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m Interface

= [nitial messages and package context

Off[General::"spell"];Off[General::"spell1"]

Print["RegularHarmonics by A.Perotti, Version 1.2, April 2004"]

Print["This package implements computations with Fueter-regular quaternionic
polynomials and harmonic functions of two complex variables."]
Print["Addional information are available on the world wide web at the page
http://www.science.unitn.it/~perotti/RegularHarmonics.htm"]

Print["Send comments and bug reports to: perotti@science.unitn.it"]

BeginPackage['RegularHarmonics™]

» Usage messages

» Error messages

RegularHarmonics::notpoly = "*1" is not a polynomial in 2™

m Implementation

= Begin the private context

Begin[" Private™]

= Unprotect system functions

protected = Unprotect[Conjugate,D]

= Definition of auxiliary functions

= Norms

m ComplexNorm

ComplexNorm[a_?NumericQ*z_]:=Abs[a] ComplexNorm][z]
ComplexNorm[Conjugate[z_]]:=ComplexNorm[z]
ComplexNorm[a_?NumericQ]:=Abs[a]
Format[ComplexNorm([z_],StandardForm]:=BracketingBar{z]
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= symbolC

symbolC [f_, z Symbol: z]:=Module [{}, Format [z[i_ ], StandardForm ] =2z;;
Symbol [SymboIName[z] <>"-" J[i_ ] : = Conjugate [z[i]];
ReplaceAll [f, {z; ->z[i], Subscript [z,i_ 1->2z[i]}] /.
ComplexNorm [z] » Sqrt [z[1] Conjugate [z[1]] +z[2] Conjugate [z[2]]] /.
ComplexNorm [z [i_ 1] » Sqrt [z[i ] Conjugate [z[i]1]1]]

= ToComplexNorm

ToComplexNorm [f_, z_Symbol:  z] : = Module [{cn},
Simplify  [symboIC [f, z ],z [1] Conjugate [z[1]] +z[2] Conjugate [z[2]] ==cn] /.
cn » ComplexNorm [z]”2] /.z [i_ 1" (n_Integer: 1) Conjugate [z[i_ 11" (m_Integer: 1) -
ComplexNorm [z [i 1™ (2Min[n,m]) z[i ] (n-=Min[n, m])
Conjugate [z [i ]11™ (m-Min[n, m])
SetAttributes [ToComplexNorm, Listable ]

m ToRealNorm
ToRealNorm [f_, x_Symbol:  x] : = Module [{rn },

Simplify [f /.xi ->x[i ], Sum[x[i]"2, {i,0,3 }]==rm]/.m - ComplexNorm [x]"2]
SetAttributes [ToRealNorm, Listable ]

m Tonorm

Tonorm = False;
ToCxNorm[f_, z_Symbol:  z] : =If [Tonorm, ToComplexNorm [f,z 1,f f 1]

m Auxiliary functionsfor polynomials

m NormalSeries

NormalSeries [f_, n_Integer, z_Symbol: Z] : = Module [{zb, t 1},
Normal [Series [symbolC [f,z ] /.Conjugate [z[i_]1]1-»>tzb [i] /. z[i_ 1>tz [i],
{tt0,n 3}11/.t »1/.zb [i_ ] ->Conjugate [z[i]]]
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= HomogeneousParts

HomogeneousParts [f_, z_ Symbol: z] : = Module [{e, t, |, k, st },
e =symbolC [f,z ];
If [PolynomialQ [e, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]11}],

t = First [Internal DistributedTermsList [
e, {z[1l]1,z [2], Conjugate [z[1l]], Conjugate [z[2]]}11;
While [Length [t] ==0,t = {{{0,0,0,0 },013}3}1;! ={};

While [Length [t] > O,
k = Plus eeFirst [t]1[[11];
st = Select [t, Plus eeFirst [#] ==k &];t = Complement [t, st 1;
| = Append [l, {Internal’FromDistributedTermsList [
{st, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]]}}1.Kk }11;
Sort [l, OrderedQ [{#1[[2]11,#2 [[2]1]1}] &], Message [

RegularHarmonics::notpoly, f, z 111
HomogeneousParts [f_, n_Integer, z_Symbol: z]: =
HomogeneousParts [NormalSeries [f,n,z ],z ]
SetAttributes [HomogeneousParts, Listable ]

m ComplexHomogeneousParts

ComplexHomogeneousParts [f_, z_ Symbol: z]:= Module [{e, t, I, k, st },
e = symbolC [f,z ];
If [PolynomialQ [e, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]11}],
t = First [ Internal DistributedTermsList [e,
{z[1]1, z [2], Conjugate [z[1]], Conjugate [z[2]1}11;! ={};
While [Length [t] > O,
p = Plus eeFirst [t]1[[1, {1,2 }]1];q9 = Plus eeFirst [t][[1, {3,4 }11;
st = Select [Select [t, Plus ee#[[1, {1,2 }]] ==p &],
Plus ee#[[1, {3,4 }]] == q &];t = Complement [t, st 1;
| = Append [l, {Internal’FromDistributedTermsList [
{st, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]11}}], {P.d }}I11;
Sort [Sort [l ], OrderedQ [{Plus ee#1[[2]], Plus ee#2[[2]]}] &],

Message [RegularHarmonics::notpoly, f, z 111
ComplexHomogeneousParts [f_, n_Integer, z_Symbol: z]: =
ComplexHomogeneousParts [NormalSeries [f,n,z 1,2z ]
SetAttributes [ComplexHomogeneousParts, Listable ]
= TotalDegree

TotalDegree [f_,z Symbol: z]: =
Exponent [symbolC [f,z ] /. Conjugate [z[i_ ]]1-» z[1] /.z [2] »z[1],2z [1]]

m L eadingTerm

LeadingTerm [f_, z_Symbol: z]:=
Module [{l },| = First [Internal DistributedTermsList [symbolC [f,z ],
{z[1], z [2], Conjugate [z[1]], Conjugate [z[211}11;
| =Sort [Sort [I ], OrderedQ [{Plus ee#1[[1]], Plus ee#2[[1]]1}] &];
Internal’ FromDistributedTermsList [
{{Last [l 1}, {z[1]1,z [2], Conjugate [z[1]], Conjugate [z[2]1]1}}11]
SetAttributes [LeadingTerm, Listable ]
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m Miscdlaneous

m OnS (trace on the boundary of the unit ball)

OonS[f_, z_Symbol:  z] : = Simplify [symbolC [f /.ComplexNorm [z] ->1,z ],
z[1] Conjugate [z[1]] +z[2] Conjugate [z[2]] ==1]

= Definition of principal functions

m | aplacian and Kelvin Transform

m L aplacian (real)

Laplacian [f_, x_Symbol: x]: =
Simplify  [Sum[D[f /.xj ->x[j1, {X[[ 1,2}, {1, 0,3 } /X [_1->%]

m ComplexLaplacian

ComplexLaplacian  [f_, z_ Symbol: z] : =
Module [{e}, e =symbolC [f, z ]; Simplify [Sum[D[e, Conjugate [z[j 11,2 [j11, {2 }111

m KdvinTransform

KelvinTransform [f_,z Symbol: z]:=Module [{hp}, hp = HomogeneousParts [symbolC [f, z 1];
Sumrhp[[i, 1 1] ComplexNorm [z]” (-2-2hp[[i,2 1]1), {i, Length [hp]}11]

m Fidd Conversions

m RtoC

RtoC [{fl_, f2_ }, x_Symbol: x, z_Symbol: z]: =
(symbolC [0, z ]; Expand [symbolC [f1 +1 =f2,x ] /.
X[i_?0ddQ] -» (z[(i +1) /2] -Conjugate [z[(i +1)/2]])/ (21) /.
X[I_?EvenQ ] > (z[(i +2) /2] +Conjugate [z[(i +2) /2]1])/2]);

m CtoR

CtoR [f_, z_Symbol:  z, x_Symbol: x]: =
Module [{e}, e = Expand [symboIC [f,z ] /. Conjugate [z[i_ ]] > X[2i -2] -da*X[2i -1] /.
z[i_ ]->X[2i -2] +4ax[2i -1]]; ComplexExpand [{Re[e]l,Im [e]1}] /. X [[_ 1 ->X;]
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m CtoH

CtoH [f_List, z_Symbol: z, X_Symbol:  x]: =
Flatten [Table [CtoR [f, z, x TJ[[AILi 11, {i,2 }11;

m HtoC

HtoC [{f0_, f1_, f2_, f3_ }, Xx_Symbol: x, z_Symbol: z]: =
{RtoC [{f0,f1 },x,z ],RtoC [{f2,f3 3}, %X,z 1};

Cauchy-Riemann-Fueter equationsfor regular and y-regular functions and related
boundary operators

= CRF

CRF {f1_,f2_ },z_Symbol: 2z]:=
Module [{el, e2 }, {el, e2 } = Expand [symbolC [{fl, Conjugate [f2 1},2z ]1];
Simplify  [{D[fl, Conjugate [z[1]]] - D[Conjugate [f2 ], Conjugate [z[2]]],
D[fl, z [2]] + D[Conjugate [f2 ],z [1]]1}]]

m PsSCRF
PSiCRF [{f1_, f2_ },z_Symbol: z]:=
Module [{el, e2 }, {el, e2 } = Expand [symboIC [{fl, Conjugate [f2 1}, z 1]; Simplify [
{D[el, Conjugate [z [1]]] -D[e2,z [2]], D [el, Conjugate [z[2]]1] +D[e2,z [1]11}]]1]
= DbarN
DbarN [f_, z_Symbol: z]: =
Module [{e, zb }, e = Expand [symboIC [f,z ] /.Conjugate [z[i_ ]] - zb[i]];
Sum[zb [i ] D[e, zb [i 1], {i,2 }]1 /. zb [i_ ] » Conjugate [z[i]] ]
|
L[f_, z Symbol: z]:=Module [{zp,e },zp [i_?0ddQ] =z[i +1];
zp[i_?EvenQ ] = -z[i -1];symbolC [0,z 1; Sum([zp [i ] D[f, Conjugate [z [i]11], {i,2 }]1
m | bar

Lbar [f_, z_ Symbol: z]: = Module [{zp, zb, e 1},
zp [i_?0ddQ ] = Conjugate [z[i +1]1];zp [i_?EvenQ ] = -Conjugate [z[i -1]1];
e = Expand [symbolC [f,z ] /.Conjugate [z[i_]]-» zb[i]];
Sum[zp[i]D[e,z [i]], {i,2 }] /.zb [i_ ] > Conjugate [z[i]1]]
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m NFueter

NFueter [f_, z_Symbol: z]:=
Module [{e, zb }, e = Expand [symboIC [f,z ] /.Conjugate [z[i_ ]] - zb[i]];
zb [1] D[e, zb [1]] +z[2] D[e, z [2]] /. zb [i_ ] » Conjugate [z[i]] ]

m TFueter
TFueter [f , z_Symbol: z]:=
Module [{zb, e }, e = Expand [symboIC [f, z ] /.Conjugate [z[i_ 11 - zb[i]];
zb[2]1 D[e, zb [1]] -z[1] D[e, z [2]] /.zb [i_ ] » Conjugate [z[i]]]
= PsiRegularQ
PsiRegularQ [{fl_,f2_ 3}, z Symbol: z]: =
{OnS[DbarN [fl, z ] +Lbar [Conjugate [f2 ],z ],z ], ComplexLaplacian [{fl,f2 },z ]} ===
{0, {0,0 }}
= RegularQ

RegularQ [{fl_,f2_ '}, z_Symbol: z]:=
{OnS[NFueter [fl,z ] +Conjugate [TFueter [f2,z 1],z 1,
ComplexLaplacian [{f1,f2 },z 1} === {0, {0,0 }}

Gauss formulasfor harmonic extension and har monic decomposition of polynomialson the
unit ball and on the exterior of the unit ball

GaussExtension

HomGaussExtension [e_, k_Integer, z_Symbol: z] : = Module [{f, k2, lap 3},
f = symbolC [e,z ]1;k2 = Floor [k/2];
lap [0] =f;lap [1] = ComplexLaplacian [f, z 1;
Doflap [j ] = ComplexLaplacian [lap [j -11,z 1, {j,2, k2 }7I;
Sum[(k-2s+1)/(s! (K-s+1) 1) Sum[(-1)"] (k-] -2s)1/]!
Sum[z [i ] Conjugate [z[i 1], {i,2 }1%jlap [j +s]1, {J,0,k2 -s}], {s,0,k2 1}11]
GaussExtension [e_, z_Symbol: z] : = Module [{hp}, f =symbolC [e, z ];
If [PolynomialQ [f, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]11}],
hp = HomogeneousParts [f, z 1;
ToCxNorm[Expand [Sum[HomGaussExtension [hp[[i,1 11,hp [[i,2 11,z 1,
{i, Length [hp13}11,z 1, Message [RegularHarmonics::notpoly, f, z 111
GaussExtension [e_, n_Integer, z_Symbol: z] : = GaussExtension [NormalSeries [e,n,z 1,z ]
SetAttributes [GaussExtension, Listable ]
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m GaussForm

HomGaussForm[e_, k_Integer, z_Symbol: z] : = Module [{f, k2, lap 3},
f = symbolC [e,z ]1;k2 = Floor [k/2];
lap [0] =f;lap [1] = ComplexLaplacian [f, z 1;
Doflap [j ] = ComplexLaplacian [lap [j -11,z 1, {j,2, k2 }7I;
Table [
{Sumf(k-2s+1)/ (st (k-s+21)!) (-1)"j (k-j -2s)!/jSum[z[i] Conjugate [z[i]],
{i,2 317 «lap [j +s], {,0,k2 -s}1,2 s}, {5,0,k2 }1]
GaussForm [e_, z_Symbol: z] : = Module [ {hp, ghp, st, I, k },f =symbolC [e, z 1;
If [PolynomialQ [f, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]1]1}],
hp = HomogeneousParts [f, z 1;
ghp = Flatten [Table [HomGaussForm[hp[[i,1 11,hp [[i,2 11,z 1, {i, Length [hp1}1,11;
I ={}
While [Length [ghp] >0,k = First [ghp]l[[2]];
st = Select [ghp, # [[2]] =k &];ghp = Complement [ghp, st 1;
| =Append[l, {Plus eest [[AIlL1 11,k }11;
ToCxNorm[Expand [Sort [l, OrderedQ [{#1[[2]11,#2 [[2]]1}] &11,2 1,
Message [RegularHarmonics::notpoly, f, z 111
GaussForm [e_, n_Integer, z_Symbol: z] : = GaussForm [NormalSeries [e,n,z ],z ]
SetAttributes [GaussForm, Listable ]

m Exterior GaussExtension

ExteriorHomGaussExtension [e_, k_Integer, z_Symbol: z] : = Module [{f, k2, lap 3},
f =symbolC [e,z ];k2 = Floor [k/2];
lap [0] =f;lap [1] = ComplexLaplacian [f, z 1;
Doflap [j 1 = ComplexLaplacian [lap [j -11,z 1, {j,2, k2 }1;
Sum[(k-2s+1)/(s! (k-s+1)1)
Sum[(-1)7"j (k-j -2s)!t/j rSum[z[i] Conjugate [z[i]], {i,2 }1"(j -k+2s-1)
lap [j +s1, {j,0,k2 -s}], {s,0,k2 }]1
ExteriorGaussExtension [e_,z Symbol: z]:=Module [{hp}, f =symbolC [e, z ];
If [PolynomialQ [f, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]11}],
hp = HomogeneousParts [f, z 1;
ToCxNorm[Expand [Sum[ExteriorHomGaussExtension (hpri[i,1 11,hp [[i,2 11,21,
{i, Length [hp13}11, z 1, Message [RegularHarmonics::notpoly, f, z 111
ExteriorGaussExtension [e_, n_Integer, z_Symbol: z] =
ExteriorGaussExtension [NormalSeries [e,n,z ],z ]
SetAttributes [ExteriorGaussExtension, Listable ]

m Regular and y-regular extensions of polynomialson the unit ball

m DK

Dk[e_, k_, z_Symbol: z] : = Module [{f, k2, lap 1},
f = symbolC [e, z 1;k2 =Floor [k/2];
lap [0] =f;lap [1] = ComplexLaplacian [f, z 1;
Doflap [j ] = ComplexLaplacian [lap [j -11,z 1, {j,2, k2 }7I;
1/ktrSum2~ (k-21 -1) 1 (21 -1yt /7 (0 +1)y tlap [I +17, {I,0,k2 -13}11
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m PsiRegular ExtensionQ

PsiRegularExtensionQ [{fl_,f2_ 3}, z_Symbol: z]:-=
Module [{hp}, hp = HomogeneousParts [fl, z ]; OnS [DbarN [fl, z ] + Lbar [Conjugate [f2 ],z ] -
Sum[Dk[hp[[i,1 11,hp [[i,2 11,21, {i, Length [hpl}],z ] ===0]

= Regular ExtensionQ

RegularExtensionQ  [{fl_,f2_ },z_Symbol: z]:=
Module [{hp}, hp = HomogeneousParts [fl, z ];
OnS[NFueter [fl,z ] +Conjugate [TFueter [f2,z ]] -
Sum[Dk[hp[[i,1 11,hp [[i,2 11,21, {i,Length [hp]}],Z ] ===0]

m PsiRegular Extension

PsiRegularExtension [{fl_,f2_ 3}, z_Symbol: 2z]:-=
Module [{ge}, ge = GaussExtension [{fl,f2 },z 1;
If [PsiRegularQ [ge, z ], ge, "No ¢-regular extension" 11
PsiRegularExtension [fl_, z_Symbol: z]:=
Module [{chp, ge, f2 }, chp = ComplexHomogeneousParts [fl, z ];
ge = Table [HomGaussForm[chp [[i,1 ]1,Plus eechp[[i,2 11,z 1], {i, Length [chp]}];
f2 = ToCxNorm[Expand [
Sum[Sum[1 / (First [chp [[i,2 1]] -sS +1) Lbar [Conjugate [First [ge[[i,s +11111.2 1,
{s, 0, Min [chp[[i,2 111}]1, {i,Length [chp]1}11,z ]; {GaussExtension [fl,z ],f2 }]
PsiRegularExtension [fl_, n_Integer, z_Symbol: z]: =
PsiRegularExtension [NormalSeries [fl,n,z 1,z ]

m Regular Extension

RegularExtension [{fl_,f2_ 1}, z_Symbol: z]:=Module [{ge},
ge = GaussExtension [{fl,f2 },z ];If [RegularQ [ge, z 1, ge, "No regular extension" 11
RegularExtension [fl_, z_Symbol: z] : = Expand [
PsiRegularExtension [fl /.z [2] » Conjugate [z[2]],z ] /.z [2] -» Conjugate [z[2]]]
RegularExtension [f1_, n_Integer, z_Symbol: z] =
RegularExtension [NormalSeries [fl,n,z 1,z ]

m Sphereand ball integrals

= Spherelntegral

Spherelntegral [f_List, z_Symbol: z]: =
{Spherelntegral [f[[111,z 1, Spherelntegral [(frr211.z 1}
Spherelntegral [f_,z Symbol: z]:=Module [{e, t,a 1},
e = symbolC [f,z ] ;
If [PolynomialQ [e, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]1]1}],
t = First [ Internal’ DistributedTermsList [e,
{z[11, z [2], Conjugate [z[1]], Conjugate [z[2]113}11];
Sum[If [(a=Part [t,i 1[[1, {1,23}1]) ==Part [t,i 1[[1, {3,4 }11,
Part [t,i ]1[[2]] Times ee (a!) / (Plus eea+1)!,01], {i Length [t]}],
Message [RegularHarmonics::notpoly, f, z 111
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m SphereProduct
SphereProduct [{fl_,f2_ '}, {gl_,92 3}, z_Symbol: z]:=Module [{el, hl, e2, h2 1},
{el, hl, e2, h2 } =symbolC [{f1, g1, f2, g2 }, z 1 ; Spherelntegral [
{h1 Conjugate [el] +e2Conjugate [h2], h2 Conjugate [el] -e2Conjugate [h1l]},z 1]
SphereProduct [f_, g_, z_Symbol: z] : = Module [{f1, g1 1},
{f1l, g1 } =symbolC [{f, g }, z ]; Spherelntegral [fl Conjugate [gl]1,z 1]
m SphereNorm
SphereNorm [{fl_, f2_ }, z_Symbol: z]:=Module [{el, e2 }, {el,e2 } =symbolC [{fl,f2 },z7];

Sqrt [Spherelntegral

SphereNorm [f_, z_Symbol:

Sqrt [Spherelntegral

[el Conjugate [el] +e2 Conjugate [e2],z 111

z] : = Module [{e}, e =symbolC [f,z ];

[e Conjugate [e],z 111

= Balllntegral
Ballintegral [f_List, z_Symbol: z]:=
{Ballintegral [f[[111, z 1, Ballintegral [f[[211,2 1}

Ballintegral [f_, z_Symbol:

e = symbolC [f, z ]

z] : = Module [{e, t,a 1},

If [PolynomialQ [e, {z[1],z [2], Conjugate [z[1]], Conjugate [z[2]1]1}],
t = First [ Internal DistributedTermsList [e,

{z[1]1, z [2], Conjugate

Sum[If [(a = Part

m BallProduct

BallProduct  [{fl_, f2_

[z[1]], Conjugate [z[2]]}11];

[ti 1001, {1, 21}11)==Part [ti 1[[1 {3, 4}]11
2Part [t,i ]1[[2]] Times ee (a!) / (Plus eea +2)!,01], {i Length [t]}],
Message [RegularHarmonics::notpoly, f, z 111

}, {91_,02_ 3}, z_Symbol: z]:=

Module [{el, h1, e2, h2 }, {el, hl, e2, h2 1} =symbolC [{fl, g1, 2, g2 }, z 1 ; Ballinteg
{h1 Conjugate [el] +e2Conjugate [h2], h2 Conjugate [el] -e2Conjugate [hl1l]1},z ]
BallProduct [f_, g_, z_Symbol: z
{f1, g1 } =symbolC [{f, g }, z ]; Ballintegral [f1 Conjugate [gl]1,z 1]

= BallNorm

BallNorm [{fl_, f2_
Sqrt [Ballintegral

BallNorm [f_, z_Symbol:

Sqrt [Ballintegral

}, z_Symbol:

] : = Module [{f1, g1 3},

z] : = Module [{el, e2 }, {el, e2 } =symbolC [{f1, f2

[el Conjugate [el] +e2 Conjugate [e2],z 111

[e Conjugate

z] : = Module [{e}, e =symbolC [f,z ];

fel,z 111

ral

]

Lzl

[
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m Spherical harmonics bases

m BasisP
1:= (-1)~rBinomial [p,!| -r] Binomial [q,r ]
z] : = Module [{t }, symboIC [0, z 1;
t = Table [Sum[CBasisP [p,q,l,r 1z[1]*(p-I| +r) z[2]" (I -r) Conjugate [z[1]]"r
Conjugate [z[2]]1"(g~-Tr), {r,Max [l -p,0 1, Min [qg,| 1}], {l, O, Floor [(p+Q)/21}1;
Join [If [EvenQ[p +q], Delete [t, -1]1,t ], Reverse [t] /. {z[1] »Z[2],Z [2] ->Z[1]}]]
BasisP [k_Integer, z_Symbol: z] : = Module [{t},

t = Table [BasisP [k-q,9,z 1, {q,0, Floor [k/2]}];Flatten [
Join [If [EvenQ[k], Delete [t, -1],t ], Reverse [t] /.z [i_ ] » Conjugate [z[i]111]

CBasisP [p_,q_, |, r_
BasisP [p_lInteger, g_Integer, z_Symbol:

m RealBasisP
RealBasisP [k_Integer, z_Symbol: z]:=
Module [{t},t = Table [BasisP [k-q,09,z 1, {q,0, Floor [k/2]}];t =Join [Delete [

[EvenQ[k], Table [{i}, {i, -k/2, -1}1, {}11, Delete [
[EvenQ[k], Table [{i}, {i, -k/2-1, -13}1, {}111;
[[k"2 /2+k+11]1/2, k"2 /2+k+1],t 111

Flatten [t + Conjugate [t]], If
Flatten [i (-t + Conjugate [t])], If
Expand [If [EvenQ[k], ReplacePart [t t

m ONBasisP

ONBasisP [p_lInteger, g_Integer, z_Symbol: z] : = Module [{c,t }, symbolC [0, z ];

Do[c[l,r ] =CBasisP [p,q,l,r 1,
{l, 0, Floor [(p+Qq) 721}, {r, Max [0O,] -p1,Min [qg,] 1}1;
t = Table [Sum[c[l,r 1z[1]"(p-I| +r) z[2]" (I -r) Conjugate [z[1]]"r
Conjugate [z[2]117(q-r), {r,Max [l -p,0 ], Min [q,| 1}]
Sagrt [(p+q+1)!11/7Sqrt [Sumic[l,s 1Sumc[l,r 1 (p-I +r+s)! (q+| -r -s)1,
{r, Max [0, -p], Min [q,] 1}1, {s,Max [0, -p], Min [q,| 1}11,
{l, 0, Floor [(p+q) /21}];Join [If [EvenQ[p +(q], Delete [t, -11,t 1,
Reverse [t] /. {z[1] »z[2],Z [2] ->Z[1]}]1]
ONBasisP [k_Integer, z_Symbol: z] : = Module [{t},

t = Table [ONBasisP [k -0,d,z 1, {Q, 0, Floor [k /2]}]; Flatten [
Join [If [EvenQ[k], Delete [t, -1],t ], Reverse [t] /.z [i_ ] » Conjugate [z[i]1]111]

= BallONBasisP

BallONBasisP [p_Integer, q_Integer, z_Symbol: z] :=ONBasisP [p,q,z ]1Sqrt [(p+q+2) /2]
= ONBasisP [k, z ] Sqrt [(k +2) /2]

BallONBasisP [k_Integer, z_Symbol: z]:
RealONBasisP [k_Integer, z_Symbol: z]: =
= Table [ONBasisP [k -qg, 9,z 1/Sart [2], {q, 0, Floor [k /2]1}1;

Module [{t},t
t =Join [Delete [Flatten [t + Conjugate [t]],

If [EvenQ[k], Table [{i}, {i, -k/2, -1}1, {}1], Delete [
Flatten [i (-t +Conjugate [t])]1,If [EvenQ[k], Table [{i}, {i, -k/2-1, -1}1, {}111;

Expand [If [EvenQ[k], ReplacePart [t,t [[k"2 /2+k +1]]/Sqrt [2],k"2 /2+k+1],t 111
RealBallONBasisP  [k_Integer, z_Symbol: z] : = RealONBasisP [k, z ] Sqrt [ (k +2) /2]

BasisG [p_lInteger, g_Integer, a_: a,z_Symbol: z]:=

(symbolC [0,z ]; (z[1l] +az[2])”p (Conjugate [z[2]] - a Conjugate [z[1]1])"qQ)
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m Regular and y-regular spherical harmonics bases

m PsiRegularBasis

PsiRegularBasis [k_?EvenQ, z_Symbol: z]: =
Module [{b}, Do [b[p, k -p] =BasisP [p,k -p,z 1, {p.k 72,k }7;
Expand [Flatten [Table [{b[p,k -p]1[[i 11,
(p+1)" (-1) Conjugate [L[b[p,k -pI[[i1].Z211}, {p.k k /2, -1}, {i,k +1}],1]1]
PsiRegularBasis [k_?0ddQ, z_Symbol: z]: = Module [{b},
Do[b[p, k -p] =BasisP [p,k -p,z ], {p, (k-1)/2,k }]; Expand [Delete [
Flatten [Table [{b[p, k -pl[[i 1], (p+1)”"(-1) Conjugate [L[b[p,k -pI[[i1],Z211},
{p,k, (k-1)/72, -1}, {i,k +13}],1],Table [{-i}, {i, (k+1)/2}1]11]

m PsiRegular ONBasis

PsiRegularONBasis [k_?EvenQ, z_Symbol: z]: =
Module [{b}, Do [b[p, k -p] =ONBasisP [p, k -p,z 1, {p,k 72,k }]; Expand [
Flatten [Table [{b[p,k -pI[[i 1], (p+1)”" (-1) Conjugate [L[b[p,k -pl[[i1],Z2]11}
Sart [(p+1) /(k+1)1, {p,k k /2, -1}, {i,k +1}]1,111]
PsiRegularONBasis [k_?0ddQ, z_Symbol: z] : = Module [{b},
Do[b[p, k -p] =ONBasisP [p,k -p,z 1, {p, (k-1)/2,k }7;
Expand [Delete [Flatten [Table [{b[p, k -pI[[i1],
(p+1)" (-1) Conjugate [L[b[p,k -pI[[i1],z11¥Sart [(p+1)/(k+1)],
{p. ke, (k-1)/72, -1}, {i,k +13}1,17],Table [{-i}, {i, (k+1)/2}111]

PsiRegular BallONBasis

PsiRegularBallONBasis [k_Integer, z_Symbol: z] =
PsiRegularONBasis [k, z 1 Sqrt [(k +2) /2]

RegularBasis

RegularBasis [k_Integer, z_Symbol: z]: =
Expand [PsiRegularBasis [k, z ] /.z [2] » Conjugate [z[2]]]

Regular ONBasis

RegularONBasis [k_Integer, z_Symbol: z]: =
Expand [PsiRegularONBasis [k, z ] /.z [2] -» Conjugate [z[2]]]

RegularBallONBasis

RegularBallONBasis [k_Integer, z_Symbol: z]: =
Expand [PsiRegularBallONBasis [k,z ] /.z [2] » Conjugate [z[2]1]]
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= New definitions for system functions

Conjugate[z_Plus]:=Conjugate/ @z
Conjugate[z_Times]:=Conjugate/@z
Conjugate[z_"n_Integer]:=Conjugate[z]*n
Conjugate[Conjugate[z_]]:=z

Conjugate’[z_]:=0
Format[Conjugate[z_],StandardForm]:=OverBar[z]

D[f_,Conjugate[z_]]:=Conjugate[D[Conjugate][f],z]]

(*MakeExpression[RowBox[{"OverBar","[",x_,"]"},FullForm]:=MakeExpression[RowBox[{"

Conjugate”,"[",x,"]"}],FullForm]*)

= Restore protection of system symbols

Protect[ Evaluate[protected] ]

= End the private context

End[ ]
m Epilog

m Protect exported symbol

Protect[Evaluate[$Context <> "*"]

= End the package context

EndPackage] ]



Using RegularHarmonics

RegularHarmonics is a Mathematica 4.2 package for making computations with Fueter-regular quater-
nionic functions and harmonic functions of two complex variables. It is based on the results obtained in

[S]IP1]and[ P2 ]

Addional information are available on the world wide web at the
page http: // www.science.unitn.it/ ~perotti/regular harmonics.htm

Please send comments and bug reports to: perotti@science.unitn.it.

Loading the package

To use the RegularHarmonics package, you have to load it with the command << (or equivalently with
Get) followed by the name of the .m file. You can use the menu command Input/Get File Path to search
for and paste the full pathname of the file RegularHarmonics.m.

<< "C:\\...\\RegularHarmonics.m"

RegularHarmonics by A.Perotti, Version 1.2, April 2004

This package implements computations with Fueter —-regular quaternionic
polynomials and harmonic functions of two complex variable S.

Addional information are available on the world wide web at t he
page http: //www.science.unitn.it /~perotti  /RegularHarmonics.htm

Send comments and bug reports to: perotti @science.unitn.it

Default variables

The symbol z denotes the defaultindexed complex variable in C2, with two componentsz [1], z[2].
tisidentified with the quaternionzy + z, j . The
complex conjugate Conjugate [z [1]] canbeinputasz—[1]
(the conjugation character is obtained with the sequence [et—[esc)) and is output as Z;. The same holds for Z3.
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The symbol x denotes the defaultindexed real variable with four componentsx [0], x [1], X [2], X [3].
It representsthe quaternionxg + 1 X1 +j X2 + k X3 and the complex pair (z1, z 2) =
(Xg + 1 X1, X2 +1X3).

Laplacian

Laplacian]f,x] gives the (ordinary) Laplacian of f with respect to x.
Laplacian [x[1]172Xx [3]173]
2

2x3 (3x2 +x3)

ComplexLaplacian [f, z ] gives the complex Laplacian of f with
respectto z.In C?itisequaltol / 4 of the real Laplacian of f.

ComplexLaplacian [z[1]1722Zz- [1] +Z2[2]"3]

22721

Field conversions

The following functions perform two-ways conversions between real, complex and quaternionic fields.

RtoC [ {01, g2}, X, z] convertsthereal pair {g1, g 2} asafunctionof x to the complex expression
g1 + 1 gz as a function of z.

cX = RtoC [{x[0] x[1], X [2]}]

[EEN
=
A
+
=1
N
N
=
N
[
’:!.
N
N

4
Variables different from the defaults can be given explicitely.

RtoC [{y [0].y [1]}.y, W ]
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CtoR[f,Z] converts a complex expression f as a function of z to the form {real part, imaginary part} as a
function of x.

CtoR [cXx ]

{Xo X1, X 2}

CtoH [{f 1, f 2}, z, x ] convertsthe pair {f 1, f 2} asacomplex functionof z tothe 4 —
tuple of the real components of the quaternionic expression f 1 +f 2 j .

quat = CtoH [{z[1],z [2] z-[2]}]

(X0, X 1, X 5 +x3,0}

HtoC [{do, 91,92, 93}, X Z 1]
convertsthe 4 — tuple {go, 9 1, g 2, g 3} of thereal componentsof a
quaternion as a function of x tothe complexpair {go + 1 g1, g 2 + 1 g3} asafunctionofz.

HtoC [quat ]

{21,232 25}

Cauchy-Riemann-Fueter equations for regular and y-regular functions
and related boundary operators

We refer to [P1] and [P2] for the relevant definitions concerning regular, y-regular quaterninic functions, the
Cauchy-Riemann-Fueter equations and the boundary differential conditions characterizing regular functions
on a domain in C2among harmonic functions.

CRF[{f 1, f 2}, z ] computesthe (left) Cauchy — Riemann — Fueter equations of f =

of of, of of,
frefs] i.e.thepair{azi - azf, ~ = . . 2.
1 2 Z3 Zy

CRH {z[1] z[2] z—[2],z [1] +Z[2] z-[2]}]

{(-22,Z7321}



UsingRegularHarmonics.nb

PsSiCRF [{f 1, f 2}, z 1 computesthe (left) Cauchy — Riemann —

_ . . .of1 of, of; of;
Fueterequatlonsfor(left)¢/—regularfunctlons|.e.thepa|r{a - + }.

7T 9z, 0877 0z
Note that holomorphic maps of two complex variables define a ¢ — regular function.

PSiCRF[{z[1] z[2] z—[2],z [1] +Z[2] z-[2]}]

{-722, 2 1 22}

PSICRF [{z[1]72 z[2]73, Sin [z[2]] +3Z[1] 2[2]"2}]
{0,0}

The following five differential operators will be used to give boundary differential conditions characterizing
regular and y-regular functions on the unit ball in C>among harmonic functions. Cf. [P1] for details.

of
+73
071 077

DbarN [f, z ] givesthenormalpartd, f = zT

of 8f with respectto the unitsphere S.
DbarN[z[1] z[2] z—[2]]

Z3 2721273

L [f, z ] appliesthe Cauchy — Riemanntangential (with respectto the unit sphere S) operator z,

4

6] .
z1 —— to the complexfunctionf .
077

LIz [1] z[2] z-[2]]

-2%212,

Lbar [f, z ] appliesthe conjugate Cauchy —

. . . . 8 .
Riemann tangential (with respect to the unit sphere S) operator z7 Fr 71 to the complex functionf .
z

1 9z,

Lbar [z[1] z[2] z-[2]]

-Z1Z2 7 + z22 Z2
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NFueter [f, z ] appliesthe differential operator N = zZ7 +Zo tof.
077 0z,
NFueter [z[1] z[2] z—[2]]
Z3 72123
. . (o]
TFueter [f, z ] appliesthetangential operator T = Z7 -2 tof.
0Z71 0z,

TFueter [z[1] z[2] z—[2]]
2
1

-Z2 2

RegularQ [{f1,f 2}, 2z ] testsfor (left) Fueter — regularityof f =
f1+f,]j on theunitball B.Heref isafunctionof z, z~.

RegularQ [{Sin [z[1]]1,z [1]1"2 z[2]}]
False

PsiRegularQ [{f1,f 2}, z 1 testsfor(left) ¢ — regularityof f =
fi1+f,]j on theunitball B. Heref isafunctionof z, z~.

PsiRegularQ [{Sin [z[1]],z [1]17”2 z[2]}]

True

Gauss formulas for harmonic extension and harmonic representation

of polynomials
GaussForm [f, z ] givesthe harmonic representation
of the restriction of the polynomial f [z, z™] tothe unitsphere S.
The outputis alist of pairs {hg, 2 k},
with hx harmonic and such that the sum Zk he |z |%2¥is equaltof onS.

The applied formula can be found for example
inthe book Introductionto the theory of cubature formulas by S.L. Sobolev.
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GaussForm [f ]

1, 2 3 , 1 4 2
{{ngzl_§E2122+?ZT2122_7272210}! { 3 - 2 12}! {014}}

GaussExtension [f, z ] givesthe (polynomial) harmonic extension
of the restriction of the polynomial f [z, z7] to the unitsphere S. Itis based on
the harmonicrepresentationof f (see above the function GaussForm [f, z 7).

f: =z[1]172 z-[1]1 -22[2]"3 z—[2];ff: = GaussExtension [f ];ff

2
2 +§zT2122—32723
2 2 2= 2 2

22y 1 02 2 4oz,

The restriction of the polynomial to the unit sphere S can be computed by means of the function OnS

OonS[ff -f]
0
ExteriorGaussExtension [f, z 1 givesthe harmonic extension onthe

complement of the unit ball of the restriction of the polynomial f [z, z™] tothe unit sphere S.
ToComplexNorm [ExteriorGaussExtension [f11

1212 (2121221 +4121%21+925-9{21%23) -677 ({22212 +223)
6 {2}10

Regular and y-regular extensions of polynomials on the unit ball

The following functions use the results given in [P1] and [P2] in order to obtain regular and y-regular exten-
sion of polynomials.

RegularExtension [{h1, h 2}, z ] and PsiRegularExtension [{hy, h 2}, z ] give,
if they exist, the (left) regular and the ¢ — regular extensionf =
f1+f,] oftherestrictionofh = h; + hy | tothe unitsphere.

RegularExtension [h1, z ] and PsiRegularExtension [h1, z ] givesaregularory —
regular polynomialf =f 3 +f,j suchthatf, = hy onthe unitsphere.
Heref 1, f , and h; mustbe polynomial functions of z,
2. The outputis the pair of complex components {f 1, f 2} of f.
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RegularExtension [{z[1]174 z—[1]1"3,z [1]1}]

No regular extension

ff = RegularExtension [z[1]1"4 z—[1]1"3]

2z, 2 6 1 4 3
{5 +gmmzl+ g2l e 202 - £ 222122 - o 212728 22 -
12 18 18 4 2
= TR T e T TR & e FLEE T B = e TR A T, L
12 3 18 12 6
35 21 2122+ oo 2112322 — oo 4192225 - o 40 222125+ oo 2T 22 23]
OnSIff ]
{-21 (-1 +2325)3, %21222 (29 - 487727 + 21 777 25) }

PsiRegularExtension [{z[1]1"4 z—[1]1"83,z [1]1}]

No y-regular extension

g = PsiRegularExtension [z—[1] z[1]17”2]

{221 1 %

2 1
3+ 3 Z1Zi- 5 722122, 5 71° 73}

The function CtoH can be applied to get the four real component of the quaternionic function whose com-
plex components have been computed above.

CtoH [g]

2 X x3 1 2 2 2 X 1 x3 2 2

{ 3°+?°+§xox{7§xox§7§xox§, 31+§x%x1+?17§x1x§7§x1x§,
lxzxflxzxfgxxx 7Exxx7£x2x +£x2x}

3 0 A2 3 1 A2 3 0 AL A3, 3 0 AL A2 3 023 3 1 A3
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Sphere and ball products and norms

Spherelntegral [f, z ] and Ballintegral [f, z ] givethe normalizedintegral over the unit sphere
S (resp. the unit ball B) of the polynomial f [z, z=]. The volume of S and B are normalized to 1.

Spherelntegral [z[1]17"3 z—[1]17"3 z[2] z—[2]]

Ballintegral [z[1]17"3 z—[1]1"3 z[2] z—[2]]

O
60

SphereProduct [f, g, z ] and BallProduct [f, g, z ] givethe normalized L? product

over the unitsphere S (resp. the unit ball B) of the complex polynomials f [z, z"] and g [z, z7].

SphereProduct [{f1,f 23}, {91,92},2 ]and
BallProduct [{f1,f 2}, {91, 9 2}, z ] givethe normalized L? product over the unit
sphere S (resp. the unit ball B) of the quaternionic polynomialsf, +f,j andg; +092j .

SphereNorm [f, z ] and BallNorm [f, z ] givethe normalized L2 norm of the polynomial f [z, z"].

SphereNorm [{f1,f 2}, z ] andBallNorm [{fi,f 2}, 2 ]
gives the normalized L2 norm of the quaternionic polynomial f 1 + f 5 j.

SphereNorm [RegularExtension [z[1]17"3 z—[1]1]

V13

8

BallNorm [RegularExtension [z[1]173 z-[1]11]
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Spherical harmonics bases

BasisP [p, 4, z ] givesabasis of the space Wp,q of the complex
harmonic homogeneous polynomials of degree p inz1, z ; and q in Zg, Z 3.
Itisa L% (S) — orthogonal basis introduced by Sudbery (see References).

BasisP [k, z ] givesabasis of the space 7‘{k =
@Wp, q of the complex harmonic homogeneous polynomials of degree k.

BasisP [2, 3 ]

{232}, -377723223+2725°21 25,32 1°232% - 62123° 21 25 + 75° 25,
71523 - 627223212, +372722° 23,2213 212, - 37212 2525, 710 25}

RealBasisP [k, z ] gives areal basis of the space Wk
of the complex harmonic homogeneous polynomials of degreek in z.

b = RealBasisP [3]

(z1° + 23,3z 1223 +32%3 25,32 123% + 321 23, z3° + 23, 2328 + 712 25,
~71%°21-7123 + 27172322 +227321 22,22 12321 - 232 22 + 221 21 22 - 27 Z5,
75°21+272%, iz79-123,3 1z1°725-31232,5,3 17773 - 3 124 25,

1250 123, -12323+121°22, -12Z7°21+12722+2 127252, -2 12521 22,
21772321 -123°22-212T2122+17525, 123°21 - 17725}

CtoR [b][[1]]

{2x3 -6XgX3, 6X 35X -6X2 X -12X0X1 X3, 6X gX3-12X1 X X3 - 6Xg X3,

2X3 -6X2X3,2X 3X2 -2X2 X +4Xg Xy X3, -2X§-2Xg X5 +4Xg X3 +4Xgx3,
AX% X2+ 4XF X2 -2X3 - 2% X5, 2X 9 X5 +4 X1 X2 X3 -2 X0 X35, 6X X1 - 2X3,
12 X X1 X2 + 6X3 X3 -6 X2 X3, 6X 1 X3 +12 X X2 X3 - 6 X1 X3, 6X 3 x3 -2x3,

4Xo X1 Xy -2X3 X3 +2X2 X3, -2X5X1 -2X5 +4X1 X3 +4X1 X3,

4x% X3 +4%x3 X3 -2%x3 X3 -2x%3, -2X1 X3 +4Xo X2 X3 +2X1 X3}

ONBasisP [p, q, z ] givesal?(S) -
orthonormal basis ofthespace?'{p,q .ONBasisP [k, z ] givesalL?(S) -

orthonormal basis of the space  H .
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BallONBasisP [p, q, z ] givesal?(B) -
orthonormal basis ofthespace?‘{p,q . BallONBasisP [k, z ] givesalL?(B) -

orthonormal basis of the space  FHk .

ONBasisP [2, 3 ]

(215 z3° 23,2 /3 (-3z1723%2 2} +225° 21 2,),
V6 (3z12772% - 6217222122 +23°25), \/6 (z1°2% -671° 732122 + 377 27% 25),
23 (2z1% 212, - 3772 23 23), 2 /15 z7° 23)

BallONBasisP [2, 3 ]

{210 z3° 23, 42 (-3z71Z3° 2% +223° 21 22),
V21 (37127723 - 672173% 2122 +23° 23), 21 (21323 - 6212 75321 22 + 3721757 23),
Va2 (2z13 212, -3z12 7723), /210 z71° 23}

Regular and y-regular spherical harmonics bases
RegularBasis [k, z ] gives abasis of the right quaternionic

module Uk of the (left) regular homogeneous polynomials of degree k in z.

PsiRegularBasis [k, z ] gives abasis of the right quaternionic module del of the (left) y —
regular homogeneous polynomials of degree k in z.
The restrictionsto S gives a basis of the regular harmonics.

RegularONBasis [k, z ] and RegularBallONBasis [k, z ]
give orthonormal bases of the right quaternionic module Uk .

PsiRegularONBasis [k, z ] and PsiRegularBallONBasis [k, z ]

give orthonormal bases of the right quaternionic module Uk v .
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RegularBasis [4]

{{z1,0}, {4z723,0}, {627°2},0}, {427°21,0},

{27410}1 {2?221 _Z;L}, {—ZTZ%+32?Z%ZZ, _ZT322}1

{3z1772} - 377 21 25, %21225}, (83z127% 21 - 23° 22, 7723}, {7173,

N
'b|r\>4>
-

{2 23, —%Zﬁﬁ}, {-27z727 22+ 27721 73, %Zle—ZZTZZEZz},
{z12 28 - 47727212, + 2325, 2212 21 2, - 22727 25},

(22127721 -27777° 22, 27721 25 - %272%}, {z1? 772, %21 z3}}

PsiRegularBasis [3]

{{z},0}, (3232,,0}, {82123,0}, (23,0}, {zz2] -

{(-z723 +272321 2y, -27% 23}, (221212, 2325, 27257}

1
{(z7% 21, -ZT° 22}, {-22T2321+23°22, 277221 -22Z7 2722} }

PsiRegularONBasis  [4]

{{v521,01}, {2+/5232,,0}, {/302§23,01}, {2+/5 2123 0},
{V523,0}, {4272}, -z1*}, (-27z12} + 627272} 2, -277° 73},

{26 z123 2, -2+/6 232123, \/6 z1223°), {6212123 22723, 22 725},
{4z723, z3%), {32 23223, -22 23 25,

{-3+2 717522 +3+2 232 21 25, 2 2732, - 32 272 73 25},

(V3 z1222 -4+/3 2725212, + /3 232 23,2 /3 2% 2321 - 2 /3 77232 25},
{32 z12 212, -3+/2 212723, 3 2 z123% 21 - \/2 730 25},
{32 z7% 23,2 /2 z3° 21}

Help

To get the usage message of a package function, evaluate the input ?FunctionName .

n:=Names['RegularHarmonics™*"]; ToExpression[Table[S tringJoin["?",
ToString[Part[n,i]]].{i,Length[n]}];
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Balllntegral (fz ] gives the normalized
integral over the unit ball B of the polynomial f (z,27].
The volume of B is assumed to be 1

BallNorm [f,z ] gives the normalized L 2

norm over the unit ball B of the polynomial f [z,27].
BallNorm [{fi,f 2},z ] gives the normalized L 2 norm over
the unit ball B of the quaternionic polynomial f 1+ 2].

The volume of B is assumed to be 1

BallONBasisP [p,q,z ] gives a L 2 (B)-orthonormal

basis of the space Hp,q Of the complex harmonic homogeneous
polynomials of degree p in z 1, Z2 and q in z71, Z3.
It is obtained from a basis introduced by Sudbery (see References ).

BallONBasisP [k,z ] gives a L 2 (B)-orthonormal basis of the space
He = @Hpg Of the complex harmonic homogeneous polynomials of degree k

BallProduct [f,g,z ] gives the normalized L 2 product over the
unit ball B of the complex polynomials f [z,z7] and g [z,27].
BallProduct [ {f1,f 2}, {91,0 2},Z ] gives the normalized L 2 product over

the unit ball B of the quaternionic polynomials f 1+f 2] and g 1+92j.
The volume of B is assumed to be 1

BasisP [p,q,z ] gives a basis of the space Hpq Of the complex harmonic
homogeneous polynomials of degree p in z 1, Z2 and q in z71, Z3.

It is a L 2 (S)-orthogonal basis introduced by Sudbery (see References
BasisP [k,z ] gives a basis of the space Hk = BHpq

of the complex harmonic homogeneous polynomials of degree k

ComplexLaplacian [f, z ] gives the complex Laplacian of f with
respect to z. In C 2 it is equal to 1 /4 of the real Laplacian of f

CRF[ {f1,f 2},z ] computes the (left )Cauchy -Riemann -Fueter
of, ofy of, of;

equations of f  =f;+f,j i.e. the pair {OZT_ 52, 0z, oz
CtoH [ {f1,f 2},2,x ] converts the pair {f1,f 2}

as a complex function of z 1=Xg+1X1 and z,=X,+1X3 to the

4-tuple of the real components of the quaternion f 1+ 2j
CtoR [f,z,x ] converts a complex expression f [

z,z-] as a function of z 1=Xp+1X; and z,=X,+iX3 to the

form {real part, imaginary part 1 in terms of X  ,X 1,X 2,X 3
DbarN [f,z ] gives the normal part onf =21

of of - . .

6—2T+276—27 of of with respect to the unit sphere S
ExteriorGaussExtension (fz ] gives the harmonic

extension on the complement of the unit ball of the

restriction of the polynomial f [z,z7] to the unit sphere S
GaussExtension [f,z ] gives the (polynomial ) harmonic extension of

the restriction of the polynomial f [z,z7] to the unit sphere S

).
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GaussForm [f,z ] gives the harmonic representation of the
restriction of the polynomial f [z,z7] to the unit sphere S.
The output is a list of pairs {hg,2k }, with h ¢ harmonic

and such that the sum Zkhk | z |2 is equal to f on S

HtoC [ {00,9 1,0 2.9 3},X,Zz ] converts the 4 -tuple
{90,9 1,0 2,9 3} as a function of x to
the complex pair {go+101,0 2+193} as a function of z,z -

KelvinTransform [fz ] gives the Kelvin Transform of f (2,27 ]

0
073

L(f,z ] applies the Cauchy -Riemann tangential operator z 2 to f

0zt
Laplacian [f, x ] gives the Laplacian of f with respect to x

Lbar [f,z ] applies the conjugate

Cauchy -Riemann tangential operator z —i—z—

to f
2621 1622

LeadingTerm [f,z ] gives the leading term of the polynomial f [z,z7] with
respect to the graded lexicographic order with z 1 > 22 > ZT > Z7

-*-22i to f

NFueter [f,z ] applies the differential operator N :ZT62I 52,

ONBasisP [p,q,z ] gives a L 2 (S)-orthonormal basis
of the space  #yq of the complex harmonic homogeneous
polynomials of degree p in z 1,22 and q in z71, z3.
It is obtained from a basis introduced by Sudbery (see References ).
ONBasisP [k,z ] gives a L 2 (S)-orthonormal basis of the space Hk = DHp,q
of the complex harmonic homogeneous polynomials of degree k

OnS[f,z ] computes the restriction of f [z,z7] to the unit sphere S in C 2

PsiCRF [ {f1,f 2},z ] computes the (left )Cauchy-Riemann -Fueter equations
of 4 _Gf_z of 4 +6f_2
0zz 0zy' 9zz 0923

for (left )y-regular functions i.e. the pair {

PsiRegularBallONBasis [k,z ] gives a L ? (B)-
orthonormal basis of the right quaternionic module U K/ of
the (left ) y-regular homogeneous polynomials of degree k in z

PsiRegularBasis [k,z 1 gives a basis of the right quaternionic module U Y
of the (left ) y¢-regular homogeneous polynomials of degree k in z.
The restrictions to S gives a basis of the regular harmonics.

PsiRegularExtension [{f1,f 23,2 ] gives, if it exists, the (left ) y-regular
extension of the restriction of f =f1+f 2j to the unit sphere.
PsiRegularExtension [h1,z 1 gives a y-regular polynomial
f=f1+f,j such that f ;=h; on the unit sphere.
Here f 1,f » and h; must be polynomial functions of z,z -

PsiRegularExtensionQ [{f.f 2},z ] tests for (left ) y-regularity of
the harmonic extension of the restriction of f =f,1+f ,j to the
unit sphere. Here f 1 and f , must be polynomial functions of z,z -



UsingRegularHarmonics.nb 14

PsiRegularONBasis  [k,z ] gives a L 2 (S)-orthonormal
basis of the right quaternionic module U ¥ of the (
left ) y-regular homogeneous polynomials of degree k in z

PsiRegularQ [{f.,f 2},z ] tests for (left ) y-
regularity of f =f,+f 2j. Here f is a function of z,z -

RealBallONBasisP  [k,z ] gives a L ? (B)-orthonormal real basis of the space Hy
of the complex harmonic homogeneous polynomials of degree k in z.

It is obtained from a complex basis introduced
by Sudbery (see References ).

RealBasisP [k,z ] gives a real basis of the space +Hy of the
complex harmonic homogeneous polynomials of degree k in z.

It is a L 2 (S)-orthogonal basis obtained from a complex
basis introduced by Sudbery (see References ).

RealONBasisP [k,z ] gives a L 2 (S)-orthonormal real basis of the space Hy
of the complex harmonic homogeneous polynomials of degree k in z.

It is obtained from a complex basis introduced
by Sudbery (see References ).

RegularBallONBasis [k,z ] gives a L ? (B)-

orthonormal basis of the right quaternionic module U k Of
the (left ) regular homogeneous polynomials of degree k in z
RegularBasis [k,z ] gives a basis of the right quaternionic module U k
of the (left ) regular homogeneous polynomials of degree k in z
RegularExtension [{f1,f 23,2z ] gives, if it exists, the (left )regular
extension of the restriction of f =f 1+f j to the unit sphere.
RegularExtension [h1,z ] gives a regular polynomial

f=f1+f,] such that f ;=h; on the unit sphere.
Here f 1,f » and h; must be polynomial functions of z,z -

RegularExtensionQ  [{f.,f 2},z ] tests for (left )Fueter -regularity of
the harmonic extension of the restriction of f =f1+f 5j to the
unit sphere. Here f 1 and f 2 must be polynomial functions of z,z -

RegularHarmonics.m is a package that
implements computations with (left )regular quaternionic
polynomials and harmonic functions of two complex variable S.

RegularONBasis [k,z ] gives a L 2 (S)-orthonormal
basis of the right quaternionic module U k of the ¢
left ) regular homogeneous polynomials of degree k in z

RegularQ [{f1,f 2},z ] tests for (left ) Fueter -
regularity of f =f,+f 5. Here f is a function of z,z -

RtoC [ {01,0 2}.X,2 ] converts the real pair
{01, 2} as a function of x 0:X 1,X 2,X 3 to the complex
expression g 1+ig, as a function of z 1=Xg+1X1 and zo=Xo+1X3

Spherelntegral [f,z ] gives the normalized
integral over the unit sphere S of the polynomial f (z,27].
The volume of S is assumed to be 1
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SphereNorm [f,z ] gives the normalized L 2

norm over the unit sphere S of the polynomial f [z,z27].
SphereNorm [{f1,f 2},z ] gives the normalized L 2 norm over
the unit sphere S of the quaternionic polynomial f 1+ 2j.

The volume of S is assumed to be 1

SphereProduct [f,g,z ] gives the normalized L 2 product over the

unit sphere S of the complex polynomials f [z,z7] and g [z,27].
SphereProduct [ {f1,f 2}, {91,0 2},Z ] gives the normalized L 2 product over
the unit sphere S of the quaternionic polynomials f 1+f 2] and g 1+92j.
The volume of S is assumed to be 1

to f

. . e}
TFueter [f,z ] applies the tangential operator T _276—ZT -Z1 52,

ToComplexNorm [f,z ] converts the
expression f in terms of the norms of z,z 11,z [2]

If Tonorm has value True, subsequent calls to many functions of
the package express results in terms of the norms of z,z (11,2 [2]

ToRealNorm [f,x ] converts the expression f in terms of the norm of x
TotalDegree [f,z ] gives the total degree of a polynomial f in z,z

X is the default indexed real variable with four components x [
0],x [11,x [2],x [3]; it represents the quaternion x 0+1X1+jX 2+kx3

z is the default indexed complex variable in C 2 with two
components z [1],z [2]; it represents the quaternion z [11+z[2]].
Conjugate [z [1]] is input as z— [1] and output as z —1. The same for z —7.
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