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Fueter-regular functions

o H ~ C?;
C25z=(21,2) = (X0 + i1, X2 + iX3)
—— Q=21+ 2 = Xo+ iXy + jXo + kxg € H
@ Q bounded domain in H. A quaternionic function
f="f+hjec C'(Q)is (left) regular (or hyperholomorphic) on Q if it
is in the kernel of the Cauchy-Riemann-Fueter operator

o 0 o o o 0
(0 ON_ D8 0 0,0
b=2 <az1 +’azg> % o Vo Koe O

(cf. Nono 1985, Shapiro and Vasilevski 1995, ...)

@ The identity function is regular

@ The space R(Q2) of regular functions on Q is a right H-module with
integral representation formulas

© Every holomorphic map (f;, f,) on Q defines a regular function
f="FH+h
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Fueter-regular functions

f = f; + fj is regular on € if and only if the Jacobian matrix

J(f) = <f9(f1f271f2)>

a(Z1 ) 2o, 21 ) 22)

is a regular matrix at every z € Q, of the form

ar —bx| —Co —c
B ao by Ci —Co
) = —C —Ci| a —b
ci —0Co a b1
ofy b o,  of
h = _—, == s T =
where a (821’8z1>’b <822’ 622>’

N 821’ 0z4 N 3227822 )
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Biregular functions

Regular functions  Biregular functions

A quaternionic function f € C'(Q) is called biregular if
f is invertible and f, f~' are regular

If this property holds locally, f is called locally biregular
(cf. Krolikowski and Porter 1994 and Krélikowski 1996)

@ The class BR(Q) of biregular functions is closed respect to right
multiplication by a € H*, but it is not closed respect to composition
or sum: even if f + g is invertible, f, g € BR(Q), the sum can be
not biregular

Example

f =221+ 22j, g = z1 + (21 + 2p)j are biregular, the sum f 4 g is
invertible and regular but not biregular

@ Every biholomorphic map (f, f2) on Q defines a biregular function
f=HhH+h
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Biregular functions

Examples

@ The identity function is biregular on H

© More generally, the affine functions f(q) = ga+ b, a € H*, b € H,
are biregular on H

Q =2 +2j e RMH), ' =fec BR(H)
©Q The function f = z; + zo + 21 + (21 + 2o + 2»)j is regular, but

1

1 :5(21 + 20+ 21 — 22 + (21 + 22 — 2Z1 + Zp)))

is not regular.

Remark: In example 4, detJ(f) = =3 < 0.
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Biregular functions

Regular functions  Biregular functions

A regular function f is locally biregular if and only if det J(f) # 0 at
z € Qand J(f~") is a regular matrix at f(z). Equivalently,

detJ(f) # 0 and f satisfies the nonlinear differential system

e1 := (a2C1 — @1C2)a@ + (—baCy + by1C2)by + (—apby + a1b2)¢ =0
€ = (axCy — a1Cp)as + (—bocy + biCo)bo + (—ashy + a1b2)c2 =0

_(ofi OB\ , (0h Ok\ _ [(0h Of
Wherea_(m’%)”‘(azf 02, )¢~ \9z "0z )
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Hypercomplex structure on H

@ Hypercomplex structure on H ~ C2: J;, J» complex structures on
TH ~ H defined by left multiplication by i and j

@ J;,J; dual structures on T*H. We make the choice
Jék = J1*J5 = J3 = —J1J2
@ We can rewrite the equations of regularity as

df + iJi (df) + jJ5(df) + kd3(df) =0 (Joyce 1998)
or, in complex components f;, f,

Iy = J3(9%2)
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Holomorphic functions w.r.t. a complex structure J,

Let Jp = p1Jy + p2Jdo + p3Js be the orthogonal complex structure on H
defined by a unit imaginary quaternion p = pyi + poj + p3k in the
sphere S2. Every J,-holomorphic function f = 0 + if' : Q — C i.e.

df® = Jj(df') «  df +iJy(af) =0

defines a regular function 7 = ° + pf' on Q.
We can identify f with a holomorphic function

f: (2, dp) — (H, Lp)

where L, is the complex structure defined by left multiplication by p.
(Note that L, = Jy, where p' = p1i + poj — p3k)
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Holomorphic maps w.r.t. a complex structure J,

Space of holomorphic maps from (Q, Jp) to (H, Lp)
Holp(2,H) = {f : Q — H | 9pf = 0 on Q} = Kerdp

(Jp-holomorphic maps on Q) where 9, is the Cauchy-Riemann
operator w.r.t. Jp:

= 1

For any positive orthonormal basis {1, p, g, pg} of H (p, g € S?), the
equations of regularity can be rewritten in complex form as

where f = (fO 4+ pf') + (2 + pf3)g = f; + fq

= every f € Hol,(Q2, H) is a regular function on Q.
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Holomorphic functions w.r.t. non-constant almost
complex structures

If p = p(z) € S? varies smoothly with z € Q, we get a similar result.
Every Jy(z)-holomorphic map f: (2, Jp(z)) — (H, Lp(s(2))) is regular:

= 1

Opz)f =0 = the linear map df(z) € Holy;)(Q2, H)
for every fixed z € Q
= df(z) e R(Q) forevery z € Q
= feR(Q)
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Holomorphic functions w.r.t. non-constant almost
complex structures

Example

f(z) =21 + 25 + Zpjis regularon H. On Q = H \ {2z, = 0} fis
holomorphic w.r.t. the almost complex structure Jy,), where

p(z) = W (|22]2i — (Im2)j — (Re zz)k)

Also f~1(z) = 2y — z5 + 2»j is regular on H = f is biregular on H

Remark
f is biholomorphic: f(Q) = Q and f~' € Holp ((,))(Q2, H) C R(Q), where

P((2) = s (122Pi + (M 22)j + (Re 22)k)
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A criterion for holomorphicity

The energy density of amap f : Q — H, of class C'(Q), is

£(f) = L|dfl? = Ltr(J(NID))

The energy of f € C'(Q) on Q is the integral

f) = ;/QE(f)dv

Theorem

If f € C'(Q) is regular on Q, then it minimizes energy in its homotopy
class (relative to 0R).

(cf. Lichnerowicz 1970, Chen and Li 2000)
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A criterion for holomorphicity

Let A= (a,p) be the 3 x 3 matrix with entries the real functions
anp = *(Ja, f*Liﬁ>’ where (I1 , b, 13) = (i,j, k)
For f € C'(Q), we set
AQ = / AdV and MQ = %((tI’AQ)/s — AQ)
Q

(Lichnerowicz invariants)

Theorem (P. 2005)
@ fis regular on Q if and only if Eq(f) = tr M.
Q Iff € R(Q), then Mg is symmetric and positive semidefinite.

Q Iff € R(Q), then f belongs to some space Hol,(2, H) (for a
constant structure Jp) if and only if det Mg = 0:
Xo = (p1, P2, p3) is a unit vector in the kernel of Mq if and only if
f € Holp(Q2, H).
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A criterion for holomorphicity

The criterion holds also pointwise: let Q be connected and f € C'(Q).
Consider the matrix of real functions on Q

M=((trA)ls — A)

Theorem

@ fisregular on Q if and only if £(f) = tr M at every point z € Q.
Q Iff € R(Q), then M is symmetric and positive semidefinite.

Q Iff € R(Q), thendet M = 0 on Q if and only if there exists an

open, dense subset ' C Q such that f belongs to Holy (', H)
for some p(z).

Remark

If fis (real) affine, M is a constant matrix.

If f is not affine, det M = 0 on Q does not imply that det M = 0, but the
converse is true.
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A criterion for holomorphicity: examples
Linear examples
@ =2+ 2+ 2pj is Jp-holomorphic, with p = %(i — 2k), since

2 0 1

0 0] (Vol(B) = 1)
1

Se(f)=E(f)=3 and Mg=M=

1
2
0

no|—

f is biregular on Hi, since it is biholomorphic:
f~1' =2y — 2o+ 2oj is Jy-holomorphic, with p’ = (i + 2k)

V5
@ f=21+2+ 21+ (21 + 22+ Z2)j is regular, but not holomorphic:
2 00
E(f)=6 and M=[0 2 O
0 0 2

Here e; =0, eo = 4 = f is not biregular.
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A criterion for holomorphicity: examples

Linear examples
@ f =24+ 2j has matrix
2 00

0 0O
0 0O

M =

of rank 1. This means that f € Hol;(H, H) N Holy(H, H). f = {1 is
biholomorphic = f € BR(H).

o f=id € Holi(H, H) N Holj(H, H) = Hol,(H, H).

mp€<i,j>
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A criterion for holomorphicity: examples

Examples (Nonlinear case)

@ f(z) =2 + 25+ 2o isregular (also biregular) on H:

1 Imz, Rez
E(fy=2+4|z?, M=2|Imz |z2? 0 |=deM=0
Re z, 0 |Zg’2

On Q' =H\ {z, =0}, whererank M = 2, f is Jp(z)-holomorphic,

with p(z) = T (|z2]?i — (Im z2)j — (Re z2)k) .
2 00
On the unit ball B, £g(f) = 2 and Mg = [;MadV = [0 5 0.
00 2

Since det Mg # 0, f is not Jy-holomorphic for any constant
complex structure Jg.
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A criterion for holomorphicity: examples

Examples (Nonlinear case)

@ f=1z|? - |z|? + Z12j has energy density 3|z|>. The matrices
Mg and M are

300 21z 0 0
Mg=|0 L o, M=| 0 %z o
00 31 0 0 1|z

= f is regular but not holomorphic w.r.t. any complex structure
Jp. Note that det M = }|z|® vanishes only at the origin.
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Biregular functions are biholomorphic

Theorem
Letf € R(QQ), M > 0 be the real, symmetric matrix associated with f.

@ The following formula holds:
_ 1 2 2
detM = 5 (\eﬂ + | e ) where

e1 = (aC1 — a@12)@1 + (—boCy + b1C2)by + (—axby + arbo)Cy
€ = (8201 — a1C2)a + (—bacy + b1C2)bo + (—aoby + ayb2)Co

e Iff e BR(Q) = 3Q' C Q open, dense subset and an (almost)
complex structure p(z) on Q' such that f € Holy,) (', H).
Then f: (', Jp(z)) — (f('), Lp(t(2))) is @ biholomorphic map, with
inverse f~1 € Hol, /(f((z))(f(Q/),H)
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Biregular functions are biholomorphic

Remark

If f is locally biregular on Q, then e; = e, = 0 = detM = 0 on Q. Then
f is a local biholomorphism on an open, dense subset Q' C Q.

Corollary

If f is locally biregular on Q, then det J(f) > 0 on Q. In particular, any
such map f preserves orientation.
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Sketch of proof

ofy 0h
02y’ 0z

Forany f € C1(Q),ifd_—< ),weget

E(f) = |al* +|b* + |cf* + |d]?,

M= |Im({(a,c) — (b,d)) Xla—b2+Llc—d]? Im((ab)+(cd))

Re((a,c) + (b,d)) Im((a,b)—(c,d)) jla+bP+3lc—df
Then E(f) =trM < ¢ = d, i.e. f is regular. In this case the matrix M
becomes

[cf? +1d[? Im({a, d) —(b,c))  Re((a d)+(b,c)) ]

2|cl? Im(a— b,c) Re(a+ b,c)
M= |Im(a—b,c) }la— b} Im(a, b)
Re(a+b,c) Im(a,b) Sla+ bf?
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Sketch of proof

If f € R(Q2), then E(f) =tr M =tr A. Let

1
Zp(f) = 5|df + Lpos 0 df o 2.

Then we obtain, as in Chen and Li 2000

E(F) + (Jp, F*Lpos) = %Ip(f).

If X = (p1,p2, p3), then

XAXT =" pappaas = =D Paddas 1Y psLi;)
o, & B

. 1
Then tr A= £(f) = XAXT + JZ,(f) > XAXT, with equality if and only if
Ip(f) = 0i.e. if and only if f is a J,-holomorphic map.
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