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Abstract. We introduce a class of slice regular functions of several variables on
a real alternative algebra. In the quaternionic case, several variables have been|
considered recently by Colombo, Sabadini and Struppa [1|. Our approach to thd
definition of slice functions, which is based on the concept of stem functions, is thd
same as the one adopted by these authors. However, the condition of regularityj
is different, and allows to include in our class, in particular, the family of ordered|
polynomials in several variables. We prove some basic properties and results of slicq
and slice regular functions and give examples to illustrate this function theory.

1 Introduction

The theory of power series and more generally of slice regular functions of ond
variable in a real alternative algebra is now fairly developed. It was introduced
firstly for functions of one quaternionic variable by Gentili and Struppa in [3, 4]|
A related theory, concerning slice monogenic functions on Clifford algebras, wag
introduced by Colombo, Sabadini and Struppa in [2]. In [5] and [6], a new approachi
to slice regularity, based on the concept of stem function, allowed to extend the
theory to any real alternative algebra A of finite dimension.

In the present paper, we propose a possible generalization of the theory to severa
variables in A. Our function theory includes, in particular, the class of (ordered)
polynomials in several variables. For A = H, several variables have been studied
recently by Colombo, Sabadini and Struppa [1]. The approach via stem functiong
is similar, but the definition of regularity is different, as we will see in Section 4.3.

After having given the basic definitions, we state some results which show the
richness of this function theory. We give a Cauchy integral formula and some of itg
fundamental consequences, and we show that some results about the removability
of singularities, which are true for several complex variables, continue to hold in|
our setting.
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2 The quadratic cone

Let A be a finite-dimensional, alternative real algebra with identity with a fixed
R-linear antiinvolution. Define the trace t(x) := z + 2 € A and the norm n(x) :=
x¢ e A.

[Definition 1. The quadratic cone of A is the subsel

Qa:=RU{z e A|tx)eR, n(zx)€R, 4n(z) > t(z)?}.
The square roots of —1 in the algebra are the elements of Sy == {J € Q4 | J> = —1}.
[Examples 1. 1. H and O with the usual conjugation (Qp = H and Qg = O).

2. The real Clifford algebra Cly , = R,, with Clifford conjugation. The quadratiq
cone Q, of R, is the real algebraic subset defined by xx = 0, z - (zeg) =
0Ver # 1 such that e%( = 1. It contains the subspace of paravectors.

3. InRg, Qp = {a: € Rs ‘ T193 = 0, 21293 — Tox13 + 312 = 0}.

The algebras with Q4 = A are only R, C, H and O with the usual conjugation|
(cf. Frobenius—Zorn’s Theorem)

[Proposition 1. Let Im(A) :={z € A| 2> € R,z ¢ R\ {0}}. For every x € Qa,
there exist unique elements xo € R, y € Im(A) N Qa with t(y) = 0, such thall
r = x9+y. For J € Sy, let Cj := (1,J) ~ C be the subalgebra generated by J.
Then Qa =Ujeg, Cs and CrNCy; =R for every I, J € Sy, I # +J.

3 Slice regular functions: one variable

We recall some definitions from [5, 6], where the slice regular functions of one
variable in A were introduced. Let A ® C = A ®g C be the complexified algebra.

[Definition 2. Let D C C. If a function F : D — A® C is complex intrinsic, i.e.
['(z) = F(2) for every z € D such that Z € D, then F is called a stem function o

D. Let Qp :={x =a+p8J €Cy |a+if €D, JeSa} be a circular set in the
quadratic cone Q4. Any stem function F = Fy +iFy : D — A®C induces a (left)

Slice function f =Z(F) : Qp — A. Ifx =a+ pJ € Dy :=QpNCy, we set

f(z):=Fi(z) + JFa(z) (2=a+iB).

Ii)eﬁnition 3 ([5, 6]). A slice function is slice regular if its stem function F id
olomorphic. SRQOp) = {fec S(Op) | f=7(F) F holomorphic}
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Examples 2. 1. Polynomials p(z) = Z;-”:O xlaj with right coefficients in A are
slice reqular functions on Q4.

2. Convergent power series » . xFay, are slice reqular functions on the intersec-
tion of Qa with a ball centered in the origin.

3. If A=H and DNR # 0, then f € SR(Qp) if and only if it is Cullen regula
[3, 4].
4. If A=Ry,, n>2 and DNR # 0, then f € SR(Qp) if and only if the

restriction of f to the paravectors is a slice monogenic function [2/.

4 Slice regular functions: several variables

4.1 Stem functions and slice functions

Let D be an open subset of C”, invariant w.r.t. complex conjugation in every]
variable z1, ..., z,.

Definition 4. Given a function F' : D — A® R, with F = EKep(n) ek Fi |
we say that F is Clifford-intrinsic if, for each K € P(n), h € {1,...,n} an
2 = (21,...,2n) € D, the components Fx : D — A satisfy:

Fx(z) ifhéK

Fr(21,- 3 2h—1,Zhy Zhi 1y - -+ 2n) =
( - ) —Fg(z) ifheK
Definition 5. A continuous Clifford—intrinsic function is a stem function on D.

Define the (ordered) product [[,zy@n of @h,,....2n, € A as [[eyon =
(- (TR, Thy)Thy) - -+ )xn,- Let Qp be the circular subset of Q7 associated to the
open set D C C™:

Qp={xec Q) :zn=ap+0nJy,€Cy,Jy €Sa,(cn+ibi,...,on+1i6,) € D}

Definition 6. Given a stem function F': D - AQR,, with F = ZKEP(n) ek Fi |
we define the (left) slice function Z(F) : Qp — A induced by F as follows

I(F)(x) = ZKGP(n) JKFK(Ozl +iB1, ..., 00 + Z,Bn)

for each x = (z1,...,2n) = (a1 + J1B1, ..., an + JnB), where J := ], x Tk
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[Examples 3. 1. For each h = 1,...,n, the coordinate function xp is a slice
function on Q% : if v, = an + JnBu, T 15 induced by the stem function)
Cn(2) = an + enPp-

2. For each ¢ € N" and a € A, the stem function (fl(z) (e =
(a1 + €181 - (an + enfBn)a induces the monomial slice function zfa =

-----

3. Let L C N" and ay € A. Then the polynomial function from Q" to A, sending
xinto p(x) = Y e, ztay, is a slice function.

4. Convergent power series » , n zlay are slice functions on the intersection of
Q" with a product of balls centered in the origin.

[Proposition 2 (Smoothness). Let f = Z(F) : Qp — A be a slice function. The
following statements hold:

1. If Fe C°%(D,A®R,), then f € CO(Qp, A).

2. Let s1=2"(s+1)—1. If F € C°"(D,A®R,) for some s € N* U {oco}, the
fecC*(Qp,A).

3. IfF e C¥(D,A®Ry,), then f € C*(Qp, A).

[Proposition 3 (Identity principle). Let f,g : Qp — A be slice functions and lel
[ € S4 such that f =g on Qp N (Cp)™. Then f = g on the whole Qp.

1.2 Complex structures on R,

et us introduce some complex structures on R,,.

IDefinition 7. For each h =1,...,n, define the complex structure J, on R, by

Tnlex) = —€r\{h} ifhe K .
EKU{h} ifh ¢ K

From the definition, it follows immediately that J? = —idg,. In other words,
the endomorphisms Jj are complex structures on R,,. One can easily verify that J;
is the left multiplication by e, J, is the right multiplication by e, and, for every

h =1,...,n, J, coincides with the left multiplication by e on the complex plane
Ceh = <1,6h> of Rn.
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[Proposition 4. The complex structures J are pairwise commuting and thereford
they define commuting Cauchy-Riemann operators w.r.t. Jp:

= (- (). 0 =3 (85 (45)).

4.3 Slice regularity: several variables

Extend the complex structures J, to A ® R,, by setting Jp(a ® ) = a @ Jp(x) for
every a € A,x € R,,.

Definition 8. Let F : D — A® R, be a C' stem function and let f = I(F) ;

QOp — A. F is a holomorphic stem function if, for each h = 1,...,n and each
fized 20 == (29,...,20) € D, the function F° : D, — (A ® Ry, J)) defined b
2n = F(29,.. .,22__1,Zh,22+1, ..., 2%) is holomorphic on a domain D} > 22 of @

or, equivalently, if OphF =0 on D for every h =1,...,n. If F is holomorphic, the
we say that f =Z(F) is a slice regular function.

Remark 1. For A = H, several variables have been considered recently by Colombo)
Sabadini and Struppa [1]. Slice functions defined via stem functions are the same,
but regularity is different (they use the complex structure Le, in the place of Jp).

Examples 4. 1. For each { € N" and a € A, the monomial slice function z‘a |

Q% — A is regular. Therefore every (ordered) polynomial function p(z) =
> el ztay with right coefficients in A is slice reqular.

2. Convergent power series » ,cnn ztay are slice reqular functions on the inter]
section of Q'y with a product of balls centered in the origin.

Proposition 5. Lel F' = ZKGP(n) exFr : D — ARR, be a stem function of clasd
Cl. Let f =I(F): Qp — A. We denote by f1: Qp N (C;)™ — A the restriction o
f on Qp N (Cp)". The following assertions are equivalent:

(1) f is slice regular.

(2) O = vty OFic — _OFKuin for qch K, with K # h.

(3) There exists I € S4 such that fr is holomorphic w.r.t. the complex structures
on (Cp)™ and on A defined by the left multiplication by I.

(3") For every I € Sp, fr is holomorphic w.r.t. the complex structures on (Cp)™
and on A defined by the left multiplication by I.




|6 The 8th Congress of the ISAAC — 2011|

1.4 Products and derivatives

[Proposition 6. Let D = [[;_, Dy. For each h = 1,...,n, let F': Dy, - A®
C., € A®R, be a (one variable) stem function of class C*. Let a € A an

F': D — A®R, defined by F(z1,...,2,) = (Hf?e{l,.‘.,n} Fh(zh)) a. Then F is
stem function, holomorphic if every F" is holomorphic.

In general, the pointwise product of two slice functions is not a slice function.
However, the pointwise product of stem functions (in the algebra A @ R,,) is still aj
ktem function.

[Definition 9. Let f = Z(F), g = Z(G) slice functions. The product of f and g i3
the slice function f - g :=Z(FQ).

[Proposition 7. If f, g are slice reqular and F =) p-csexFx, G = yes eaGa,
with K < H for each K € S, H € §', then [ - g is slice reqular.

[Remark 2. The ordering of the variables is important for reqularity: e.g. the func-
tion xo - v1 = Z((2C1) 15 a slice function but it is not slice regular.

- If f=1I(F) is a slice function, of class C' on Qp, then the functions 9, F and
O, F' are stem functions on D.

IDefinition 10. We set
of ._ of ._ 5 _

oxp,

These functions are continuous slice functions on Qp.

The slice function f is slice regular if and only if 68; =0forevery h=1,...,n.

- =
[f f is slice regular, then also the derivatives % are slice regular (it follows from|
the commutativity of the structures Jp).

1.5 Cauchy integral formula

We now show that slice regular functions satisfy a Cauchy integral formula. As
b consequence, we obtain that on a polydisc the class of slice regular functions
coincides with that of convergent ordered power series.

[Definition 11. Let Ay(z) = 2% — t(y)z + n(y) and T4 = {(x,y) € Qa X
Qa | Ay(xz) # 0}. We define the Cauchy kernel of A as the C¥-functio
Ca: T4 — A, slice regular in z, given by

Calz,y) = (Ay(x)) "' (y° — ).
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Fix I € S and, for each h = 1,...,n, a bounded open subset Ej; of C, whose
boundary is piecewise of class C*. Let Ej,(I) := Qg, N C; and let OE,(I) be
the boundary of Ey(I) in C;. Let E := F; X FEy X ... x E, C C". Denote by
O*E(I) the distinguished boundary OFE1(I) x O0FEs(I) x -+ x OE,(I) of E(I) :H
F1(I) x Eo(I) x -+ X Ep(I).

Theorem 1 (Cauchy integral formula). If f € SR(Qg, A) N C%(QE, A), then

1 -n
f(IE) = n / CA(:ITL&]_)CA(xn,fn)dgldé-ZdénI f(fl)agn)
(2m)"™ Jorm(1)
for each © = (x1,...,2,) € Qp if A is associative or for each x = (x1,...,Ty,) €

E(I) if A is not-associative. In particular, f is real analytic.

Suppose that there exists a norm ||-|| 4 on A which induces the euclidean topology]

on A and such that ||z||4 = /a? + 2 for each z = a+ J5 € Q4.
Let r = (r1,...,m,) € (RT)™. Denote by B, the polydisc B(0,71) x - - x B(0,r,) of
C™ and by Ba(r) the polydisc {(z1,...,2n) € A" |||z1]la < 7T1,.. ., ||znlla < Tn} of
A", Note that B4(r) is an open neighborhood of 0 in A™ and By (r) N Q% = Qp, .

Corollary 1 (Ordered analyticity). Let f € SR(Qp,,A) N C°(Qp,,A). Choosd
I € Sy and, for each ¢ = (¢1,...,4,) € N", define ay € A by setting

ap = QR [op 60T 6T g (6 ).

Then the ordered power series _ s -~ axbtray converges uniformly o
p 0=(l1,....tn)eN" L1 n 9 Y

compact subsets of Ba(r) and its sum is equal to f(x) for each x € Qp,.

Corollary 2. On Qp,_, the set of slice reqular functions coincides with that o
convergent ordered power series.

Corollary 3 (Cauchy’s inequalities). Let f € SR(Qp,,A) N C°(Qp,, A) and lef
M > 0 be a constant such that sup,co-p, 1) If(@)|la < M for some I € Sy

Then there exists a constant N4 (depending only on || - ||a) such that, for each
0= ({1,...,0,) € N it holds:
100 (0)|a < Na- M- 2b-ryfcop b,

n

where 0y := 01T+ J9Re(21) - - - ORe(x,)" .
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1.6 Removability of singularities

[Theorem 2 (Hartogs extension phenomenon). Let D' C D C C" open with com-
bact closure K := D’ C D such that D \ K is connected. If f is a slice requla
function on Qp\ g = Qp \ Qpr, then it extends uniquely to a slice reqular function
on the whole set Qp.

Theorem 3. Let © be a circular open subset of A", let Z = Quw be a proper close
subset of © with W locally analytic in C™ and let f € SR(©\ Z, A). Suppose thaf
at least one of the following two condition holds: (1) f is locally bounded in ©, (2)
odim(W) > 2. Then f extends to a slice reqular function on the whole ©.
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