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k-normality

In 1901 Francesco Severi proved his celebrated theorem saying that the unique surfaces in P
5 whose

secant variety is strictly contained in P
5 are the Veronese surface and the cones. It follows that if

X is a nondegenerate surface in P
4, then it is linearly normal (i.e. h1(IX(1)) = 0) unless it is the

(projected) Veronese surface. Note that a projection of a non-degenerate cone fails to be isomorphic
in the vertex, so cones in P

4 are also linearly normal. As an easy corollary, it follows that if X is a
nondegenerate threefold in P

5, then it is linearly normal.

Figure 1: The projection of the Veronese surface as Steiner’s Roman surface.

An interesting feature of the projected Veronese surface V is that its trisecant lines form a linear con-
gruence of lines in P

4, i.e. a 3-dimensional linear section of G(1, 4), the Grassmannian of lines in P
4.

This allows to characterize V as the degeneracy locus of a general bundle morphism φ : O⊕3
P4 → ΩP4(2)

([Ott92]). It gives also the following Ω-resolution for the ideal of V :

0 → OP4(−1)⊕3 → ΩP4(1) → IV (2) → 0,

which immediately implies that none of the quadrics containing the hyperplane section of V lifts to a
quadric containing V .
In P

5 an analogous construction brings to the definition of the Palatini scroll, a smooth threefold X
defined as degeneracy locus of a general morphism O⊕4

P5 → ΩP5(2). X results to be not quadratically

normal, i.e. h1(IX(2)) �= 0.
These analogies motivated the following question, posed by Peskine and Van de Ven, on the non
necessarily smooth threefolds in P

5:

Problem 1. Is the Palatini scroll the unique threefold in P5 which is not quadratically normal?
If it is not the unique example, classify such threefolds.

Subsequently, F. L. Zak has generalized Problem 1, posing the following conjecture about j-normality
of non-degenerate projective m-dimensional subvarieties in P

n.

Conjecture 1. Let i and j be two integers such that i ≥ 1, and j ≥ 0; then

1. Hi(Pn, IX(j)) = 0 for i + j < m
n−m−1;

2. for i + j = m
n−m−1 it is possible to “classify” all the varieties for which Hi(Pn, IX(j)) �= 0.

Congruences of lines

Zak suggested that examples on Conjecture 1, part 2, could be constructed as focal loci of some first
order congruences in P

n, where:

◦ a congruence B in P
n is a flat family of lines of dimension n − 1;

◦ its order is the number of its lines passing through a general point of the space;

◦ its focal locus is the branch scheme of the natural projection from the incidence variety of B to P
n.

As we have seen in the case of P
4, all the known examples are varieties whose l-secant lines (with

l appropriate integer) give linear congruences, i.e. linear sections of the Grassmannian, which are

special examples of congruences of order one. In the Chow ring of G(1, n), every congruence is a
linear combination with integer coefficients of the Schubert cycles of dimension n − 1. The sequence
of the coefficients (a0, a1, . . . , ak), k = [n−1

2 ], is called the multidegree of the congruence, the first

integer a0 is its order. For instance, the multidegree of a linear congruence B in P
5 is (1, 3, 2), this

means that the lines of B contained in a general hyperplane fill a hypersurface of degree 3, and that
the number of lines contained in a general P

3 is 2.
Since B is formed precisely by the 4-secant lines of its focal locus X , i.e. a Palatini threefold in P5, we
find in this way that X cannot be contained in a cubic hypersurface while, conversely, its hyperplane
section is.

The lifting problem

The above remark shows the connections with the lifting problem: given an integral ν-dimensional
variety X ⊂ P

n, it concerns finding conditions on d, ν, n and σ so that any degree σ hypersurface
in P

n−1 containing the hyperplane section S = X ∩ H of X (H a general hyperplane) lifts to a
hypersurface of degree σ containing X . In view of the cohomology of the exact sequence of sheaves

0 → IX(k)
·H−−→ IX(k + 1) → IS(k + 1) → 0,

it is clear that, if X is k-normal, then all hypersurfaces of degree k + 1 containing S lift to hypersur-
faces of the same degree containing X (but not vice-versa). Instead, if k + 1 is a non-lifting level for
X (i.e. the restriction map H0(IX(k + 1)) → H0(IS(k + 1)) is not onto for a general hyperplane
H), then X is necessarily non k-normal.
The main results about the lifting problem have been obtained in the case of subvarieties of codimen-
sion two. Laudal, Gruson-Peskine, Strano solved the problem in the case of curves in P

3, whereas
the case of higher dimension varieties was studied, among others, by Mezzetti-Raspanti, Mezzetti,
Chiantini-Ciliberto, and Roggero.
The result for threefolds in P

5 in the case σ = 3 is the following:

Theorem 1. If X is a locally Cohen-Macaulay ( lCM for short in the following) integral three-
fold in P

5, if deg(X) > 7 and h0(IX∩H(3)) �= 0, then h0(IX(3)) �= 0. Moreover the only lCM
threefolds of degree 7 with σ = 3 for which the assertion is not true are the Palatini threefold
and its degenerations.

Our results

We have completed Theorem 1 finding all lCM threefolds with h0(IX∩H(3)) �= 0 and h0(IX(3)) = 0.

Theorem 2. Let X be a non-degenerate lCM integral threefold of P
5 of degree d ≤ 6 and

(arithmetic) sectional genus π. Then:

1. if either d ≤ 5 or d = 6 and π �= 1, 2, X is contained in a quadric or in a cubic and is
2-normal;

2. if d = 6 and π = 2, X is contained in a quadric or in a cubic and h1(IX(2)) ≤ 1.

Theorem 3. There exist two families of lCM threefolds, non singular in codimension one of
degree 6 in P

5 with sectional genus one, such that h1(IX(2)) = 1 and h0(IX∩H(3)) �= 0, but
h0(IX(3)) = 0.

Our examples give an answer in the negative to Problem 1. In both cases they are singular and non
singular in codimension 1.
A threefold of the first family is obtained from a particular linear congruence whose focal locus is
reducible in two components. This congruence B is the intersection of G(1, 5) with a special 11-
dimensional linear space Γ and a general hyperplane. Γ is special in the sense that its projective dual
Γ̌ is a 2-plane contained in Ǧ(1, 5). We require that the Gauss image of Γ̌ parametrizes the secant
lines of a twisted cubic curve in P

5 generating a 3-dimensional space L. L is a component of the focal
locus of B; the other component is our first example.

Figure 2: Twisted cubic (in red) and secant line (in green) as intersection of two quadrics

The second family comes from the congruences which are associated to the completely exceptional
Monge-Ampère systems of differential equations. The existence of this family was suggested by
Agafonov-Ferapontov: in their article [AF01] they introduce a surprising construction which allows to
associate to a system of PDE of conservation laws in n− 1 variables a congruence of lines B in Pn. If
the system is of Temple class, then B has order one, and the focal locus is a subvariety X in P

n of
codimension two, such that the lines of B through a general point of X form a planar pencil of lines
(see [DM05]). If n ≤ 4, it is proved in [AF01] that a congruence associated to a T-system is always
linear.
The example we exhibit shows that this is no longer true in P

5, indeed we get a congruence of multi-
degree (1, 3, 3). It results to be an irreducible component of a (special) quadratic congruence, i.e. of
a subvariety of G(1, 5), which is cut by the above Γ and one particular quadric Q. We require that Q
contains G(1, L) and the congruence of multidegree (1, 3, 0) defined as the residual of 2G(1, L) in the
intersection G(1, 5) ∩ Γ ∩ HL, where HL is the unique tangent hyperplane to G(1, 5) along G(1, L).

Congruence as a Fano fourfold

The preceding congruence, seen as a subvariety of the Grassmannian, is also interesting from others
point of views. It is a new example of a smooth variety of dimension 4 covered by lines, such that the
number of lines passing through its general point is 4. It results to be a Fano fourfold of index two
and genus 9. This was studied by Mukai in [Mu88], who had given an embedding of it in the Grass-
mannian of 2-planes in P

5. We note that Mukai’s embedding is obtained by showing the existence of
a “good” vector bundle of rank three on the Fano variety, while our embedding comes from a rank
two vector bundle.
We have also shown that our examples exhaust all the possibilities for integral threefolds coming from
congruences of type (1, 3, a2), although we do not exclude the possibility of having more than two
families in Theorem 3.
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