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Introduction

EEG and MEG

Electroencephalography (EEG) and magnetoencephalography
(MEG) are two non-invasive techniques used to localize electric
activity in the brain from measurements of external
electromagnetic signals.

EEG measures the electric potential (on the scalp), while MEG
measures the magnetic flux (closed but external to the head).

The electromagnetic activity of the brain is due to the movements
of ions within activated regions of the cortex sheet, the so-called
impressed currents (or primary currents). In addition, Ohmic
currents are generated in the surrounding medium, the so-called
return currents.
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Introduction

EEG and MEG (cont'd)

The measures of EEG and MEG correspond to both impressed and
return currents, but the source of interest are the impressed
currents, as they represent the area of neural activity associated to
a sensory stimulus.

e First EEG in man: H. Berger (1924)

e First MEG in man: D. Cohen (late 1960s).
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Introduction

EEG and MEG (cont'd)

Source localization is an inverse problem: knowing the value of the
magnetic field or of the electric field on the surface of the head (or,
possibly, external to the head, but close to its surface), the aim is
to determine the position and some physical characteristics of the
current density that has given rise to that value.

Since the current distribution inside a conductor cannot be
retrieved uniquely from knowledge of the electromagnetic field
outside the conductor, the mathematical problem does not have a
unique solution unless some additional conditions on the source
model are assumed.
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The dipolar source model

Dipolar source models

We focus here on the dipolar source model.

In this model the primary current distribution is represented as a
point source located at xo with moment p, namely,

Je(x) = pd(x —xp),

where § is the Dirac delta distribution.

The dipole is a convenient representation for a uni-directional
impressed current due to the activation of a large number of cells
(in real situations may indeed extend over several square
centimeters of the cortex). More generally, it is assumed that a
primary current source can be decomposed as the sum of (few)
current dipoles.
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The dipolar source model

Minimization algorithms

A preliminary step for the solution of the inverse problem is an
efficient resolution of the forward problem.

In fact, the procedure is essentially the following: given a source
Je, solve the forward problem, thus determining the electric and
magnetic fields generated by J., and then minimize in a suitable
way the difference between the computed and the measured data.

The current density J7 which achieves the minimum is the source
we are trying to determine.
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The forward problem

The forward problem: static approximation

Let us focus now on the forward problem.

The static approximation of Maxwell equations reads
curlH=1J.+oE
divB =0 (1)
curlE=0,

neglecting the displacement current and the electromagnetic
diffusion.

@ Note that in this way the electric field E can be determined
independently from the magnetic field H.

From Ohm law the total current density J is the sum of the

impressed currents plus the return currents
J=J.+0cE=J.—ograd U,

where U is the electric scalar potential.
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The forward problem

The forward problem: static approximation (cont'd)

From the first equation in (1) it follows that
0 =divJ =div(J. — ograd U).

Hence U can be obtained by solving the Poisson equation with
Neumann boundary condition

div(ograd U) =div]. in Q¢ )
ogradU -n=J.-n on 0Q¢,

where the boundary condition is a consequence of the fact that
outside the head Q¢ the magnetic field is supposed to be curl-free
(the source J. is located inside the head, and the conductivity is
vanishing outside the head, so that J; = 0 in €, and consequently
Jc-n=0o0n 0Qc¢).
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The forward problem

The potential equation with a dipolar source

For EEG this is the point: solving this elliptic problem gives the
potential of the electric field, and the inverse problem of source
localization can be dealt with.

When we deal with a dipolar source, the potential equation (2)
reads

(3)

div(ograd U) = div(pdx,) in Q¢
(ogradU) -n=0 on 0L¢,

where xg € Q¢ and we have set, for simplicity, dx,(x) = d(x — Xo).
Clearly, the solution U is defined up to an additive constant.

@ We assume the local Lipschitz regularity condition for the
conductivity:

there exists ro > 0 such that 0 € W1°(B, (x0)).  (4)
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The forward problem

Weak formulation of the potential equation

We want to give a weak formulation of problem (3).
Introduce the linear space

Xq = {p € H'(Qc) | ¢ € C}(By.(x0)) div(ograd ¢) € LI(Qc),
(ograd¢) -n=0o0n 0Qc},

where 0 < r, < rp is a fixed number, q is a fixed number satisfying
3 < g <+, and p is its Holder dual exponent defined by
%+%:1(hence1<p<%).

Multiplying the first equation in (3) by ¢ € Xg, integrating in Q¢
and integrating by parts we readily find

A. Valli EEE]



The forward problem

Weak formulation of the potential equation (cont'd)

ch div(ograd U) ¢
- fQ (ograd U) - grad ¢ + faQ (ograd U) -nyp
= fQ UdIV Ugradgo f@Q o'grad ¢) ‘n
+faQC ograd U) - n
= ch Udiv(ograd gp)
and
Jo div(pdx,) ¢ = — [ P - grad oy, = — p - grad ©(xo) ,

having taken into account the boundary conditions satisfied by U
and .

Note that, for duality, the term ch Udiv(ograd ¢) has a meaning
also for U € LP(Q¢).
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The forward problem

Weak formulation of the potential equation (cont'd)

We are now in a position to describe the weak formulation of (3)
that we consider:

find U € LP(Qc) :
Jo Udiv(ograd ) = —p-grad o(x0) V¢ € Xq (5)
Jo,U=0.

The following theorem gives the proof of the existence of the
solution U of problem (5).
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The forward problem

Existence theorem for the potential equation

There exists a solution U to (5).

Proof. We use an approximation argument. Let us denote by d a
sequence of functions such that ¢, € C5°(B,(x0)), dk > 0,

Jo 9k =1and [o_dk& — &(xo) for each £ € C%(Br,(x0)). We
consider the solution Ux € HY(Q2¢) of the Neumann problem

div(ograd Uy) = div(pdx) in Q¢
(ograd Uy) -n=10 on 0Qc¢
ch Ue=0.

The existence and uniqueness of Uy is assured as
ch div(pdx) = faﬂc p-ndx =0, hence the compatibility condition

is satisfied.
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The forward problem

Existence theorem for the potential equation (cont'd)

By integrating by parts we see that Uy satisfies
Uk div(ograd ) = / p-gradpd, Ve X,.
Qc Qc

Take now 1) € L9(2¢): we want to find an uniform estimate of
ch Uy 1. Consider the solution ( of the Neumann problem

div(ograd $) = ¢ — 7meaé(9c)(f9c ¥) in Qc
(agrad go) n= on 0Q¢ (6)

Joc?=

Since Jo, [ — measw@o (Jo, ¥)] = 0, we have a unique solution
P e Hl(Qc).
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The forward problem

Existence theorem for the potential equation (cont'd)

1
On the other hand, we have [¢) — W(Qc)(fﬂc ¥)] € L9(Qc¢) and
the regularity results for elliptic problems yield ¢ € W29(B,, (xo)).

The Sobolev embedding theorem also gives ¢ € C(B,,(xo)),
hence ¢ € X;. Moreover, H@HO(m) < col|?]lLa(nc), where co

depends on o, q, ri, but not on .
We are now in a position to obtain the needed estimate. We have

| Joe U] = Jae Ul ~ mreakiasy (e ©)]]
= UQC Udiv(ograd @)| = | — ch p - grad @ |

< |p||/grad ‘/AJHCO(M) fQC ok < o |pl[[¥[laac) -
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The forward problem

Existence theorem for the potential equation (cont'd)

In other words,

| Jo. Ukl
| Ukllr(ae) = sup e T

= Co |P|-
veta@e) 1Ylliaae) el

We can thus select a subsequence (still denoted by Uy) that
converges weekly in LP(Q2¢) to U € LP(Q¢). In particular, for each

p € Xq
Jo. Ukdiv(ograd ) — [, Udiv(ograd ),
- ch p-gradpdx — —p - grad ¢(xg).
Finally,
0= Uk — U,
Qc Qc
and U is a solution to (5) O
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The forward problem

Uniqueness theorem for the potential equation

Theorem

The solution U to (5) is unique.

Proof. Let U be any solution to (5). For each ¢ € L9(Q(¢),
consider the solution ¢ of (6). Using it in (5) we find

| Joe Vvl =1 Jo. UlY — measaay (Jac ¥
— | Jq, Udiv(ograd 3)| = | — p - grad $(xo)|

< 1p| lgrad @1l oy < <0 Pl eogac) -

hence || U||»(qc) < <o |P|, and uniqueness follows. O
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The forward problem

Uniqueness theorem for the potential equation (cont'd)

Remark.

Since for 3 <'s < g one has Xs D X; and L"(Q2¢) C LP(Q¢) (here
% + % = 1), from the uniqueness result it follows readily that the
solution U to (5) is the same for all finite values s, g > 3.
Therefore we have solved the problem

find U € Nyo3 LP(Q2c) with [o U=0:
ch Udiv(ograd ) = — p - grad ©(xo) )

Ve UXq.
q>3
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Finite element approximation

Direct approximation approach

In principle, the numerical approximation of the potential equation
can be based on both formulations (3) or (5).

In the former case, one requires the non-isotropic homogeneity
condition: there exist rp > 0 and a constant symmetric and
positive definite matrix og such that

o(x) = oo for each x € By (xo) - (8)

Then the fundamental solution K* satisfying
div(oograd K*) = div(p dy,) ,

is constructed. It is given by
1 p-oyt(x—xo)

Ki(x) = 1 3/2
4my/detog [0y (x — o) - (x — X0)]3/
(see Sauter and Schwab (2011)).
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Finite element approximation

Direct approximation approach (cont'd)

With this at hand, one looks for U = K% +1{, U being a solution of

div(ogradif) = g in Q¢ (9)
ogradl/ -n= —ogradK!-n on 0Qc,

(x) = { 0 if x € Br,(xo0)
EY T —div(ograd Ki)(x) if x € Q¢ \ Br(xo).

Note that the data of problem (9) are smooth, and that g vanishes

in Br,(x0) as a consequence of the non-isotropic homogeneity
condition.

A. Valli EEE]



Finite element approximation

Direct approximation approach (cont'd)

The non-isotropic homogeneity condition is a stronger assumption
than the local Lipschitz regularity condition (4), and this has an
influence on the efficiency of numerical computations.

In particular, when considering a head model in which the
conductivity is jumping (and this is indeed the realistic case, as the
conductivity is quite different in the skull or in the brain: in the
skull it is from ten to one hundred times smaller), the subtraction
method has shown some instabilities when the position xq of the
dipole is quite close to the discontinuity surface.

Therefore, a direct finite element approach based on (5) could be
suitable. The results we are going to present have been obtained in
Alonso Rodriguez, Camafio, Rodriguez and V. (2013).

A. Valli EEE]



Finite element approximation

Finite element approximation of the potential equation

The simplest finite element approximation of (5) reads:
find Uy € L} with [o Up =0 :
Jo, ograd U, - grad op, = p - grad (5|7, ) (X0) (10)
Vgoh S L},,

where xg € Ty (if xo belongs to many elements, just choose one of
them) and

Ly = {on € C%(Qc) | wnk €P1 Y K}.

To find an a priori error estimate in LP(Q¢), with 1 < p <3/2, a
duality argument is used, and the solution » € H*(Q¢) of problem
(6) comes into play.
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Finite element approximation

Error estimate for the potential equation

For utilizing the duality argument, we need that ¢ € W29(Q¢) for
a suitable g > 3 (g > 2 in the two-dimensional case). This is true
under some assumptions.

o In the two-dimensional case, we require that & € C}(Q¢) and
that Q¢ is convex; then the regularization result is true for all
g such that 2 < g < qo, for a suitable qo > 2 (for the Laplace
operator, qo = 2*7%;/9’ 6 > % being the largest inner angle of
Qc).

@ In the three-dimensional case, we require that o = oo/
(o0 > 0 a constant and / the identity matrix) and that Q¢ is a
parallepiped; then the regularization result is true for all g > 3.
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Finite element approximation

Error estimate for the potential equation (cont'd)

Finally we have (in the three-dimensional case):

Theorem

Let T, be a quasiuniform family of triangulations of Q¢. Let U
and Uy, be the solutions to problems (5) and (10). Then there
exists hg > 0 such that

U = Upllo.pe < Ch3/P72

for all 0 < h < ho, with p such that L+ % =1, and q > 3 the

exponent such that the solution ¢ of problem (6) belongs to
W29(Qc).
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Finite element approximation

A posteriori error analysis

The variational structure of problems (5) and (10) permits to
perform an a posteriori error analysis, and therefore to devise an
adaptive mesh strategy.

Let Fp i be the set of all the inner faces and F}, . that of external
faces of the mesh 7,. Let Fp := Fp ;U Fpe. Forall T € Tp, we
define

015 = (3 Srerrins,, IFIP2 [ grad Uy - ne )P
1/p
+ 3 rer(ming,. [FIPH)2|grad Uy nF|”) :
where F(T) is the set of faces of T, |F| is the area of F and
[[grad Uy - nf ]| denotes the jump of grad Uy, - ng across the face F.

A. Valli EEE]



Finite element approximation

A posteriori error analysis (cont'd)

We define the local a posteriori error indicator 7)1, for all T € Tj,
by
1/p
3-2 .
(ho "+a‘;o7p) ifT=To,
0T p otherwise ,

U R

where hg := ht,, and the global error estimator from these
indicators as follows:

1/p

Np = Z ﬁl;,p

T<Th
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Finite element approximation

A posteriori error analysis (cont'd)

Set wr :={T' €Tp| T"'N'T # (0}. Then we have

Theorem

Let U and Uy, be the solutions of (5) and (10), respectively. Then
the following estimates hold true:

||U - Uh||0,1mQ < Cﬁp

and
77T,p < CHU - Uh||0,p,wr
forall T € Tp.
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