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0 Regular functions
@ Fueter-regular and -regular functions
@ g-holomorphic functions (Joyce)

9 Holomorphic maps
@ J,-holomorphic maps
@ Quaternionic maps (Sommese)

e Question: Does v-regular imply holomorphic?
@ Energy and regularity
@ A criterion for holomorphicity
@ Answer: There exist ¢-regular functions that are not holomorphic
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Notations and definitions

e H~(C?
C? 5 (z1,22) = (X0 + iX1, Xo + iX3)

<—>q:Z1—|—22j:X0—|-iX1 +jX2—|-kX3€H

@ Q bounded domain in H ~ C2.
A quaternionic function f = f; + f,j € C'(Q) is (left) regular on Q if

of of of of
Df= —4+j—4+j—+k—= Q
™ I X | X2 X 0 on (Fueter)

@ “structural vector” ¢ = (1,1,j, —k) = fis (left) -regular on Q if

o O OF L Of o
Df_8x0+l8x1+/8x2 k8x3_0 on .
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Some properties of regular functions

o 0L  0fi  0h

02y 0z’ 0z 0z

@ Every holomorphic map (f;, f,) on Q defines a 1-regular function
f="H+1h.

© The complex components are both holomorphic or both
non-holomorphic.

© Every regular or y-regular function is harmonic.

@ If Q is pseudoconvex, every complex harmonic function is the
complex component of a ¢-regular function on Q.

@ fisy-regular &

*5f1 = —%8(Ed21 A d22)

© The space R(Q) of v-regular functions on Q is a right H-module
with integral representation formulas.
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g-holomorphic functions on the hypercomplex
manifold H

@ Hypercomplex structure on H ~ C2:

Ji, Jo complex structures on TH ~ H defined by left multiplication
by i andj = Jidbo + Jodi = 0.

@ J;,J; dual structures on T*H. In complex coordinates

JTdZ1 =idz, J1*d22 =idz
= Jéde1 = —d2z, J;dZQ = dz
Jidzy = idZzy, Jjdzp = —idZ

where we make the choice J; = JjJ; = J3 = —J; .
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g-holomorphic functions on the hypercomplex
manifold H

f is y-regular < f is g-holomorphic (Joyce):
df + iJy (df) + jJ5(df) + kd3(df) = 0

Joyce defined on them a (commutative) product.
In complex components f = f; + f»j, we can rewrite the equations of
1-regularity as

afy = J3(0f2)
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Holomorphic functions w.r.t. a complex structure J,

Let Jp = p1Jy + pado + p3Js be the complex structure on H defined by
a unit imaginary quaternion p = pyi + poj + psk in the sphere S2.

(i.e. compatible with the standard hyperkahler structure of H.)

Every J,-holomorphic function f = f0 + if' : Q — C i.e.

df® = Jp(df') «  df +iJy(df) =0

defines a y-regular function 7 = f° + pf' on Q.
We can identify f with a holomorphic function

f: (2, Jdp) = (Cp, Lp)
where Cp = (1, p) is a copy of C in H and L, is the complex structure
defined on T*C, ~ C,, by left multiplication by p.
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Holomorphic maps w.r.t. a complex structure J,

Space of holomorphic maps from (Q, Jp) to (H, Lp)
Holp(,H) = {f : Q — H | 9pf = 0 on Q} = Kerdp

(Jp-holomorphic maps on Q) where 9, is the Cauchy-Riemann
operator w.r.t. Jp:

= 1

For any positive orthonormal basis {1, p, g, pg} of H (p, g € S?), the
equations of ¢-regularity can be rewritten in complex form as

where f = (fO 4+ pf!) + (2 + pf3)qg = f; + fq

= every f € Hol,(2, H) is a -regular function on Q.
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Some properties of J,-holomorphic maps

@ The identity map is in Hol;(2, H) N Hol;(2, H)
but not in Hol (2, H).

@ Hol_p(Q, H) = Holp(X2, H)

o If f € Holp(Q2, H) N Holy (22, H), with p # +p/,

1 __ _ap+8p
= f € Hol,: (2, H) for every p" = Tap+30 "

@ ¢ -regularity distinguishes between holomorphic and
anti-holomorphic maps: if f is an anti-holomorphic map from
(Q, Jp) to (H, Lp), then f can be y-regular or not.

» =24+ Z»j € Holi(Q2, H) N Hol(2, H) is a y-regular function
induced by the anti-holomorphic map

(21,22) . (Q, J1) — (H, L,)

> (21,0):(Q,J1) — (H, L;) induces the function g = 21 ¢ R(Q).
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Quaternionic maps on the quaternionic manifold

Example
A quaternionic map between hypercomplex manifolds

f:(X’J‘IvJZ) i (Y7K17K2)

is a map that is holomorphic from (X, J;) to (Y, Ky) and from (X, J>) to
(Y, K2) (Sommese).
In particular, a quaternionic map

f: (QaJ17J2) i (H’ J15J2)

is an element of Hol;(Q2, H) N Hol;(22, H) = a +-regular function on .
Sommese showed that these quaternionic maps are affine.
(transition functions for 4-dim quaternionic manifolds)
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Question: Does -regular imply holomorphic?

R(Q) 2 | Holp(Q,H) properly?
peS?

Q.: Can vy-regular maps always be made holomorphic
by rotating the complex structure
or do they constitute a new class of harmonic maps?

Chen and Li (JDG 2000): analogous question for the larger class of
g-maps between hyperk&hler manifolds.

In their definition, the complex structures of the source and target
manifold can rotate independently.

(= also anti-holomorphic maps are g-maps)
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Energy functional

The energy (w.r.t. the euclidean metric g) of a map f: Q — C? ~ H, of
class C'(Q), is the integral

&) =5 [ NarPav =3 [ tg.Fgiav = [ true(ride )av

where Jc(f) is the Jacobian matrix of f with respect to the coordinates
21,2y, 22, Zo.
Theorem

(Lichnerowicz) Holomorphic maps between Kéhler manifolds minimize
the energy functional in their homotopy classes.

(for maps smooth on Q the homotopy class contains the maps u with
Uaq = flan Which are homotopic to f relative to 0X2.)
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Energy functional and «-regularity

From the theorem, functions f € Hol,(€2, H) minimize the energy
functional in their homotopy classes (relative to 0€2). More generally:

Proposition

If f is vp-regular on Q, then it minimizes energy in its homotopy class
(relative to 022).

Sketch of proof (Lichnerowicz, Chen and Li).
Letiy =i, io =j, i3 = k and

3 3
IC(f)—/ > (da, FL,)AV, I(f)—;/ ldf + > L, o df o Ju?aV
Qa:1 Q a=1

Then K(f) is a homotopy invariant of f, Z(f) = 0 <= f € R(Q2) and

E(f) + K(f) = %I(f) >0
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A criterion for holomorphicity

Let f : Q — H be a function of class C'(Q).

Theorem
Let A= (a,p) be the 3 x 3 matrix with entries a.s = — [q(Ju, f*Lj;)dV.

Q fisy-regular < E(f) = trA.
Q Iff € R(Q), then A is real, symmetric and
frA > \1 = max{eigenvalues of A} = det(A — (trA)l3) < 0.
Q Iff € R(Q), then f belongs to some space Hol,(2, H)
<= E(f) = trA= )\ <= det(A— (trA)z) = 0.
Q IfE(f) = trA= X\, Xp = (p1, P2, P3) iS a unit eigenvector of A
relative to the largest eigenvalue \1 <= f € Hol,(Q2, H).
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Answer

A.: On every domain €, there exist ¢-regular functions
that are not holomorphic.

Linear examples
@ Let f = 2z; + 21 + Z»j. Then fis ¢-regular (on any Q) but not
Jp-holomorphic, for any p, since rkJc(f) is odd.
@ Letg=2z4 + 22+ 21 + (21 + Zo + 22)j. Then g is ¥-regular, but not
holomorphic even if rkdc(g) = 4.
On the unit ball Biin C?, g has energy £(g) = 6 and the matrix A
of the theorem is

2 00
A=10 2 0| =£&(g)=trA>2= X\
0 0 2
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More examples

Linear examples

The linear, ¢-regular functions constitute a H-module of dimension 3
over H, generated e.g. by {id = zy + 25j, Zo + 21/, 21 + Z>j}. An element

f=(z1+ 2))1 + (22 + 21)) G2 + (21 + Z2/) Q3

is holomorphic <= the coefficients g; = a; + aoj, go = by + boj,
g3 = ¢ + Cyj satisfy the 6-degree real homogeneous equation

det(A — (trA)l) = 0

obtained after integration on B. So “almost all” (linear) v-regular
functions are not-holomorphic.
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More examples

Linear examples
A positive example (with p # i, j, k): Let h = Z; + (21 + Z2)j. On the unit
ball h has energy 3 and the matrix A is

-1 0 2
A=]10 2 0
2 0 2

IrA is equal to the (simple) largest eigenvalue, with unit

= &(h) =
eigenvector X = %(1 ,0,2) = h'is Jp-holomorphic with

p= f( + 2k), i.e. it satisfies the equation

df + (i + 2k)(J; + 2J3)(df) = 0.

A. Perotti Holomorphic and regular functions on H




Regular functions Holomorphic maps Question References Energy and regularity A criterion for holomorphicity Answer

More examples

Example
A quadratic example: Let f = |z{|? — |25|? + Z1Zoj. f has energy 2 on B
and the matrix A is

—2/3 0 0
A=| 0 4/3 0
0O 0 4/3

— f is 1)-regular but not holomorphic w.r.t. any complex structure Jp.

v
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Other applications

o If f € Holp(Q2, H)) N Holy (2, H) for two R-independent p, p/
= Xp, Xy are independent eigenvectors relative to A

= the eigenvalues are A\ = Ao = — 3.

@ If f € Holp(Q2, H) N Holy (22, H) N Hol, (2, H) for three
R-independent p, o/, p”

:>)\1:)\2:>\3:O:>A:0

and then f has energy 0 = f is a (locally) constant map.
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Application: Hol,($2, H) N Hol, (2, H) (p # £p/)
contains only affine maps (cf. Sommese)

Let Q be connected. We can assume p =i, p’ = j. Let

. . _(9h o\ ,_ (Oh _Oh
f € Holi(©2,H) N Hol;(2, H) and a = (821 , 8z1>’ =\ a2, 322>.
Since f € Hol;(Q2, H), the matrix A is obtained after integration on Q of
al® + |b|? 0 0
0 2Re(a,b) —2Im(a,b)
0 —2Im{a,b) —2Re(a,b)

f € Hol(Q,H) = |, Im{a,b)dV =0and [,la—b?dV=0=a=b
on Q. Then ais holomorphic and anti-holomorphic (w.r.t. J1) = ais
constant on Q = f is an affine map with linear part of the form

(@121 — @22) + (@221 + @122)j

i.e. the right multiplication of q = zy + z»j by the quaternion a; + aoj.
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Classification of v-regular functions

Let Q be connected. Given a function f € R(Q2), we set
J(f)={p € S?|fc Holp(Q,H)}.

The space R(R2) of v-regular functions is the disjoint union of subsets
of functions of the following four types:

@ fis Jp-holomorphic for three R-independent structures
— fis a constant and J(f) = S?.

@ fis J,-holomorphic for exactly two R-independent structures
= fis a ¢-regular, invertible affine map and 7 (f) is an equator
S'c &2,

© fis J,-holomorphic for exactly one structure J, (up to sign of p)
— J(f) is a two-point set S°.

Q fis ¢-regular but not Jp-holomorphic w.r.t. any complex structure
= J(f) = 0.
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Sketch of proof of the criterion

If f € R(Q) = E(f) = —K(f) = trA.
Let Zp(f) = & [, |df + Lp o df o Jp|[2dV. Then

Q
If Xp = (p1, P2, P3), then

XAXT =Y pupses = - |
o, Q

<ZpaJaa f* ZpﬁLig>dV =
o B

- / (. F*Lo)dV = E(F) = ~1(1).
Q 4

Then trA = £(f) = XAXT + 1Z5(f) > XAXT, with equality
& Ip(f) = 0 & fis a Jp,-holomorphic map.
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Sketch of proof of the criterion

Let M, (o = 1,2, 3) be the matrix associated to J: w.r.t. the basis
{dzy,dzy,dZz,, dz>}. The entries of the matrix A can be computed by
the formula

Ao — —/(Ja,f*Liﬁ)dV: ;/ tr(B, Cy)aV
Q Q

where B, = M,Jc(f)" fora = 1,2, B, = —M,Jc(f)7 for « = 3 and
Cﬂ J(c() Mﬁforﬁ:1,2,3.

The particular form of the Jacobian matrix of a ¢-regular function gives
the symmetry property of A.
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Tsdet(A — (trA)l) =

31 82b201 b1 — ajasby C1 Cgb1 — a b201 Cgb1 + 32b1 02b1 — a C1 aj b2

a C1 Cgagb + 82b201 b2 — 82b1 Cq Cgbg — a4 32b201 Cgbg + aiasb4 02b2 —
3201 aj b1 bg a1C1C2a4 b1 b2 as Cq Cgagb1 b2 a C2 32b1 bg a>C1Coa4 b —
agczagb + ajasbybociCy — 32b Ci1Cy — &4 agb CoC1 + aj b1 b>coCy —
2a1bqc1 a4 b1 C1 — aibocy 32b1 C1 — ai by Cgagb1 C1 — abiciay bgC1
2ai1bocq ay bQC1 + aibycoay b201 2asbscy 32b201 + anby Cgagb201

ay b20282b201 + C1a4 32b1 bgC1 + Cga2b1 bgC1 — C132b C1 — Coa4 agb C1 —
a b aj C1 — a by b28201 + by a4 a2b201 + b282b201 + 32b1 bociCo —

ay 32b201 Co— 32b1 CoCo + ay 82b1 boCrCo — anby C ER b1 Co+ a4 bgC1 a, b1 Co—
2a1 by coay b1 Co + arbocy a2b1 Co — 2ao by 02a2b1 Co — a4 b20232b1 Co —
ciay égB?ég—Cgé%B?ég—agbgﬁ aj 52&2—32b1 Co a1 5252—232b202225252+
013251 52&2 + Cray égB1 5252 — agb é1 CiCo — aibybraiciCo —

agb1 b28201 Co — a4 b a>C1Co —b1 a4 32b1 C1 Co —b232b1 C1Co —b1 81 bQC1 Co —
boay a2b201 Co — 32b1 braic 02 agb 8202 + by a a b1 C2 + boajasbiC C2 =0
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