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Stokes—Darcy coupling

-

The coupling of the Stokes system and the Darcy equation
has been recently considered as a model for the filtration of
fluids through porous media (percolation of water from a
basin through the ground).

-
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Stokes—Darcy coupling

o N

The coupling of the Stokes system and the Darcy equation
has been recently considered as a model for the filtration of
fluids through porous media (percolation of water from a
basin through the ground).

Let us start describing the coupled problem. We denote by

(2¢ the fluid region, and by Qp the ground region. Moreover,

[' .= Qg N Qp will be the interface between Q¢ and Qp.
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Stokes—Darcy coupling (cont.)

-

The Stokes system is given by

—vAu+Vp =f InQg
(1) {

divu =0 InQg,

where u is the velocity field, p is the pressure, v > 0 Is the
kinematic viscosity and f is a given force field.
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Stokes—Darcy coupling (cont.)

fThe Stokes system iIs given by T
(1) —vAu+Vp =f InQg
divu =0 InQg,

where u is the velocity field, p is the pressure, v > 0 Is the
kinematic viscosity and f is a given force field.
The Darcy equation is given by

K .
2 —div [ — = ()
(2) div (NV90> 01InQp,

where ¢ Is the piezometric head, K is the hydraulic conduc-

Ltivity tensor and N > 0 Is the volumetric porosity. J

A parallel iterative approach for the Stokes—Darcy coupling — p.3/20



Stokes—Darcy coupling (cont.)

. N

or simplicity, as boundary conditions let us assume that:

u=0 ondQg\TI

3
(3) =0 ondQp\T.
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Stokes—Darcy coupling (cont.)

. N

or simplicity, as boundary conditions let us assume that:

u=0 ondQg\TI

3
(3) =0 ondQp\T.

The interface conditions [matching of the normal velocity
and of the normal stress] are:

u-n :—%Vgp-n onTI
T(u,p) - n = —gpyn onT

(4)

where g Is the gravity acceleration, and the fluid stress tensor
IS given by 7;;(u, p) := v(D;u; + Dju;) — pd;;. Here n denotes
Lthe unit normal vector on I', pointing from Qg into Qp. J
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Well-posedness and iterative solution algorithms

fIt can be proved that the coupled problem (1)—(4) has a
unique solution [Discacciati and Quarteroni, ENUMATH
2001; Layton, Schieweck and Yotov, SINUM 2003].
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Well-posedness and iterative solution algorithms

- N

t can be proved that the coupled problem (1)—(4) has a
unique solution [Discacciati and Quarteroni, ENUMATH
2001; Layton, Schieweck and Yotov, SINUM 2003].

We are interested in devising an efficient solution algorithm
that uses as building blocks a Stokes solver and an elliptic
solver. To do this, it is natural to introduce iterative
algorithms.
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Well-posedness and iterative solution algorithms

-

fIt can be proved that the coupled problem (1)—(4) has a

unique solution [Discacciati and Quarteroni, ENUMATH
2001; Layton, Schieweck and Yotov, SINUM 2003].

We are interested in devising an efficient solution algorithm
that uses as building blocks a Stokes solver and an elliptic
solver. To do this, it is natural to introduce iterative
algorithms.

Let us present some of the iterative algorithms that have

been proposed for the solution of (1)—(4).
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Dirichlet/Neumann algorithm

Dirichlet/Neumann: given ¢ on T, for m > 0
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Dirichlet/Neumann algorithm

Dirichlet/Neumann: given ¢ on T, for m > 0
# solve the Stokes problem with

T, p") - n=—gp"n onTl
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Dirichlet/Neumann algorithm

Dirichlet/Neumann: given ¢ on T, for m > 0
# solve the Stokes problem with

T, p") - n=—gp"n onTl
# solve the Darcy problem with

K
NVgpmH/Q -n=-u"-nonl
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Dirichlet/Neumann algorithm

Dirichlet/Neumann: given ¢ on T, for m > 0
# solve the Stokes problem with

T, p") - n=—gp"n onTl
# solve the Darcy problem with

K
NVgpmH/z -n=-u"-nonl

$ POSe 0on r
SDm—l—l . 9¢m+1/2 4+ (1 B Q)QDm,

where 6 > 0 IS an acceleration parameter.
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Dirichlet/Neumann algorithm (cont.)

. N

[The name Dirichlet/Neumann is somehow arbitrary:
Indeed, we are solving two Neumann problems.
However, for the velocity field (uq,, -V, ) the step in Qg

IS a Neumann step, whereas the step in Q2p is a Dirichlet
step (for the normal component...).]
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Dirichlet/Neumann algorithm (cont.)

. N

[The name Dirichlet/Neumann is somehow arbitrary:
Indeed, we are solving two Neumann problems.

However, for the velocity field (uq,, -V, ) the step in Qg
IS a Neumann step, whereas the step in Q2p is a Dirichlet
step (for the normal component...).]

The algorithm is convergent (for a suitable choice of )
[Discacciati and Quarteroni, Comput. Visual. Sci. 2004].

o |

A parallel iterative approach for the Stokes—Darcy coupling — p.7/20



Dirichlet/Neumann algorithm (cont.)

-

[The name Dirichlet/Neumann is somehow arbitrary:
Indeed, we are solving two Neumann problems.
However, for the velocity field (uq,, -V, ) the step in Qg

IS a Neumann step, whereas the step in Q2p is a Dirichlet
step (for the normal component...).]

-

The algorithm is convergent (for a suitable choice of )
[Discacciati and Quarteroni, Comput. Visual. Sci. 2004].

However:

o for a finite element approximation, the convergence is
iIndependent of the mesh parameter h, but depends
heavily on the viscosity » and the conductivity K
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Robin/Robin algorithm 1

-

Sequential Robin/Robin: given n® on T, for m > 0
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Robin/Robin algorithm 1

-

Sequential Robin/Robin: given n® on T, for m > 0
# solve the Darcy problem with

K
_,YDNVSOm—l—l n -|—990m+1 _ nm onT
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Robin/Robin algorithm 1

Sequential Robin/Robin: given n® on T, for m > 0
# solve the Darcy problem with

K
_,YDNVSOm—Fl n —|—990m+1 _ 77772 onT

# solve the Stokes problem with

n - T(umﬂ,pmH) ‘n 4+ ,ySuqul ‘n
_ _ggpm—kl _ ’YS%VSOm—H .n onT
- T p"™) . n=0 on T
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Robin/Robin algorithm 1

Sequential Robin/Robin: given n® on T, for m > 0
# solve the Darcy problem with

K
_,YDNVSOm—Fl n —|—990m+1 _ 77772 onT

# solve the Stokes problem with

n - T(umﬂ,pmH) ‘n 4+ ,ySuqul ‘n
_ _ggpm—kl _ ’YS%VSOm—H .n onT
- T p"™) . n=0 on T

® poseonT
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Robin/Robin algorithm 1 (cont.)

-

Here v5 > 0 and vp > 0 are suitable acceleration
parameters, and 7 Is a unit tangent vector on I.
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Robin/Robin algorithm 1 (cont.)

Here v5 > 0 and vp > 0 are suitable acceleration
parameters, and 7 Is a unit tangent vector on I.

The algorithm is proved to be convergent (at least for
vs = 7vp) [Discacciati, PhD Thesis, EPFL 2004].
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Robin/Robin algorithm 1 (cont.)

Here v5 > 0 and vp > 0 are suitable acceleration
parameters, and 7 Is a unit tangent vector on I.

The algorithm is proved to be convergent (at least for
vs = 7vp) [Discacciati, PhD Thesis, EPFL 2004].

Moreover:
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Robin/Robin algorithm 1 (cont.)

-

Here v5 > 0 and vp > 0 are suitable acceleration
parameters, and 7 Is a unit tangent vector on I.

The algorithm is proved to be convergent (at least for
vs = 7vp) [Discacciati, PhD Thesis, EPFL 2004].

Moreover:

# it can be interpreted as an alternating direction
algorithm (which is useful for tuning the parameters ~g

and vp
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Robin/Robin algorithm 1 (cont.)

-

Here v5 > 0 and vp > 0 are suitable acceleration
parameters, and 7 Is a unit tangent vector on I.

The algorithm is proved to be convergent (at least for
vs = 7vp) [Discacciati, PhD Thesis, EPFL 2004].

Moreover:

# it can be interpreted as an alternating direction
algorithm (which is useful for tuning the parameters ~g
and vp

# for a finite element approximation, the convergence is
iIndependent of the mesh parameter i, and, for suitable
choices of v5 and ~p, In the numerical computations it
looks also independent of the viscosity v and the

L conductivity K J
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Robin/Robin algorithm 2

-

The preceding Robin/Robin algorithm is sequential. Our
aim now is to find an efficient parallel algorithm.

-
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Robin/Robin algorithm 2

-

The preceding Robin/Robin algorithm is sequential. Our
aim now is to find an efficient parallel algorithm.

-

The leading idea comes from the Neumann/Neumann

algorithm (but it cannot be applied straightforwardly: lack of
regularity!).
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-

The preceding Robin/Robin algorithm is sequential. Our

Robin/Robin algorithm 2

-

aim now is to find an efficient parallel algorithm.

The leading idea comes from the Neumann/Neumann
algorithm (but it cannot be applied straightforwardly: lack of
regularity!).

Recalling that the Neumann/Neumann algorithm for the

La

SO

nlace operator is indeed given by a couple of Dirichlet

vers, followed by a couple of (homogeneous) Neumann

SO

vers, which play the role of correctors, we propose a dou-

ble parallel Robin/Robin algorithm.

o

|
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Robin/Robin algorithm 2 (cont.)

-

Parallel Robin/Robin: given n" on I, for m > 0
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Robin/Robin algorithm 2 (cont.)

Parallel Robin/Robin: given n" on I, for m > 0

# solve in parallel the Stokes problem and the Darcy
problem with

n - T(um+1,pm+1) ‘n — ’Ylum+1 ‘n — 77m
(5) = —gp" L Evemtlon onT
- T p"™).n=0 on T
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Robin/Robin algorithm 2 (cont.)

Parallel Robin/Robin: given n" on I, for m > 0

# solve in parallel the Stokes problem and the Darcy
problem with

n- T(um+1,pm+1) . n@,ylunﬂ—l ‘N = 77m
(5) = —gp" L Evemtlon onT
- T p"™).n=0 on T

o |

A parallel iterative approach for the Stokes—Darcy coupling — p.11/20



Robin/Robin algorithm 2 (cont.)

Parallel Robin/Robin: given n" on I, for m > 0

# solve in parallel the Stokes problem and the Darcy
problem with

n - T(um+1,pm+1) ‘n — ’Ylum+1 ‘n — 77m
(5) = —gp" L Evemtlon onT
- T p"™).n=0 on T

K
(6) Um—|—1 - um—l—l ‘n —+ Nv¢m+1 .n
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Robin/Robin algorithm 2 (cont.)

- N

# solve in parallel the homogeneous (f = 0) Stokes
problem and the Darcy problem with

n - T(wm—|—1’ 7Tm—I—l) ‘n + ,Yzwm—I—l ‘n — ’YQUm—H
(7) = g™ — REVY™.n onT

7 -T(w™ 7t .n=0on T
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Robin/Robin algorithm 2 (cont.)

- N

# solve in parallel the homogeneous (f = 0) Stokes
problem and the Darcy problem with

- T(wm+1’ 7Tm+1) , n@,mwnﬂ—l N = o]

(7) =+ gxm“@w%vxm“ .n onTl
7 -T(w™ 77 .n=0on T

o |

A parallel iterative approach for the Stokes—Darcy coupling — p.12/20



Robin/Robin algorithm 2 (cont.)

-

# solve in parallel the homogeneous (f = 0) Stokes
problem and the Darcy problem with

n - T(wm—|—1’ 7Tm—I—l) ‘n + ,mwm—I—l n — ’YQUm_H
(7) = g™ — REVY™.n onT
7 -T(w™ 7t .n=0on T

® poseonT
8) #"li=n"—0(n T(W"™ ™) n+ gy,

where v; > 0, 7» > 0 and 6 > 0 are acceleration
parameters.
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Consistency of the Robin/Robin algorithm 2

-

fLet us show that the algorithm is consistent, namely, at
convergence we have the solution.
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Consistency of the Robin/Robin algorithm 2

-

fLet us show that the algorithm is consistent, namely, at
convergence we have the solution.
At convergence, from (8) it holds

T(w™, 7)) -n=—gx* n,

therefore normal stresses of the corrections are matching.
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Consistency of the Robin/Robin algorithm 2

-

fLet us show that the algorithm is consistent, namely, at
convergence we have the solution.
At convergence, from (8) it holds

T(w™, 7)) -n=—gx* n,

therefore normal stresses of the corrections are matching.
On the other hand, from (7) normal velocities of the
corrections are jumping

K 2
wOO . n _|_ NVXOO . n p— _gXOO .
2
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Consistency of the Robin/Robin algorithm 2 (cont.)

-

fBut this jJump gives an additional positive term in the energy
of the problem, namely, one obtains

/ QVZ‘Diw;O‘Q—F/ iKVXOO-VXOO
0s T ap NV
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Consistency of the Robin/Robin algorithm 2 (cont.)

-

fBut this jJump gives an additional positive term in the energy
of the problem, namely, one obtains

/ QVZ‘Diw;O‘Q—F/ iKVXOO-VXOO
0s T ap NV

Hence, w™> = 0 and x> = 0, and consequently ¢*° = 0.
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Consistency of the Robin/Robin algorithm 2 (cont.)

. N

# from (6), o Is the jump of the normal velocities,
therefore they are matching:

inally:

K
u -n:—NVgpoo-n
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Consistency of the Robin/Robin algorithm 2 (cont.)

r

# from (6), o Is the jump of the normal velocities,
therefore they are matching:

inally:

K
uoo-n:—NVgpoo-n

o from the Robin interface condition (5), if the normal
velocities are matching also the normal stresses are
matching:

T(u>™,p>*) - n=—gp™n
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Consistency of the Robin/Robin algorithm 2 (cont.)

r

# from (6), o Is the jump of the normal velocities,
therefore they are matching:

inally:

K
uoo-n:—NVgpoo-n

o from the Robin interface condition (5), if the normal
velocities are matching also the normal stresses are
matching:

T(u>™,p>*) - n=—gp™n

We have found the right solution!
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Convergence of the Robin/Robin algorithm 2

-

The parallel Robin/Robin algorithm can be rewritten as a
preconditioned Richardson scheme:

-

"t = 0"+ 0(Ks + Kp)[ — (Hs + Hp)n™],

for a suitable right hand side .

o |
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Convergence of the Robin/Robin algorithm 2

-

The parallel Robin/Robin algorithm can be rewritten as a
preconditioned Richardson scheme:

-

"t = 0"+ 0(Ks + Kp)[ — (Hs + Hp)n™],

for a suitable right hand side .

The operators Kg, Kp, Hg and Hp are the main building

blocks of the algorithm, and are defined as follows.
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Convergence of the Robin/Robin algorithm 2 (cont.)

- N

® Kgo:=n-T(w,7) n, where w IS a solution with the
Robin datum

n-T(w,m) - n+yw-n=y0 onl
7 - T(w,7)-n=0 on T.

K Is a Robin-to-Neumann operator
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Convergence of the Robin/Robin algorithm 2 (cont.)

- N

® Kgo:=n-T(w,7) n, where w IS a solution with the
Robin datum

n-T(w,m) - n+yw-n=y0 onl
7 - T(w,7)-n=0 on T.

K Is a Robin-to-Neumann operator
® Kpo := gy, where y Is a solution with the Robin datum

gx =72y Vx-n=720 onT.
Kp I1s a Robin-to-Dirichlet operator
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Convergence of the Robin/Robin algorithm 2 (cont.)

- N

® Hgn:=u-n,where uis a solution (for f = 0) with the
Robin datum

n-T(u,p) - n—~yu-n=nonl
7 -T(u,p) - n=0 on T.

Hg I1s a Robin-to-Dirichlet operator
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Convergence of the Robin/Robin algorithm 2 (cont.)

- N

® Hgn:=u-n,where uis a solution (for f = 0) with the
Robin datum

n-T(u,p) - n—~yu-n=nonl
7 -T(u,p) - n=0 on T.
Hg I1s a Robin-to-Dirichlet operator

® Hpn:=%£Vy-n, where ¢ is a solution with the Robin
datum
—gg@+v1%Vgp-n:n onl'.

Hp 1s a Robin-to-Neumann operator
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Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

-
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A parallel iterative approach for the Stokes—Darcy coupling — p.19/20



Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

# K Is symmetric, continuous and positive definite

-
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Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

® Kg Is symmetric, continuous and positive definite

-

® Kp Is symmetric, continuous and non-negative
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Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

® Kg Is symmetric, continuous and positive definite

-

® Kp Is symmetric, continuous and non-negative

® Hg Is symmetric, continuous and non-negative (for ~;
small enough)
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Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

® Kg Is symmetric, continuous and positive definite

-

® Kp Is symmetric, continuous and non-negative

® Hg Is symmetric, continuous and non-negative (for ~;
small enough)

® Hp is symmetric, continuous and positive definite
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Convergence of the Robin/Robin algorithm 2 (cont.)

-

These operators have the following properties (in the space
L*(T)):

# K Is symmetric, continuous and positive definite

-

#® Kp is symmetric, continuous and non-negative

® Hg Is symmetric, continuous and non-negative (for v,
small enough)

#® Hp Is symmetric, continuous and positive definite

Therefore, both the operator (Hg + Hp) and the precondi-
tioner (Kg + Kp)~! are symmetric, continuous and positive

definite: convergence is achieved! (for a suitable choice of

\_the parameter 6) J
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Comments

- N

# Itis well-known that the Dirichlet-to-Neumann operator
IS symmetric, continuous and positive definite from the

energy trace space H'/2(T') into ts dual; here we have
seen that:

the Robin-to-Neumann operator is symmetric,
continuous and positive definite in L?(T),

whereas:

the Robin-to-Dirichlet operator Is symmetric, continuous
and non-negative in L?(T")
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-

# Itis well-known that the Dirichlet-to-Neumann operator

Comments

-

IS symmetric, continuous and positive definite from the
energy trace space H'/2(T') into ts dual; here we have
seen that:

the Robin-to-Neumann operator is symmetric,
continuous and positive definite in L?(T),

whereas:

the Robin-to-Dirichlet operator Is symmetric, continuous
and non-negative in L?(T")

the above results also hold for the finite element

numerical approximation, uniformly with respect to the
mesh parameter h

|
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