition, it satisfies (6.21). However if vectors satisfy (6.21) their scalar products along ~ are
preserved as shown below, moreover * itself satisfies (6.21) and thus (6.20) holds true. We
conclude that (6.21) implies both (6.19), which states the non-rotating property, and the metric
preserving property. (6.21) is the wanted equation.

Definition 6.4. (Fermi’s Transport of a vector along a curve.) Let M be a Lorentzian
manifold and v : [a,b] — M a timelike (i.e. (¥(¢)|5(t) < 0 for all ¢ € [a, b]) differentiable curve
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where ¢ is the length parameter (i.e., the proper time). A differentiable vector field V' defined
in a neighborhood of v([a, b]) is said to be Fermi transported along -~ if

Vi V(v (0) + (V(y@O) () Vi) ¥(#) = (V) Vs@)¥(8)¥(t) = 0

for all ¢t € [a,b]. &

Proposition 6.1. The notion of Fermi transport along a curve 7y : [a,b] — M defined in
definition 6.4 enjoys the following properties.
(1) It is metric preserving, i.e, if t — V(y(t) and t — V'(y(t) are Fermi transported along
s

t= (V(y@)IV'(2(1)))
is constant in [a,b].
(2) t — 5(t) is Fermi transported along ~y.
(3) If v is a geodesic with respect to Levi-Civita’s connection, the notions of parallel transport
and Fermi transport along v coincide.<$

Proof. (1) Using the fact that the connection is metric one has:

%(V(V(t))!‘/’(v(t))) = (VsVOy @IV (1)) + (V(y 0V V' (v(1))) - (6.22)

Making use of the equation of Fermi’s transport,

ViU (1)) = =(U )Y Vs y(#) + (U @) Vs ()7 (t)

for both V and V' in place of U, the terms in the right-hand side of (6.22) cancel out each other.
The proof of (2) is direct by noticing that

(@O (@) = -1

and
BOIVH0) = 3 S EO1W) = —3 T1=0.

The proof of (3) is trivial noticing that if v is a geodesic V;;)¥(t) = 0 and (6.22) reduces to the
equation of the parallel transport

ViU(y(t) =0.
O

Remark 6.3.
(1) If v : [a,b] — M is fixed, the Fermi’s transport condition

ViV (y(0) = (VY E)IV4 @) 7 () — (Vv () 7(8) Vi) ¥ (2)
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can be used as a differential equation. Expanding both sides in local coordinates (x!,...,z") one
finds a first-order differential equation for the components of V' referred to the bases of elements
a%kh(t)' As the equation is in normal form and linear, the initial vector V' (y(a)) determines V'
uniquely along the whole curve (see the analog comment for the case of the parallel transport).
In a certain sense, one may view the solution ¢ — V(¢) as the “transport” and “evolution” of
the initial condition V' (y(a)) along = itself.
The global existence and uniqueness theorem has an important consequence. If 7 : [a,b] — M is
fixed and u, v € [a, b] with u # v, the notion of parallel transport along v produces an vector space
isomorphism F [y(u), y(v)] : Tyw) — Ty Which associates V' € T, (,) with that vector in T’
which is obtained by Fermi’s transporting V' in T,(,). Notice that I, [y(u),v(v)] also preserves
the scalar product by property (1) of proposition 6.1, i.e., it is an isometric isomorphism.
(2) The equation of Fermi transport of a vector X in a n-dimensional Lorentz manifold M can
be re-written

VX (1) = (XQWIABIV(E) — (XAO)VE)AW) |
where we have introduced the n-velocity V' (¢) := (t) and the n-acceleration A(t) := V()
of a worldline v parametrized by the proper time t. These vectors have a deep physical meaning
if n =4 (i.e., M ia a spacetime). Notice that (A(¢)|V(¢)) = 0 for all ¢ and thus if A # 0, it turns
out to be spacelike because V is timelike by definition.
(3) The non-rotating property of Fermi transport can be viewed from another point of view.
Consider the proper Lorentz group SO(1,3) represented by real 4 x 4 matrices A : R* — R*
A= [A;], i,j =0,1,2,3. Here the coordinate z° represents the time coordinate and the remaining
three coordinates are the space coordinates. It is known that every A € SO(1,3) can uniquely

be decomposed as
A=QP,

where Q, P € SO(1,3) are respectively a rotation of SO(3) of the spatial coordinates which
does not affect the time coordinate, and a pure Lorentz transformation. In this sense every pure
Lorentz transformation does not contains rotations and represents the coordinate transformation
between a pair of pseudo-orthonormal reference frames (in Minkowski spacetime) which do not
involve rotations in their reciprocal position.

Every pure Lorentz transformation can uniquely be represented as

P = 62?21 AZKZ s

where (A1, A2, A3) € R? and K1, Ko, K3 are matrices in the Lie algebra of SO(1,3), so(1,3),
called boosts. The elements of the boosts K, = [K (a);] are

=0, and K(a);, =0 in all remaining cases.

We have the expansion in the metric topology of R0

00 n 3 n
P = ehZ?=1 Al Z % <Z AZK1> ,

n=0
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and thus \
P=1+ hZAsz + hO(h) ,
i=1
where O(h) — 0 as h — 0. The matrices of the form

3

i=1
with h € R and (Aj, Az, A3) € R3 (notice that h can be reabsorbed in the coefficients A;) are
called infinitesimal pure Lorentz transformations.
Then consider a differentiable timelike curve v : [0, €) — M starting from p in a four dimensional
Lorentzian manifold M and fix a pseudo-orthonormal basis in T, M, ey, e1, €2, e3 with e; = 4(0).
We are assuming that the parameter ¢ of the curve is the proper time. Consider the evolutions of
ei, t — e;(t), obtained by using Fermi’s transport along v. We want to investigate the following
issue.
What is the Lorentz transformation which relates the basis {e;(t)}i=o,.. 3 with the basis of Fermi
transported elements {e;(t + h)}i—o,. 3 in the limit h — 0%
In fact, we want to show that the considered transformation is an infinitesimal pure Lorentz
transformation and, in this sense, it does not involves rotations.
To compare the basis {e;(t)}i=o,. 3 with the basis {e;(t + h)}i=o,. 3 we have to transport,
by means of parallel transport, the latter basis in (¢). In other words we want to find the
Lorentz transformation between {e;(t)}io,. 3 and {P;1[y(¢),v(t + h)]ei(t + k) }izo....3, @ being
the geodesic joining v(¢) and (¢ + h) for h small sufficiently. We define

ei(t+h) = T;l[v(t), ~v(t+ h)le;(t +h) .

By the discussion in 3.5 we have
ej(t+ h) — ei(t) = hVspei(t) + hO(h) .
Using the equation of Fermi transport we get
ei(t +h) —ei(t) = h(ei(t)|At))eo(t) — hlei(t)]eo(t)) A(t) + hO(h) , (6.23)

where A(t) = Vi 4)¥(t) is the 4-acceleration of the worldline v itself and O(h) — 0 as h — 0.
|

Notice that (A(t)|eg(t)) = 0 by the remark (2) above and thus
A(t) =D Ai(t)ei(t) (6.24)
i=1

for some triple of functions A, Ag, As. If ng, = diag(—1,1,1,1) and taking (6.24) and the pseudo
orthonormality of the basis {e;(t)}i=o,... 3 into account, (6.23) can be re-written

ei(t +h) = ei(t) + h(Ai(t)eo(t) — moA(t)) + hO(h) . (6.25)
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If we expand €](t + h) in components refereed to the basis {e;(t)}i=0,.. 3, (6.25) becomes
(€} (t+ h))? = 67 + h(As(£)5(t) — nioA;(t)) + hO () (6.26)
where one should remind that Ag = 0. As (e;(t))’ = 5{ , (6.26) can be re-written
3
e;(t+h)=1+h (Z AjKj) ei(t) + hO(h) . (6.27)
j=1

We have found that the infinitesimal transformation which connect the two bases is, in fact,
an infinitesimal pure Lorentz transformation. Notice that this transformation depends on the
4-acceleration A and reduces to the identity (except for terms hO(h)) if A =0, i.e., if the curve
is a timelike geodesic.
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Chapter 7

Curvature.

We remind the reader that a (pseudo) Riemannian manifold is called locally flat (see definition
4.2), if it admits an atlas made of local canonical charts (U, ), that is the coeffients g;;(p),
representing the metric, are constant when varying p € U and assume the canonical diagonal
values £4;; with sign determined by the segnature of the metric. In general the mentioned atlas
does not contain global canonical chartes, so that the manifold is not globally flat. This is the
case, for instance of a 2-dimensional cylinder C' C R3, 22 4+ y? = 1, equipped with the metric h
induced by the standared metric of R?: (C, h) is locally flat but not globally flat.

Let M be a Riemannian manifold which is locally flat. As the metric tensor is constant in
canonical coordinates defined in a neighborhood U of any x € M, the Levi-Civita connection is
represented by trivial connection coefficients in those coordinates: I‘fj = 0. As a consequence,
in those coordinates it holds

9*zZk 0*zZ*

NZh=—2 = 2 —v.v,ZF
ViV 0zioxi  Oxidxt ViV ’

for every differentiable vector field Z defined in U. In other words, the covariant derivatives
commute on differentiable vector fields defined on U:

ViV, ZF =v;v,ZF

Notice that, by the intrinsic nature of covariant derivatives, that identity holds in any coordinate
system in the neighborhood U of p € M, not only in those coordinates where the connection coef-
ficients vanish. Since p is arbitrary, we have proved that the local flatness of (M, ®) implies local
commutativity of (Levi-Civita) covariant derivatives on vector fields on M. This fact completely
characterizes locally flat (pseudo) Riemannian manifolds because the converse proposition holds
true too as we prove at the end of this chapter. Therefore a (pseudo) Riemannian manifold can
be considered “curved” whenever local commutativity of (Levi-Civita) covariant derivatives fails
to be satisfied. Departing from (pseudo) Riemannian manifolds, investigation about commuta-
tivity of covariant derivatives naturally leads to a very important tensor R, called the curvature
tensor (field). Commutativity of the covariant derivatives in M turns out to be equivalent to
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R =0in M. Actually, coming back to manifolds equipped with Levi-Civita’s connection, it is
possible to prove a stronger result, i.e., the condition R = 0 locally is equivalent to the local
flatness of the manifold. The next sections are devoted to these topics and straightforward
extensions to cases of non metric connections.

7.1 Curvature tensor and Riemann’s curvature tensor.

To introduce (Riemann’s) curvature tensor let us consider the commutativity property of co-
variant derivative once again.

Lemma 7.1. Let M be a differentiable manifold equipped with a torsion-free affine connection
V (e.g. Levi-Civita’s connection with respect to some metric on M ).
Covariant derivatives of contravariant vector fields commute in M, i.e.,

VA VAR VAV (7.1)

in every local coordinate system, for all differentiable contravariant vector fields Z and all coor-
dinate indices i, j, k, if and only if

VxVyZ —VyVxZ -V ixy)Z =0, (7.2)
for all differentiable vector fields X,Y, Z in M.
Proof. If XY are differentiable vector fields (7.1) entails
XYIV,V, 78 = X'YIV,;V, 2%
which can be re-written,
QA ZAIVARS QA CIIVAESS EAVID QYA CIAVP GV

or

X'VYIv;zF - YIV; X'V, ZF — (XY (V,Y))\V; 25 - YV, X)WV, ZF) =0,
and finally
X'V, YIv;Z8 — VIV, X'V, 28 — (X(VY9) - YV X))V 28 =0,
Using proposition 5.1, the above identity can be re-written in the implicit form
VxVyZ—VyVxZ-VixyZ=0.

(7.2) is equivalent to (7.1) because the latter 1rnphes the former as shown and the former implies
the latter under the specialization X = axl and Y = 5. Notice that [ ] =0.

Ot 9z
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Proposition 7.1.  Let M be a differentiable manifold equipped with an affine connection V
(not necessarily tosion free).

(a) There is a (unique) differentiable tensor field R such that, for every p € M the tensor R,
belongs to TyM @ TyM @ TyM @ T,M and

Rp(Xp,Yp. Zy) = (VyVxZ = VxVyZ +Vixy)Z) - (7.3)
(b) In local coordinates,
ort,  ort
I _ ik k r 1l r i

Ry = I Gacji + il — Tl (7.4)
where 9 5 5

(Rp)iji ' = <Rp(@\p, @’pa @\p),d%@ :
o

Proof. By direct inspection one finds that, if R;j l'is defined as in the right-hand side of (7.4),
and (R(X,Y, Z)), is defined as in the right-hand side of (7.3), then:

(R(X,Y,2Z))}, = Riji ' XY Zy ,

because, in particular, all derivatives of the fields X,Y, Z cancels each other. Such an identity
proves, in particular, that the mapping which associates triples of differentiable contravariant
vector fields on M, X,Y, Z, to the contravariant vector

(VxVyZ = VyVxZ = Vixy1Z)p

depends only on the values attained at p by X, Y, Z. Since the map is multi R-linear, it defines
a tensor in R, € TyM @ TyM @ Ty M @ T,M. By construction the components of R, are given
in (7.4) and (7.3) holds true. Finally, by construction, R, is differentiable when varying p. O

Remark 7.1. Notice that, in the hypotheses, we have not assumed that the connection is
Levi-Civita’s one nor that it is torsion free.

Definition 7.1.  (Curvature tensor and Riemann’s curvature tensor.) The differen-
tiable tensor field R associated to the affine connection V on a differentiable manifold M as
indicated in proposition 7.1 is called curvature tensor (field) associated with V. If V is
Lewvi-Civita’s connection obtained by a metric ®, R is called Riemann’s curvature tensor
(field) associated with .

From now on we adopt the following usual notations: R(X,Y,Z) indicates the vector field
which coincides with R,(X,,Y),, Z,) at every point p € M. Moreover R(X,Y)Z := R(X,Y, Z),
in other words R(X,Y) denotes the differential operator acting on differentiable contravariant
vector fields

R(X,Y):=VyVx —VxVy + V[Xy] .
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7.1.1 Flatness and curvature tensor.

To conclude we state a general proposition concerning, in particular, the interplay between
flatness and curvature tensor. This statement will be completed later into a more general
proposition.

Proposition 7.2. Let M be a differentiable manifold equipped with a torsion-free affine
connection V. The following facts are equivalent.
(a) Covariant derivatives of differentiable tensor fields = commute i.e.,

—=A —A
Viv,;E4 = v, v,E4,

in every local coordinate frame;

(b) covariant derivatives of differentiable contravariant vector fields X commute;

(c) covariant derivatives of differentiable covariant vector fields w commute;

(d) the curvature tensor associated with ¥V vanishes everywhere in M, i.e., R=0 in M.
Moreover, if for every point p € M there is a local chart (U,1) with p € U and such that the

connection coefficients of V associated with (U, 1)) vanish in U the following pair of facts hold;

(e) the curvature tensor vanishes everywhere in M ;

(f) the covariant derivatives of differentiable tensor fields commute.

In particular, if (M, ®) is (pseudo) Riemannian and ¥V is Levi-Civita’s connection, whenerver

(M, ®) is locally flat the following pair of facts hold;

(e)’ Riemann’s curvature tensor vanishes everywhere in M ;

(£)’ Lewi-Civita’s covariant derivatives of differentiable tensor fields commute.$

Proof. It is clear that (a) implies (b) and (c) and, together (b) and (c) imply (a) by linearity
and property (6) of covariant derivatives (see below proposition 5.2). Finally (b) can be shown
to be equivalent to (c¢) by direct use of properties (5) and (7) .

Let us prove the equivalence of (b) and (d). lemma 5.1 proves that V;V;Z*¥ = V;V,;Z* for
all Z is equivalent to VxVyZ — VyVxZ — V(xy)Z = 0 for all X,Y,Z. In other words
V:V;Z k= V;V.Z k for all Z is equivalent to the fact that the multi-linear mapping associated
to R at each point of M vanishes (notice that lemma 2.5 must be used to achieve such a con-
clusion). This is equivalent to R =0 in M.

The last statement is a straightforward consequence of (7.4): in the coordinates of the chart
(U, ) all the coefficients R;kl must vanish, but since they define a tensor, they vanish in every
coordinate system, i.e., R = 0 in M. As a consequence covariant derivatives of differentiable
tensor fields X commute because of the equivalence of (d) and (b).

In the case of the Levi-Civita connection notice that local flatness implies that for each p € M
there is a coordinate patch defined about p where the coefficients of the metric are constant
and thus Levi-Civita connection coefficients vanish and one reduces to the previously considered
case. O
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Exercises 7.1.

1. Prove that
Viijk — Vjviwk = Rijk lwl .

2. Prove that, in the general case, Ricci’s identity holds:

P P
A vA= 2R R v vl 5 R o Gumtieestilp L Seilp .
AZE j1dg — Vi ViB Jide = Z Rijs "= jidg T Z Rij;, °B J1-8dg *

u=1 u=1

7.2 Properties of curvature tensor. Bianchi’s identity.

The curvature tensor enjoys a set of useful properties which we go to summarize in the propo-
sition below. In the (pseudo) Riemannian case, these properties are very crucial in physics
because they play a central role in relativistic theories as we specify below.

Proposition 7.3.  The curvature tensor associated with an affine connection V on a differen-
tiable manifold M enjoys the following properties where X,Y,Z, W are arbitrary differentiable
contravariant vector fields on M.

(1)
R(X,Y)Z = —R(Y,X)Z or equivalently Rijx'=—Rjix';

(2) If V is torsion free,
R(X,Y,Z)+ R(Y,Z,X)+ R(Z,X,Y) =0 or equivalently ~Rijr' + Rjpi' + Rypij ' = 0;
(3) if V is metric [i.e.V® = 0 where locally ® = g;;dx’ ® da’ is a (pseudo)metric on M],
(R(X,Y)Z|W) =—(Z|R(X,Y)W)  or equivalently Riju = —Rijik

where Rijk = Rijk "gri ;
(4) if V is Levi-Civita’s connection, Bianchi’s identity holds

VyR(Z,W)+VzRW,Y)+VwR(Y,Z) =0 or equivalently ViR;jp*+ViRjip® +V Ry = 0.
(5) if V is Levi-Clivita’s connection,
Rijri = Ryyj -

&

Proof. (1) is an immediate consequence of the definition of the curvature tensor given in propo-
sition 7.1.
To prove (2) we start from the identity,
1
V[Z-ijk] = g (Viijk + Vijwi + Vkviwj' — VjViwk — Vivkwj — Vk;v]'w@') =0
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which can be checked by direct inspection and using I';,, = I'f . Then one directly finds by (7.4),
ViVjwr — ViViwr = Rk L (see Exercise 7.1.1) and thus ViiVjiwg — V[jViwy = Ry L.
And thus Ry lw; = 0. Since w is arbitrary Ry ! = 0 holds. Using (1), it immediately leads
to Rijr '+ Rjri ' 4+ Rpij L = 0, i.e. (2).

(3) is nothing but the specialization of the identity (see Exercise 7.1.2)

p p
R v R T vl v Rl 7 . Gurmileeseip L STirip .
ViV;E jidg — Vi ViZ J1-dg = Z Rijs ™= Jidg T Z Rij;, "2 J1-s+-q

u=1 u=1

to the case = = ® and using V,g;,;, = 0.
(4) can be proved as follows. Start from

X g — X ji = Rigp “XP
and take another covariant derivative obtaining
X gk — X ik — Rijp “ X, = Rijp 5 X7
Permuting indices ijk and summing the results one gets
(X i — X jiw — Rijp “X5) + (X jwi — X ity — Ry “XT)
+ (XY ki — X kji — Riap “X5)
= Rijp “ 5 XP + Rjkp “,i X + Ryip “,; XP .
Using Ricci’s identity (Exercise 7.1.2) and property (2) in the component form, one gets
X"; (Rijk Py Rj]ﬂ' by Rkij p) =0
for every vector field X. Since that field is arbitrary one has
X (Riji” + Rji P + Ry ') = 0.
As a consequence it also holds
Rijp G XP+ Rjkp 4 XP+ Ryip a,j XP=0.

Since X is arbitrary, we get Bianchi’s identity (4). Contracting the inidice with thoe os the
vector fields Y7, Z7, W* one gets also

VyR(Z,W)+VzRW,Y)+ ViwR(Y,Z) =0.

Property (5) is a immediate consequence of (1)(2) and (3).0
Exercises 7.2.
1. Prove that, at every point p € M, R;ji has n?(n? — 1)/12 independent components,

R;ji; being Riemann’s tensor of a (pseudo) Riemannian manifold with dimension n. (Hint. Use
properties (1) and (2) and (3) above.)
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7.3 Ricci’s tensor and Einstein’s tensor.

In a (pseudo) Riemannian manifold and referring to the Levi-Civita (metric torsion-free) con-
nection, there are several tensors which are obtained from Riemann tensor and they turn out
to be useful in physics. By properties (1) and (3) the contraction of Riemann tensor over its
first two or last two indices vanishes. Conversely, the contraction over the second and fourth
(or equivalently, the first and the third) indices gives rise to a nontrivial tensor called Ricci’s
tensor:

Ricij = Rij = Rik:j k = Rki k g+

By property (5) above one has the symmetry of Ric:
Ricij = Ricj; .

The contraction of Ric produces the so-called curvature scalar
S:=R:=R}.

Another relevant tensor is the so-called Einstein’s tensor which plays a crucial role in General
Relativity,

) 1
Gz‘j = RZCij - igijS .

Einstein’s tensor satisfies the equations
Gij, "=0

Let us prove those identities. Starting from Bianchi’s identity

ViRijp “ + ViRjip “ + ViRpp “ =0
and contracting k£ and a one gets

ViRijp ¥ + ViRjip ¥ + VR ¥ = 0.
This identity can be rewritten as:

ViRijp " + ViRj, — ViR =0,
contracting over ¢ and p (after having raised the index p) it arises
ViR; " +VR;"—~V,R=0.

Multiplying by 1/2 and changing the name of k:

1 | AP
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Those are the equations written above, since they can be rearranged into:

. 1
v* <R’icij + igijS) =0.

Remark 7.2. The very celebrated Einstein’s equations read
Gz‘j = kTij .

Above k > 0 is a constant and T is the so-called stress-energy tensor (field). That symmetric
tensor field represents, in General Relativity, the mass-energy-momentum content of the material
objects responsible for the gravity. Notice that the equations above hold at each point of the
spacetime (a Lorentzian manifold). 7" satisfies another equations of the form

T, 7 =0.

From a pure mathematical point of view, that identity must hold as a consequence of Ein-
stein’s equations and Ricci’s identity. In the next section we prove that the local flatness of a
(pseudo)Riemannian manifold, M, is equivalent to the fact that Riemann’s tensor field vanishes
everywhere in M. In General Relativity, the presence of gravity is mathematically defined as the
non-flatness of the manifold (the spacetime). Equations of Einstein locally relate the tensor field
G, instead of Riemann’s one, with the content of matter in the spacetime. As a consequence
the absence of matter does not imply that the Riemann tensor vanishes and the manifold is flat,
i.e., there is no gravity. This fact is obvious from a physical point of view: gravity is present
away from physical bodies because gravity propagates. However a flat spacetime must not have
matter content because R;jj ! = 0 implies Gij = 0.

7.3.1 Weyl’s tensor.

As we said above, in a (pseudo)Riemannian manifold M, Ricci’s tensor and the curvature scalar
are the only nonvanishing tensors which can be obtained from Riemann tensor using contractions.
If dimM =: n > 3, using Ric and S it is possible to built up a tensor field of order 4 which
satisfies properties (1),(2) and (3) in proposition 7.3 and produces the same tensors as Riju
under contractions. That tensor is

2

pRicy; — gjpRicy; — mSQi[kQZ]j :

2
Dijii = 5 dil
Above [ab] indicates anti-symmetrization with respect to a and b. As a consequence

Cijri = Rijri — Dijrl

satisfies properties (1), (2) and (3) too and every contraction with respect to a pair of indices
vanishes. The tensor C, defined in (pseudo) Riemannian manifolds, is called Weyl’s tensor or
conformal tensor. It behaves in a very simple manner under con formal transformations.
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7.4 Flatness and Riemann’s curvature tensor: the whole story.

In this section we establish a fundamental theorem concerning the whole interplay between Rie-
mann curvature tensor and local flatness of a (pseudo)Riemannian manifold. By proposition
7.2, we know that the Riemann tensor must vanish whenever the manifold is (locally) flat. We
aim to show that also the converse proposition holds true. In fact, Riemann’s curvature tensor
vanishes everywhere in a (pseudo)Riemannian manifold M if and only if M is locally flat.
Actually we shall prove a more general proposition concerning torsion-free connection also dif-
ferent from Levi-Civita ones: In the general case of a torsion-free affine connection, the absence
of curvature is equivalent to the existence, in a neighborhood of every point of the manifold, of
a coordinate patch where the coefficient of the connection vanish.

Remark 7.3.

In the Levi-Civita case, this result has a remarkable consequence in physics since R = 0 if and
only if there is no “geodesic deviation”, i.e., there is no gravity in a spacetime. By this way one
is allowed to physically identify gravity with Riemannian curvature.

7.4.1 Frobenius’ theorem.

A lemma is necessary. That lemma is nothing but an elementary form of well-known Frobe-
nius’ theorem. Its proof can be found in any textbook of first order partial differential equations.

Lemma 7.2.  Let U C R" an open set and let Fy; : U x R™ — R be a set of C* mapping,

i=1,...,n, 5=1,...,m. Consider the following system of differential equations

0X;

W? =Fj(2',. 2™ X1, X)) (7.5)
where X; = X (x!,...2") are real-valued C*° functions. For every point p € U and every set of
initial conditions X;(p) = Xj(0y, j = 1,...,m, a C* solution {X;}j=1..m exists in a neighbor-
hood of p and it is unique therein if, for all j = 1,...,m the following Frobenius’conditions
hold.

8Fij(.%'1,...$n,Y1,...Ym) J 8Fij(:cl,...x”,Y1,...Ym) 1
5ok +Z:1 v F(z, ... 2™ Y1, ... V)
OF(zh, ... 2" Y1,... ) s 0F(zh, . 2" Y1, ... Yy .
— o +; Sy Fy(z', ... 2™ Y1,... Yy)
on U x R™.
Remark 7.4.

(1) Frobenius’ conditions are nothing but the statement of Schwarz’ theorem referred to the
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solution {Xj}jzl,m’m,
’*X;  9*X;
oxidxk — Oxkoxi’
written in terms of the functions Fj;, making use of the differential equation (7.5) itself.
(2) Actually the theorem could be proved with a weaker requirement about the smoothness of
the involved functions (if each F}; is C? the thesis holds true anyway and the fields X; are C3).

7.4.2 The crucial theorem.

We can state and prove the crucial theorem.

Theorem 7.1.  Let M be a manifold equipped with a torsion free smooth affine connection V.
The following facts are equivalent.

(a) Every point p € M there is a local chart (U,v) with p € U such that the connection coeffi-
cients of V referred to (U, 1) vanish everywhere in U;

(b) Curvature tensor vanishes everywhere in M ;

(c) Covariant derivatives of contravariant vector fields in M commute;

(d) Covariant derivatives of covariant vector fields in M commute;

(e) Covariant derivatives of tensor fields in M commute.

If (M, ®) is (pseudo) Riemannian, and V is the Levi-Civita connection associated with ®, each
condition above is equivalent to the local flatness condition for (M, ®).{

Proof. By proposition 7.2 we know that (a) implies (b) and that (b), (c), (d) and (e) are
equivalent. We only have to show that (b) implies (a). In other words we have to show that if
the curvature tensor vanishes everywhere, there is an open neighborhood of each p € M where
the connection coefficients vanish or, in the (pseudo) Riemannian case, canonical coordinates
can be defined therein where the metric takes its constant diagonal form. To this end fix any
p € M and take vector basis in T,,M, ey, - - , ey, this basis has to be taken (pseudo) orthonormal
in the case of a Levi-Civita connection. The proof consists of two steps.

(A) First of all, we prov