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LAGRANGE POLYNOMIALS OVER CLIFFORD NUMBERS

RICCARDO GHILONI AND ALESSANDRO PEROTTI

ABSTRACT. We construct Lagrange interpolating polynomials for a set
of points and values belonging to the algebra of real quaternions H ~
Ro,2, or to the real Clifford algebra Rp 3. In the quaternionic case, the
approach by means of Lagrange polynomials is new, and gives a complete
solution of the interpolation problem. In the case of Ry 3, such a problem
is dealt with here for the first time. Elements of the recent theory of slice
regular functions are used. Leaving apart the classical cases Rg 0 ~ R,
Ro,1 ~ C and the trivial case Ri,0 ~ R & R, the interpolation problem
on Clifford algebras Ry, with (p,q) # (0,2), (0, 3) seems to have some
intrinsic difficulties.

1. INTRODUCTION

The aim of this work is to define Lagrange interpolating polynomials for
a set of points and values belonging to a real Clifford algebra. We make
some preliminary considerations to select the Clifford algebras on which the
construction can be performed. We then restrict to two cases, the Clifford
algebra of signature (0,2) (isomorphic to the algebra of real quaternions)
and the one of signature (0, 3).

Let R, ; denote the real Clifford algebra with signature (p,q), equipped
with the usual Clifford anti-involution z +— z¢ defined by

z¢ = ([zo+[z]i +[z]2+[z]3+[z]at+- ) = [zlo— [z — [z]a+ 23+ [2]s—- -,

where [z];, denotes the k—vector component of z € R, , (cf. e.g. [1], §4.1] or
[7, §3.2]). For every element x of R, 4, the trace of z is t(z) := = + 2¢ and
the (squared) norm of x is n(z) := zx¢. Let m := p + ¢. An element z of

R, 4 can be represented in the form z = ) rxex, with K = (iy,...,1)
an increasing multiindex of length k, 0 < k < m, ex = ¢€;, ---¢€;,, eg = 1,
xx € R, xy = xg, €1,..., ey basis elements (with e? =1 for i < p, e? =-1
for i > p). The (real vector) subspace generated by 1,e1,ea, ..., ey, is called

the set of paravectors in R, , and denoted by R+ We identify the field of
real numbers with the subspace of R, ; generated by the unit of the algebra.

In a non—commutative setting, the ring of polynomials is usually defined
by fixing the position of the coefficients w.r.t. the indeterminate X (e.g.
on the right) and by imposing commutativity of X with the coefficients
when two polynomials are multiplied together (cf. e.g. [10, §16]). Given
two polynomials P(X) and Q(X), let P - @ denote the product obtained
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in the way we just described. If P has real coefficients, then (P - Q)(x) =
P(z)Q(x). In general, a direct computation (cf. [I0, §16.3]) shows that if
P(z) is invertible, then

(1) (P-Q)(z) = P()Q(P(z) " 'zP(x)).

In this setting, a (left) root of a polynomial P(X) = Zgzo X"ay, is an
element z € R, , such that P(x) = Zi:o zlaj, = 0. As shown in [5] and [,
in order to obtain a good structure for the zero locus of a polynomial, it is
necessary to restrict the domain where roots are looked for, and to impose
some conditions on the polynomial. We recall from [5] the definition of the
quadratic cone Qp 4 of R,

Qg =RU{z eR,,|t(x) € R,n(z) € R,4n(x) > t(z)?}.

The quadratic cone coincides with the whole Clifford algebra only when
R4 is a division algebra, i.e. for Rgg ~ R, Ry ~ C and R ~ H. If we
restrict roots to the quadratic cone, then an admissible polynomial P(X)
with Clifford coefficients (cf. [5] for this notion) satisfies a version of the
Fundamental Theorem of Algebra.

In the construction of Lagrange polynomials for points z1,...,x,, we
are lead to consider only elements x; in the quadratic cone. Moreover, the
procedure requires the invertibility of differences of the form z; —z; (i # j),
and also of the form z; — 2, with z{ and 2’ in the same conjugacy classes
of z; and x;, respectively.

These conditions impose severe restrictions on the Clifford algebras in
which the procedure can be done. In every Clifford algebra R, , with p > 2,
one can find elements z,y € Q,,, not belonging to the same conjugacy
class, such that the difference = — y is non-invertible (e.g. * = ey and
y = 1/3e1 + 2/3e12). Due to the isomorphism between Rg o and R; ;, also
in the algebras R; 4, with ¢ > 1, one can find pairs of elements with the
same properties. As we will see below, this fact has consequences also on
the number of roots of polynomials, and therefore on the uniqueness of
interpolating polynomials.

In Ry 9~ R@R, the quadratic cone reduces to the real line R, where the
construction of the Lagrange polynomials is well-known. Therefore, leaving
apart the classical cases Rog ~ R, Ro; ~ C, we are left with the algebras
Ro,q, with ¢ > 2. In this case, the quadratic cone is simply

Qoq=RU{z €Ry,|t(z) € R,n(z) € R}.

Let S denote the set of square roots of —1 in Qg ,. S is the set of elements
J such that t(J) = 0, n(J) = 1. Every z € Qy, has a decomposition
r=a+pJ witha,5€R, §>0and J €S.

For ¢ = 2, 3, it can be shown that the conjugacy class of y = a+5J € Qo4
is the set S, = {a + SK | K € S} C Qp4. This comes from the fact that S
forms a unique conjugacy class (cf. [8]). Since t(y) = 2a, n(y) = o + 32,
Sz = Sy if and only if t(z) = t(y) and n(x) = n(y). The set Sy coincides
with the zero locus in Qy, of the characteristic polynomial of y, i.e. the
polynomial with real coefficients

Ay(X) = (X —y) - (X —¢) = X* = Xt(y) +n(y).
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If ¢ > 4, the conjugacy class of an element x € Qg, is not necessarily
contained in the quadratic cone. For example, the class of e4 contains also
(2 4+ e123) " tes(2 + e123) = 5/3eq — 4/3e1234 ¢ Qp,q- For this reason, we will
restrict to the cases ¢ = 2, 3.

2. PRELIMINARY RESULTS

For ¢ = 2 (the quaternionic case), the trace and the norm of an element
are always real. For ¢ = 3, t and n take values in the center of the algebra, i.e.
in the subspace generated by 1 and ej93: t(z) = 2(z¢ + 2123), n(z) = |z|*> +
d(x)e123, where |z| = (x - 2)'/2 is the euclidean norm of = € Ry 3 ~ R® and
P(z) = x - (ze123) = 2(woT123 — T1T23 + T2T13 — T3T12). Since (z) = ¢(x€),
we have that n(z) = n(z¢) for each z € Roz. We have Qpo = Rpo ~ H,
Qo3 = {r € Ro3 | 7123 = 0,¢(z) = 0}.

In H, every non-zero element is invertible. In Rg3, there are non-
invertible non-zero elements.

Proposition 2.1. Let x € Ry 3. Then the following facts hold:

1. x is invertible if and only if its norm n(x) is invertible.
2. x is invertible if and only if Yy (x)_(x) # 0, where

Pi(x) = (w0 £ 2123)° + (21 F 023)° + (22 + 713)° + (3 F 212)>.

Proof. 1. 1If x is invertible, then (z=1)¢ = (2¢)~! and (z7 ')~ is the inverse
of n(x) = xz¢. Conversely, if n(z) is invertible, then n(x)~'z¢ = z°n(z)~*
is the inverse of x.

2. The center of Rg 3 is isomorphic to the algebra R © R. Therefore, an
element a + bejog is invertible if and only if a? — b? # 0. From the first part
it follows that € Rg g is invertible if and only if |z|* — ¢(2)? # 0. The
thesis follows from the fact that ¢, (v) = 3|z + zeis|> = |22+ 2 (ze23) =

|2* + ¢(2) and ¥ (z) = |z* - ¢(). .

In Qp3, there exist distinct elements whose difference is not invertible.
For example, ey, eag belong to S but e; — es3 is not invertible.

Proposition 2.2. Let x,y € Qo 3, with S, #S,. Then x — y is invertible.

Proof. If x — y is not invertible, from Proposition 2.1l we get ¢4 (x —y) =0
or Y_(r —y) = 0. Assume ¢4 (x —y) = 0. Then z¢ + z123 = Yo + Y123
and ¢+(x) = ¢+(y) Since X,y € Q073, QS(x) = gb(y) =0. It follows that

n(z) = |z|> = ¥y () = n(y). Moreover, x93 = yi23 = 0. Therefore
t(z) = 2z = 2yp = t(y). But then x and y are in the same conjugacy class.
The same conclusion is obtained if ¢_(z — y) = 0. O

Remark 2.3. The previous results can be obtained also by using an explicit
form of the isomorphism Roz ~ H @ H (cf. for example [7] for such an
isomorphism,).

Let V(P) denote the set of roots of a polynomial P(X) = Zi:o X"hay,
belonging to the quadratic cone Qg 4:

V(P) = {z € Qoq | Plz) = X% _oatay = 0}.



4 RICCARDO GHILONI AND ALESSANDRO PEROTTI

We now prove an analogue of the Gordon-Motzkin Theorem (6], see also
[10l §16.4]), which in his original form is valid for polynomials over division
rings (e.g. over the quaternions).

Theorem 2.4. Let P(X) = Z;lzzo X"ay, be a polynomial of positive degree
d, with coefficients ap, € Rg3. Then its roots belong to at most d distinct
conjugacy classes in Qg 3.

Proof. We proceed by induction on d. If d = 1, and za; +ag = ya; +ag = 0,
with z,y € Qp3, then (z — y)a; = 0. From Proposition [Z2] it follows that
x and y must belong to the same conjugacy class. For d > 2, let y € V(P).
Applying the non—commutative version of the Remainder Theorem (cf. [10),
§16.2]), we can find a polynomial Q(X) = fl;é X"by,, of degree d — 1, such
that
P(X) = (X —y)- QX).

If x € V(P), with S, # Sy, then a := x—y is invertible from Proposition [Z2]
Since 0 = P(z) = aQ(a 'za), we get Q(a'za) = 0. Therefore 2’ :=
a"lza €S, NV(Q). From the inductive hypothesis, = belongs to the union
of at most d — 1 conjugacy classes. Therefore the roots of P belong to at
most d conjugacy classes. U

It is not clear if the preceding theorem holds on every Clifford algebra Ry .
The same proof can not be repeated, since for ¢ > 3 the element 2’ = o~ 'za
does not necessarily belongs to the quadratic cone, and then Proposition
can not be applied. Surely the result is not valid on Clifford algebras Ry, ,
with p > 2: for example, the degree one polynomial X (e; —ej2) +e2 — 1 has
roots ej2 and 1/3e; +2/3e12 in the quadratic cone, belonging to two distinct
conjugacy classes.

The preceding theorem is valid in any Clifford algebra R , for admissible
(see [5]) polynomials. In particular, it holds for polynomials with paravector
coefficients, a case considered in [13].

A polynomial of degree d can have more than d roots if two or more of
these are allowed to belong to the same conjugacy class. In Rg 3, this can
happen also for degree one polynomials. For example, the (not admissible)
polynomial X (e1+e923)+1—e123 has two distinct roots e; and ey3 in the same
conjugacy class S. Observe that es € S but is not a root of the polynomial.

Since the quadratic cone Qg 3 contains the paravector space R®, one can

consider the subset of paravector roots of P = ZZ:O Xhay,:
VA(P) = {z e RW | P(z) = X4_, 2"ay = 0} C V(P).

Let r be the number of real roots of P (counted with multiplicity). As shown
in [2], if V(¥ (P) contains two distinct roots in the same conjugacy class S,,
then S, NR®W c V¥ (P). We call these roots spherical roots of P. In this
case, P is divisible by the characteristic polynomial A,(X) of y. Let s, be
the maximum exponent of a power of A, dividing P. Let s be the sum
of integers s, when y varies, without repetitions, in the conjugacy classes
of non-real roots contained in V¥ (P). From Theorem 24, the number of
these classes is at most d. We can get a more precise estimate, similar to
what obtained in [12] in the quaternionic case.
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Corollary 2.5. Let P(X) = Zgzo X"ay, be a polynomial of positive degree
d, with coefficients ap, € Ro3. Let r and s be as before. Let k be the number
of non—real, non—spherical paravector roots of P. Then r 4+ 2s + k < d.

Proof. We can factor out from P a polynomial with real coefficients, of
degree r 4+ 2s. The quotient is a polynomial of degree d — r — 2s, to which
Theorem 2.4 applies. Therefore k < d—r—2s, and the estimate is proved. [

3. MAIN RESULTS

Lagrange interpolation on the quaternionic space. The problem of
polynomial interpolation on quaternions has already been considered, usu-
ally studying properties of a quaternionic Vandermonde matrix. In [I1], §16]
(in the general setting of division rings) and in [9], it is proved that the
problem has a unique solution if and only if the interpolation points are
distinct and every conjugacy class contains at most two of the points. Here
we define the Lagrange interpolating polynomials, and give the supplemen-
tary condition that must be satisfied by the data to assure the existence
of the solution when more than two points belong to the same conjugacy
class. This is a collinearity condition involving also the values to be taken,
coming from a property of polynomials with right coefficients (shared with
the larger class of slice regular functions, cf. [3| [5]): their restriction to each
sphere S, is an affine function.

Theorem 3.1. Let Sq,...,S, be pairwise distinct conjugacy classes of H
and, for every j € {1,...,n}, let zj1,... s Tjd; be pairwise distinct elements
of Sj with dj > 1, let wj1, ..., wjq; be arbitrary elements of H and let d; =

min{d;,2}. Define d:= —1+ 2?21 d;. Then there erists, and is unique, a
quaternionic polynomial P(X) = Zﬁzo X"ay, of degree at most d such that
P(xji) = wji for each j € {1,...,n} and k € {1,...,d;} if and only if,
for every j € {1,...,n} with d; > 3, the following quaternionic collinear
condition (C;) holds:

(.%'jg — le)_l(wj‘z — wjl) = (xjh - le)_l(wjh - U)jl) Vh € {3, e ,dj}.
Proof. Up to reordering indices, we can assume that dy =do =... =d, =1
and dp1 > 2, ..., d, > 2 for some m € {0,1,...,n}.

Given T € H[X] and y € H, with V(T') NS, = 0, it follows from formula
(@) that the polynomial

S(X) =T(X) - (X = T(y)~yT(y))
vanishes exactly on V(T") U{y}. Then we can find, for each j € {1,...,m}

and for each k € {m + 1,...,n}, polynomials Pj, Py 1, P2 € H[X] such
that

V(PJ) = {z11,... y L(j—1)1> L(j4+1)15 - - - s Tml }s

V(Pkl) = {2711, - ,xml} @] {,Ikg}, V(Pkg) = {2711, - ,xml} @] {xkl}
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For each j € {1,...,m} and k € {m + 1,...,n}, define the quaternionic
Lagrange polynomials

Lj(X) = Agp 1, (X) - Ag,,y (X) Pi(X) ay,
L;c(X) = Am(m+1)1( ) AJB (k— 1)1(X)A£B(k+1)1(X) e All?nl (X) Pkl (X) bkl’
L/k,(X) = A$(m+1)1( ) Aw(k 1 (X)Ax(k+1)1 (X) T Aﬂcnl (X) P (X) br2,

-1
where a; := <A$(m+l)l(a€j1) Ag,, (1) P (wjl)) and

-1
bre == <Am(m+1)1 (Te) =+ Doy (ThO) Ay (Tre) -+ Ay (Sﬂu)Pu(Sﬂu))
with ¢ € {1,2}. Then

Pi= 370 Liwit + 2 (Lwen + Liwks)

is an interpolating polynomial for points {1 }i=1,.. m U {:Ujh}?:i’il e It

there are conjugacy classes containing more than two data points, it remains
to prove that P interpolates also at the points {xjh}?:;ﬂdj - Since the
restriction of P to each sphere S, is an affine function, there exist a,b € H
such that P(x) = xa+b for every z € S,. For the sphere S, the constants

a and b are given by
—1
a = (xjg —le) (wjg —wjl), b:wjl —lea.

Therefore, the set of equalities P(z;,) = xjpa +b = wj, for h € {3,...,d;},
is equivalent to the collinearity condition (Cj).

The uniqueness of the interpolating polynomial comes from the estimate
on the number of roots of a quaternionic polynomial proved by Pogorui and
Shapiro [12]. O

We give an example of the procedure described in the proof for five points
in H x H satisfying the collinearity conditions.

Example 3.2. Let 11 = 0, 291 = 1+ 1, x31 = 4, x30 = J, x33 = k.
Consider the values w11 = 1, woy = —1, wy; = 1, wsy =k, wsg = —j. Note
that x31,x32,x33 belong to the same conjugacy class S, with characteristic
polynomial X% 4+ 1. The relative collinearity condition is satisfied:

(232 — m31) Hwsz — w31) = —i = (z33 — v31) " (wzz — wa1).
We construct the Lagrange polynomials Ly, Lo, L, LS. We set:
Pl(X) ::X—I'Ql =X-1-—1
LX) =(X24+1D)P(X)=X3 - X?A+i)+ X —-1—i
Li(X) i= L{(X)Li(en) ™ = Li(X)(—1 =)' = X () + X2+ X (F) +1
and
PQ(X) — T = X
Li(X) = (X2 +1DP(X)=X3+ X
Lo(X) i= L3(X) Ly (wa1) " = L5(X)(—1+3i) 7" = X (=% + X (=45%).
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Moreover, let

QX)) =X —zn) - (X —z2) = - X(1+1)
P (X) = Q(X) - (X = Q(32)” 563262(3332)) X7+ <3Zf]+2k) X <%’3J”)
Lg(X) = Pgl(X)Pgl(xgl)_l = <5 2j— (%)
and

Psp(X) = Q(X) + (X — Q(a31) 'es1Q(w31)) = X* — X?(1 4 2i) + X(—1+1)
Lg(X) — P32(X)P32(x32)_1 — x3 <1-2i;r02j+k> _ x2 (#) X (1+3i1—03j+k> _
Finally, we get the unique interpolating polynomial of degree 3
P(X) := Lyi(X)wi1 + La(X)wa1 + L3(X)ws1 + L3 (X)wss =
= L1(X) — Lo(X) + Ly(X) + L§(X)k = X3 + X2 4 1.
Lagrange interpolation on the Clifford algebra Rj 3. We now perform
the construction of Lagrange polynomials for a set of points in Rg 3. Due

to the presence of zero—divisors, we must restrict to points belonging to
different conjugacy classes.

Theorem 3.3. Let x1,. .., %y, be pairwise distinct elements of Qp 3. Assume
that x; € S; for each j € {1,...,m}, with Sy,...,S,, pairwise distinct
conjugacy classes. Let wi,...,w, be arbitrary elements of Ro3. Define
d := m — 1. Then there exists a unique polynomial P(X) = Z?f:o X"hay,
with coefficients ap, € Ro 3, of degree at most d, such that P(x;) = w; for
each j € {1,...,m}.

In order to prove the theorem, we need a preliminary result.

Lemma 3.4. Given a polynomial P(X) = ZZ:O X"ay, with coefficients
ap, € Roz and y € Qos, with V(P)NS, = 0 and P(y) invertible, the
polynomial Q(X) := P(X) - (X — P(y)~'yP(y)) vanishes on V(P) U {y},
and Q(z) is invertible for each x ¢ S, such that P(x) is invertible.

Proof. The first part follows from the equality
Q(X) = XP(X) — P(X)P(y)"'yP(y).
For each x € Qg 3 such that P(x) is invertible, it holds
Q(z) = P(x)(P(x)"'wP(x) — P(y) " 'yP(y)).
If ¢ Sy, the latter equality and Proposition give the invertibility of
Q). O
Proof of Theorem[3.3. Let Py(n1 )(X ) := X — x1 and define recursively, for
k=2,...,m — 1, the polynomials
PI(X) = PYY(X) - (X = PR () " an PY ().
Note that Bgf_l)(xl) is invertible for every I = k,...,m, as can be seen
applying inductively Lemma [34l The polynomial P, := P,g,bmfl) vanishes

at x1,...,2m—1 and Pp,(z,,) is invertible. We can then define the m-th
Lagrange polynomial L, (X) := P (X)Pp(zm) L.
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For each j € {1,...,m — 1}, we can define similarly the Lagrange poly-
nomials Ly, ..., Ly—1. Finally, we set P(X) := 377" | L;j(X)w;.

The uniqueness of the interpolating polynomial follows immediately from
Theorem 241 O

As an illustration of the procedure described in the proof of Theorem [3.3]
we give an example of Lagrange interpolation for three points in Rg 3 x Rq 3.

Example 3.5. Let x1 = ey, x2 = ea +e23, v3 = —1 in Qo3 and let wy = 1,
wq = 2e93, w3y = e1. We construct the Lagrange polynomial Ls:

PV(X) =X — ¢
Py(X) = ngQ)(X) = (X —e1) (X —(e2 + e — 61)71(62 +e23)(e2 +e23 —e1)) =

€1 362 26163 €2€3 6 36162 263 1
= X2 X (=== e b i A W
+ < 5 5 + 5 5 ) <5 5 5 + 5616263)
L3(X) := P3(X)P3(=1)"t = X2a2 + Xad + a3,  with

as = %(16 + 4e1 — 3ea + 3ereg + 2e3 + 2e1e3 + ezes + ereges),
az = %(—3 + 5e; — Beg + dejes + 2erese3),

az = %(11 +e1 — 3es — 3ejeg — 2e3 + 2e1e3 — eges + e1ez€e3).
Similarly, we compute the Lagrange polynomials Ly and Lo:

Li(X) == X?%a} + Xai + a2,  with

a(l] = %(8 8e1 + 6ey — Gejegs — deg — dejes — 2exe3 — 2eeze3),
a% = %(6 — 10ey + 12e9 — 8ejes — dejeses),
a% = %( 2 — 2e; + 6ey + bejeg + deg — dejes + 2eze3 — 2e1ez€e3),

=]
N
QU
~
=
>
i
><

24+ Xal+d9,  with

ay = %(1 + 4e; — 3eg + 3eres + 2e3 + 2e1e3 + eges + eeaes),

a% = %( 3+ bey — 6Geg + 4dejes + 2ejezes),

a% = %5( 4+ e — 3eg — 3ereg — 2e3 + 2e1e3 — eges + eeze3).
Finally, we get the interpolating polynomial

m
)= ZLj(X)wj = X%ay + Xay +ap, with

ag = %(661 + 8eg — Hejeg — 10e3 — 2e1e3 + deges + Hejeses),
a = 1—15(—6 — 9e1 + 13e9 + 3ejey — 8ez — 12e1e3 — exes + Yeqeqes),
as = %(—6 + beg + 8ejes + 2e3 — 10eje3 — Heges + dejeges).
Observe that the expansion of P(X) w.r.t. the eight real coordinates contains
239 terms.
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