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Abstract

We want to give a systematic presentation of voltage or current inten-
sity excitation for time-harmonic eddy-current problems. The key point
of our approach resides in a suitable power law, that permits to under-
stand the role of voltage excitation. We also enlighten the influence of the
boundary conditions on the proposed formulations.

1. Introduction and basic results

In many electromagnetic phenomena it is useful to couple formulations in
terms of electrical circuits with more general formulations based on the Maxwell
equations (or else on some reduced model like the eddy-current system).

This coupling is often performed by transforming some data like voltage
and current intensity into suitable boundary conditions for the electromagnetic
fields. In particular, it is interesting to devise efficient formulations of the eddy-
current problem when the only present excitation is either an assigned voltage
(typically, at contacts) or a given current intensity in the eddy-current region.

On the other hand, it is well-known that the topological properties of the
conductor and the type of boundary conditions imposed on the boundary of
the computational domain have a strong influence on the general setting of the
problem and on the structure of the solution.

Several possible approaches have been proposed in the recent years, espe-
cially by engineers interested in practical computations. Far from being com-
plete, let us only mention the contributions in [11], [19], [17], [18], [25], [26],
[23], [16], [10], [20], [8], [6] and the references therein.

In this paper we propose a systematic approach to eddy-current problems
driven by voltage or current intensity. Our aim is to give a general mathematical
formulation for these problems, and to analyze their well-posedness. These
theoretical results are then the basis for devising stable and convergent finite
element approximation schemes.

A typical difficulty is that, in many situations, the eddy-current problems
are well-posed even if no additional condition like voltage or current intensity
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is imposed. As a consequence, to overcome this apparent contradiction it is
necessary to focus on the modelling of the problem, so that it becomes possible
to impose the voltage or current intensity equation, but without renouncing
to the Maxwell equations (a flaw that was present in previous papers on this
subject).

In the rest of this Section we are introducing notation and describing the
problems we consider, and we are presenting two basic results concerning well-
posedness. In Section 2 we are discussing about modelling, basing our argument
on a global power law that relates voltage to current intensity. In the third
section our proposal for treating voltage and current excitation problems is
described. In Section 4 we systematically present the variational formulations
of these problems. Finally, the last section is devoted to give a short description
of some numerical approximation schemes based on finite elements.

In the following, for the sake of simplicity we assume that the domain
Q C R? is a simply-connected bounded open set, with a connected boundary
d9. It is composed by two parts, a conductor ¢ and an insulator €2;. The
interface between ¢ and €y will be denoted by I'. The unit outward normal
vector on €2 will be indicated by n, while the unit normal vector on I, directed
towards 7, will be denoted by nc = —nj.

As it is well-known (see, e.g., [13]), the time-harmonic eddy-current problem
is given by the Ampere and Faraday equations

crlH—oE=J, in(Q
curl E +iwpH =0 in Q|

where H and E are the magnetic and electric field, respectively, J. is the given
electric current density, o is the electric conductivity, p is the magnetic perme-
ability, and w # 0 is a given angular frequency. Moreover, suitable boundary
conditions have to be added (and also some conditions for the unique determi-
nation of the electric field in ;). The magnetic permeability p is assumed to
be a symmetric tensor, uniformly positive definite in €2, with entries in L(£2).
The same assumption holds for the dielectric coefficient € in 5 (this coefficient
will come into play when imposing uniqueness conditions for E;), and for the
electric conductivity o in Q¢; on the other hand, o is vanishing outside Q¢.

We will distinguish between two different geometric situations, and three
different types of boundary conditions.

First geometric case: electric ports. The conductor ¢ is not strictly
contained in 2, namely, 9QcNIN # (. More precisely, for the sake of simplicity
we assume that Q¢ is a simply connected domain with 0Qc NI = Tg UTy,
where I' and T'; are connected and disjoint surfaces on 99 (“electric ports”).
Therefore, we have 0Q0c = I'g UL jUT". The boundary of the insulator £2;, which
is connected, is given by 0Q; = I'p UT', where I'p C 92. As a consequence, we
have OT' = 0T'p = OT' g U ATy (see Fig.1, left).

Second geometric case: internal conductor. The conductor Q¢ is
strictly contained in Q, namely, 9Qc N 9Q = (). Moreover, for the sake of



simplicity we assume that Q¢ is a torus-like domain. In this case, we simply
have 0Q0c =T and 0§y = OQ UT (see Fig.1, right).
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Figure 1: The geometry of the domain for the electric port case (left) and for
the internal conductor case (right).

First set of boundary conditions. It is given by E x n = 0 on 012, for
both the geometric cases.

Second set of boundary conditions. It is given by E x n = 0 on
Ul ;,and Hxn =0 and €E-n =0 on I'p for the electric port case, and
by Hxn =0 and €E-n =0 on 99 for the internal conductor case.

Third set of boundary conditions. It is given by Exn =0on I'gUTL,
pH-n=0and eE-n =0 on I'p for the electric port case, and by pH-n =0
and €E - n = 0 on 0N for the internal conductor case.

Summing up, we are going to consider six different problems:
e Case A. Electric ports, E x n = 0 on 02

e Case B. Electric ports, Exn=0onT'gUTl'j, Hxn=0and eE-n =0
onl'p

e Case C. Electric ports, Exn=0onT'gUT';, pkgH-n=0and eE-n =0
on FD

e Case D. Internal conductor, E x n = 0 on 0f2
e Case E. Internal conductor, H x n = 0 and €E - n = 0 on 9%}

e Case F. Internal conductor, yuH-n =0 and €E - n = 0 on 92

Between the six boundary value problems described here above, Case C has
some specific features. In fact, it is the only one for which the solution of the
eddy-current problem is not unique.

Let us start by proving this result.



Theorem 1.1. Let us consider the solutions H and E of the eddy-current
problem
curlH-—ocE=J, inQ
curlE +iwpH =0 in Q.

The magnetic field H in Q and the electric field Ec in Q¢ are uniquely deter-
mined for each one of the set of boundary conditions described in Cases A, B,
D, F and F.

Proof. Assume that J. = 0 in Q. Multiply the Faraday equation by H
and integrate in €. Integration by parts gives

iwuH~ﬁ+/ nxE-H.

O:/curlE-ﬁ—l—/iwuH-ﬁ: E-curlﬁ—l—/
Q 9

Q Q Q

Replacing Ec by o' curl He, and recalling that curl H; = 0 in Q7, we have

Oz/ a_lcurch-curlﬁc—i—/iwuH-ﬁ—i—/ nxE-H.
Qo Q o0

Thus the uniqueness result follows at once if we prove that the boundary integral
vanishes.

This is clearly the case if we are considering Cases A, B, D and E. For Case
F, we have div.(E xn) = cwrlE-n = —iwpH -n = 0 on 99, hence there exists
a scalar function W such that E x n = grad W x n on 0f). Therefore

JoonxE-H = [ Hxn-gradW = — [, div,(H x n) W
=— [hqcurlH-nW =0,

ascurlH;y =0 in Q7. OJ

Remark 1.2. It is worthy to note that, for Case C, assuming J. = 0 one
has

/ o teurlHe - curl He +/ iwpH - -H = Wir, / curlHe -n .
Qc Q FJ

In fact, we know that on the ports 'y and I'; we still have div,(E x n) = 0,
and also on I'p we have div,(E x n) = curlE - n = —iwpH - n = 0, thus
we conclude that div,.(E x n) = 0 on 9. Therefore, as before we can write
E xn=gradW x n on 0f2, and we see that W is constant on ', and on I'j,
say, W =0on 'y and W = Wj; on I'j. Thus

JognxE-H=— [ curlH-nW = —W]frjcurlﬁc-n,

ascurlHy - n=0onI'p and W =0on I'g.
In particular, we see that there is still a free degree of freedom: it can
be either the constant value of W on T'; (the voltage between the two ports of



Q¢), or the value fFI curlHe -n (the current intensity in 2¢). Therefore, in the
present case uniqueness requires that one of these conditions is also imposed. []

Case C has been proposed in [14] as a valid approximation of a realistic
electric port problem. Thus we start from it for our considerations.
In [5] (see also [8]) it has been proved that

Theorem 1.3. For each J. € (L*(Q))3, there exists a unique solution H
and E of the eddy-current problem (Case C)

crlH-ocE=J, in(
curlE +iwpH =0 in Q

diV(G]E]) =0 in Q] (1)
Exn=0 on 'gUT;

eE-n=0 onI'p

pH-n=20 onlp,

with one of the following additional conditions:
either W;=V or / curlHo -n=1T, (2)
Iy

where the voltage V' and the current intensity I are given complex numbers, and
Wy denotes the constant value on I'y of the function W such that E x n =
grad W x n on 0%, having set W =0 on I'g.

In [8] and [5] the convergence of a finite element approximation scheme
is also proved (in the former the considered unknowns are He and a scalar
magnetic potential, in the latter the same magnetic potential and E¢).

Other finite element schemes can be found in [23] and [10], where the prob-
lem is described through the so-called T-® formulation, namely, in terms of a
current vector potential and a scalar magnetic potential.

2. The power law

Hiptmair and Sterz in [20], a paper that has deeply inspired our work,
have proposed to use a suitable power law to relate the voltage and the current
intensity. They define

13;:/ UEC-EC+iw/uH-ﬁ, 3)
Qc Q

and assume that, for the problem at hand, one has P=VT.
In this paper we propose to modify the definition of the power in the fol-
lowing way:

P::/ U_lcurch~curlﬁc+iw/ pH-H. (4)
Qc Q



Since curlH = cE+J., when J. ¢ = 0 the two definitions are clearly the same:
but we will see in the following that the presence of the current density has
important consequences.

To motivate the choice of our power law, let us consider the eddy-current
problem (1) (Case C) with a given assigned voltage V' and with J.; = O,
Je,c = —Vograd ¢c, where ¢¢ is the unique solution to

div(ograd¢c) =0 in Q¢
oo =1 onI';
oc =0 onI'g (5)
ogradgc -n=0 onI'.

It is easily seen that the solution is given by E = V grad¢ and H = 0,
where ¢ is equal to ¢¢ in Q¢ and to ¢y in Qf, ¢; being the unique solution to

div(esgrad¢py) =0 in Q;
b1 = 9c on I’ (6)
ergrador -n=0 onl'p.

Therefore the current intensity I is equal to 0, and the power law P =V T
is clearly satisfied, whereas one has p £0=V1I.

The power law P = V I is also giving us some other useful informations.
In fact, for each complex number ¢ € C take now J. ¢ = go grad¢c, Je. 1 = 0.
Computing the power for the corresponding solution we find, by proceeding as
in Theorem 1.1 and in Remark 1.2,

= ch o~ 'cwlHe - curlHe +iw [, pH - H
= fQC UﬁlJe,C . curlﬁc + VfFJ Curlﬁc .n
=q Jq, grad¢c - curlHe +V [ cwrlHe - n.

On the other hand,

ch grad ¢C curl He

fQ do diveurl He + fFEuF ur ¢c carlHe - ne (7)
= fr curlHe -n .

aspc =0onT'g, pc =1onT;and curlHg -ng =curlHy -ng =0on I,
In conclusion,

P:(q+V)/ curlHe n= (¢g+ V)1
L'y

This is telling us that, when considering Case C, assigning a voltage V is in

some sense equivalent to impose a current density J. c = Vo grad ¢¢ in Qc.
More prec1sely, the solution (H,E) with voltage V and Je,c = 0 and the

solution (H E) with voltage 0 and J. ¢ = V grad ¢¢ satisty H=H: in fact,

the difference (H — H, E — E) is a solution of the problem with voltage V and



Je.c = —V grad ¢c, therefore, as we have seen above, E-E= V grad ¢ and
H-H=0.

This will lead us to propose a suitable formulation for the eddy-current
problem with one of the boundary conditions described in Cases A, B, D, E,
F, and moreover subjected to a given voltage or current intensity excitation:
the key point will be that these excitations, differently from Case C, have to be
interpreted as a particular applied current density.

Remark 2.1. Clearly, the power law P = V I does not hold if J. 1 # 0 or
Je,c # 0, and in these cases the injected power has a more general expression
than V' I, namely, it is easily checked that

P = ch o' cwrlHe - curlHe + iw [, pH - H
= fﬂc U_lJe,C -Cuﬂﬁc — fQI je,[ -E;r + vVT.

On the other hand, when J. ; = 0 and J. ¢ = qo grad ¢c, we have seen that for
Case C the power law still holds, in the generalized form P = (V +¢) I. This is
showing that we have to consider two voltages, say, an “electric” voltage V' (the
value V.= Wr, — Wr,, where the electric field satisfies E x n = grad W x n
on 99), and a “source” voltage ¢, associated to the current density qo grad ¢¢:
their sum V + ¢ is the total voltage.

When considering the other cases A, B, D, E and F, only the “source”
voltage keeps a meaning.[]

3. Voltage and current excitation

As the eddy-current problem has a unique solution for each one of the set
of boundary conditions described in Cases A, B, D, E and F (see Theorem
1.1), it is not possible to impose an additional condition, say, voltage or current
intensity, if we do not relax some of the imposed equations.

Before starting, let us mention the formulations proposed in some pre-
ceding papers. In [20], where the voltage/current excitation problem has been
considered in the most systematic way, it was proposed to modify a little the for-
mulation for Case A, requiring E x n = grad ¢ x n on 92, where p € H/?(9Q),
¢ =VonTy, ¢ =0onTg (and, therefore, ¢ # const. in a transition region
© C I'p). In other words, E x n # 0 in ©. This formulation, which is proved
to be well-posed, depends however on the choice of the region © and of the
function ¢ in ©. An alternative approach, also proposed in [20], valid for all
the cases here considered and for which © = (), ends up with the violation of
the Faraday law on a specific surface (either the surface that “cuts” the basic
non-bounding cycle in 2, or else any surface crossing the interface I').

In [17] and [25] the internal conductor case is considered, having assigned
a given voltage V. Also in this case the Faraday law is violated on the cutting
surface A. Instead, the approach proposed in [18] gives a solution that does not
satisfy the Faraday law across the interface I'.



In [8] a formulation for the electric port case with assigned current intensity
is given, leading to the solution also obtained in [5] for Case C; however, for
Case A it can be checked that the Faraday law is violated on the cutting surface
= (instead, the violation of the Faraday law across the interface I' occurs in [6],
where the internal conductor case is considered).

Finally, in [23] and [10] the finite element approximation of Case C is con-
sidered for an assigned voltage, by means of a formulation based on a current
vector potential and a magnetic scalar potential.

Let us come now to our point of view: clearly, on one side we do not want to
renounce to Maxwell equations, namely, to Faraday and Ampere equations; on
the other side, we would like to formulate a problem for which only the physical
quantities and the physical domains Q¢ and 2; play a role (and not artificial
regions like, e.g., the transition zone © introduced in [20]).

The main point is to recall what we have proved for Case C, where a voltage
V was “equivalent” (at least, for the determination of H and in the power law)
to the current density J. c = Vo grad ¢¢ in Q¢. Note that the function grad ¢c
is the basis function of the space of harmonic fields

H(Qe) = {7 € (L2(Qc))?| curl®) = 0, div(oh) =0,
on-n=0onl',pxn=0onTgUT;},

/ﬁ-del,
5

the path 7 joining I'g to I'j. Thus, for the internal conductor case we are led
to introduce the space of harmonic fields

normalized with the condition

H(Q0) = {n € (L*(0))?| curlnp = 0,div(en) =0,0n-n=00nT},

defining as p., its basis function normalized with the condition

Y

where the (closed) cycle v is internal to Q¢ (and we have freely chosen an
orientation of 7).
The voltage or current excitation problem is therefore formulated as follows.

Voltage rule. When a voltage V is imposed, modify the Ohm law in Q¢
adding to the current density oEc the “applied” current density J..c = VoQc,
where Q¢ = grad ¢ for the electric port case, and Qc = po for the internal
conductor case. Thus the Ampére law reads

curlHe = cEc + VoQe .

In the former case, we intend that the voltage passes from 0 on T'g toV on T y;
in the latter case, the voltage passes from 0 to V along the basic cycle .



Current intensity rule. When a current itensity I is imposed, determine
the voltage V' and modify the Ohm law in Q¢ adding to the current density oEc
the “applied” current density Jo.c = VoQec, where Q¢ is as in the “voltage
rule”. Thus the Ampére law reads

curlHe = cEc + Vo Qe ,

and moreover the constraint

/curch-n:I
s

has to be satisfied, where S =T ; for the electric port case, and S = X, a section
of Q¢, for the internal conductor case. In the former case, the unit vector n is
the outward normal on I j; in the latter case, the unit vector n on X is oriented
as the basic cycle 7.

Let us show that, when adopting these two rules, we are respecting the
power law. Assume that we have J.c = VoQc¢ and J.; = 0. Then, by
proceeding as in Theorem 1.1, and taking into account the boundary conditions
of Cases A, B, D, E and F, we have that

/ o 'curlHe - curl He + iw/ pH ‘H = a_lJe,c -curl He
Qc Q QC‘

hence

P:/ Uﬁlcurch-curlﬁc—l-iw/ pH H=V Q¢ - curlHe .
Qo Q Qc

On the other hand, from (7) we have

/ grad oo ccurlHe = / curlHe -n=1T,
Qc FJ

thus if Q¢ = grad ¢ we conclude with

P = ch o teurlHe - curl He + iw JouH - H
=V [, grad ¢c ccwrlHo =V T,

the power law for the electric port case.

The internal conductor case needs some additional informations, in order
to express the current intensity in a suitable way. Let us denote by ¥ a section
of Q¢, namely, a surface in Q¢ cutting the basic non-bounding cycle v. We
know that the basis function p. is the L?(Q¢)-extension of the gradient of a
suitable scalar function ¢, defined in Q¢ \ ¥ and having a jump equal to 1 across
>.. Hence,

ch curlHe - p = fQC\E curl He - grad g
=— fﬂc\E q diveurlHe + [ ¢ curlHe - ne ()
+ [gcurlHe - n
= [gcwrlHe -n



as curlHe - ng = curlHy - ng = 0 on I’ and the jump of ¢ on ¥ is equal to 1.
Hence we end up with

P = [y, o0 tculHc - curlHe +iw [, pH - H
=V [, pc-carlHe = VT,

the power law for the internal conductor case.

Remark 3.1. As it is clear from our procedure, in the electric port case
we could obtain a suitable formulation (namely, satisfying the power law) for
any current density J. ¢ = Vo grad ®¢ such that & =1 on I'; and &¢ =0
on I'p. Hence, how to motivate the choice of ¢¢ introduced in (5)7

In this respect, it should be noted that, from the Ampeére equation curl Ho =
oEc + Je o, the electric field satisfies the (physically consistent) conditions
div(cE¢) = 0 in Q¢ and oE¢ -n = 0 on I' only if divJ. ¢ = 0 in Q¢ and
Je.c-n=0onT, therefore, only if & = ¢¢, the solution to (5).

The same remark applies for the internal conductor case: in that situation,

the integral
/ uc - curl ﬁc
Qc

has the same value for any vector field ue such that curlue = 0 and f,y uc-dr =
1. But if we also require that div(oue) =0 in Q¢ and oue -n =0 on I, then
we conclude uc = po. U

4. Variational formulations

We can consider H-based formulations, or E-based formulations. In our
opinion, the simplest approach is in terms of H. We will focus first on the
electric port case; however, we do not present here Case C, that, for a “hybrid”
formulation which is related to the H-formulation, has been studied in [5]. Then
we will consider the internal conductor case, whose formulation is quite similar,
focusing in particular on Case F.

e Electric ports: voltage excitation, H formulation
For Case A, the problem is as follows: for each given V' € C find the unique
solution H € X to

/ o 'curlHe - curl we + / wpuH - W = V/ grad ¢¢ - curlwg 9)
Qo Q Qc

for each w € X, where
X :={we H(cur; Q)| curlw; =01in Q;} .

Then set E¢ := o' curl He — V grad ¢¢ in ¢, and in ©; define E; to be

the solution to
curlEr = —iwpHy in Qy

diV(G]E]) =0 in Q] (10)
E; xn;=-E¢cxne onT
E] xn=0 on FD .

10



Let us remark that the voltage excitation problem for Case B is trivial: in
fact, from (7) and the Stokes theorem we have

/ grad¢c~cur1Wc:/ curlweo -n = w-dr =0,

Qo Ty ary

as w x n = 0 on I'p. Therefore, for any V € C we find H = 0; hence, we can
assume V =0 and set E = 0.

Well-posedness of problem (9) comes from the coerciveness in X of the
sesquilinear form ch o' curlHe - curl We + fQ wpH - wW.

Instead, a delicate point here is the unique solvability of Problem (10). In
fact, as it is well-known, boundary-value problems for the curl-div system in
general need that some compatibility conditions are satisfied in order to assure
the existence of a solution, and that suitable additional conditions are imposed
to guarantee its uniqueness; some of these conditions are related to the non-
trivial topology of €.

More precisely, first one has to verify the conditions div(p;Hr) = 0 in Qy,
div,(E¢ x ne) = iwp,Hy -ny on T, and p,Hy -ny =0 on T'p.

It is possible to check that these conditions are satisfied by means of a
suitable choice of test functions in (9) (for a similar procedure, see, for instance,
[2]). In fact, the first follows from (9) taking as test function w = grad, ¢ a
smooth function with a compact support in  (and in this way one also obtains
peHe -ne + pHp -np =0on T, as, indeed, div(pH) = 0 in Q). The second
comes from the Faraday equation in )¢, which is obtained by integration by
parts, and the relation div,;(E¢ X ng) = curl E¢ - ne. The last is obtained by
taking as test function w = grad ), with ¢ € H*(£).

Then one has to consider some spaces of harmonic fields. Concerning
uniqueness, it is clear that we are interested in requiring that the solution E; is
orthogonal (with weight €;) to the space

HY () = {m € (L*(Q))?| curln = 0,div(ern) =0,
nxn=0onTpUT}.

However, this space is trivial (namely, it contains only 77 = 0). In fact, cutting
Q; with a surface = transversal to I'p and I', an element 1 of H%"(27) in the
set Q \ Z is the gradient of a function p having a constant jump through =.
But, due to the fact that gradp x n = 0 on I'p UT', a connected surface, p is
constant on I'p UT', and therefore its jump through = is equal to 0. Thus 7 is
the gradient of a harmonic function p with constant boundary value: hence p is
constant in Q7 and 7 = 0 in Q7.
Existence is instead associated to the space

HE () = {7 € (T2(90)° ] cwrlfj = 0, div7 = 0,
n-n=0onTpUT},

which, proceeding as before, is easily showed to be one-dimensional; let us denote
by p; its basis vector. For the solvability of Problem (10) one has to satisfy the

11



compatibility condition
/ z’quHI-f)I—i—/Ecxnc-f)I:O, (11)
Qr r

which comes from (10); and (10)3 by integration by parts. This relation indeed
follows from (9) by choosing the test function w; = p; and we = p*, where
p* € Hcurl;Qc) satisfies p° x n; = p; x nr on I, integrating by parts and
using the Faraday equation in Q¢.

In conclusion, (10) is uniquely solvable. It is important to remark that this
is not the case if one defines, as in [20], where the same formulation (9) has been
proposed, the electric field Ec = o1 curl He in ¢ in that case, in fact, (11)
is not satisfied, and therefore it is not possible to determine Ej.

It is worthy to note that (11) is indeed equivalent to the Faraday equation
on the surface = that cuts the basic non-bounding cycle in ;. Hence, setting
Ec = o~ ! curl He leads to the violation of the Faraday equation on that surface.

e Electric ports: current intensity excitation, H formulation
Let us start noting that this problem has not a meaning for Case B. In fact,
one has

I:/ curlHeo - n = H-dr=0,
F] 61—‘J

as Hxn=0onTIp.
Therefore, we only consider Case A. The problem can be expressed in this
way: for each given I € C find the unique solution (H,V) € X x C to

ch o 'cwrlHe - cwrlwe 4+ [ iwpH - W
-V ch grad ¢¢ - curlwe = 0 (12)
fﬂc grad ¢¢c - curl Hg = I

for each w € X, where X is as in (9). Then E¢ and E; are determined in the
same way as before. Let us also recall that, from (7), we have

/ grad ¢¢ - curl He = / curlHg - n .
Qc FJ

Well-posedness of problem (12) comes from the theory of saddle-point prob-
lems. In fact, the sesquilinear form ch o~ !curlHe - curlWe + [ iwpH - W is
coercive in X; moreover, since the unknown V' € C is a number, to show that
the inf—sup condition is satisfied it is enough to find w* € X such that

>0.

/ grad ¢¢ - curl wi
Qc

This can be done by taking the solution wg, to
curlw, = ograd¢c  in Q¢

divwy =0 in Q¢
W*C-I‘IZO onl'gpul’;uUl,

12



and the solution w7 to

curlwj =0 in Q
divw}; =0 in Q;
w; Xxnr=-wixng onl
w;-n=0 onl'p.

Formulation (12) has been proposed also in [8] (for both Cases A and C).
However, there it has been set Ec = o~ ! curl Hg, thus violating, for Case A,
the Faraday equation on the surface =.

e Electric ports: voltage excitation, E formulation

Having clarified that voltage excitation is equivalent to a source Vo grad ¢,
the electric field formulation for Case A is easily devised: for each given V € C
find E € Y such that

/ pleurlE - curli—l—/ woEc - zZc = —in/ o grad ¢¢ - Zo (13)
Q Qc Qc

for each z € Y, where

Y :={z € H(cur; Q)| div(erz;) =0 in Q7,2 x n = 0 on 9N} .

The existence of a solution E to problem (13) follows at once from what
already proved for the H formulation. Uniqueness is straightforward.

The magnetic field H is then determined in 2 as H = —%u‘l curl E.

A formulation similar to (13) (but based on the source term Vo grad ¢,
the function ®¢ having been defined in Remark 3.1) has been presented in [20].
However, there the electric field is not the solution to (13), but it is corrected,
only in Q¢, by adding V grad ®¢. Since it does not exist a curl-free vector field
in Q7 that has tangential component on I' equal to V grad @< x n (again, this
is related to the solvability of problem (10)), this leads to the violation of the
continuity of the tangential component of E through the interface I', thus to
the violation of the Faraday law.

e Electric ports: current intensity excitation, E formulation
Since curlHe = oE¢ + Vo grad ¢¢, the variational formulation (for the
sole Case A) now reads: for each given I € C, find (E,V) € Y x C such that

LeurlE - curlz + ch iwocEc - Zo

+iwV [, ogradéc -z2c =0 (14)
fﬂc gradgc - cEc +V fﬂc ograd ¢c - gradoc = 1

for eachz €Y.

Jor™

As before, existence of a solution is assured by the correspondent result
for the magnetic field H. Instead, uniqueness is a more delicate point. In fact,
multiplying (14) by iwU, where U € C, we find

Jop teurlE-curlz B B
+iw [o . 0(Ec +Vgrad¢c) - (Ze + Ugrad¢c) = iwl U .

13



Thus, putting I = 0 and choosing z = E and U = V, we obtain curl E = 0 in
Q and E¢ + Vgrad¢gc = 0 in Q¢. Since 2 is simply-connected, we also have
E = gradv in Q, and the boundary condition E xn = 0 on 0f2 gives 1) = const.
on 0N). Therefore, integrating Ec on the path 7 joining I'g to I'y, we find

0 :fagradwcwd‘r:faEcwdT
:—Lf?ngradgbch:—V.

Thus V = 0, and consequently E = 0.

Also in this case, the magnetic field H is obtained in €2 by setting H =
—%u‘l curl E.

Again, a formulation like (14) (but based on the source term Vo grad ®¢)
has been proposed in [20]. The remark at the end of the preceding subsection
still applies.

e Internal conductor: voltage excitation, H formulation

We have already made explicit the “voltage rule”: applying a voltage is
equivalent to consider a current density J.,c = Vo p,. Then, for the H-based
formulation, Cases D and E can be studied as in [2]. Let us focus on Case F.

The problem reads: for each given V' € C find the unique solution H € X
to

/ o teurlHe - curl We + / iwpH - W = V/ pc - curlwe (15)
Qc Q QC‘

for each w € X, where
X :={we H(curl; Q) | curlw; =0 in Q;} .

Then set E¢ := o~ curlHe — Vg in Q¢, and in Q; define E; to be the

solution to
curlE; = —iwp Hy in Qf

diV(E[E]) =0 in Q]
E;xni=-Ecxneg onTl
EIE]-IIZO on 0 .

(16)

Again, the main problem here is the solvability of (16). For the internal
conductor, this has been already done in [2], to which we refer.

Let us also recall that the same variational formulation (15) has been pro-
posed in [17], [25] and [20]. However, there it has been set E¢ := o~ ! curl He,
leading to the violation of the Faraday equation on the surface A cutting the
basic non-bounding cycle of €2;.

e Internal conductor: current intensity excitation, H formulation
Let us start focusing on Case F. Recalling (8), the problem is: for each
given I € C find the unique solution (H,V) € X x C to

fﬂc o lcwlHe - cwrllwe + [ iwpH - W
~V [o, Pc - cutlWe =0 (17)
Jo. pc-carlHe =1

14



for each w € X, where X is as in (15); then set Ec := o~ ! curlHe — Vg in
Q¢ and determine E; as in (16).

Well-posedness of problem (17) comes from the theory of saddle-point prob-
lems. Taking into account what we have already presented for the electric port
case, it is enough to find w* € X such that

/ P - curl wi
Qc

This can be done by taking the solution w¢, to

>0.

curlwi = ope in Q¢
divwy, =0 in Q¢
Wi X ng = copy Xng onl',

and the solution w7 to

curlwj =0 in Qy
divw}; =0 in Q;
Wi Xny=copy xny onl

wi;xn=20 on J9

JoqWi =0,

where ¢y = fﬂc opc - pc- Here p; is the basis function of the space
H(Qs) :=={n € (L*(Q))?| curlyp =0,divn=0,7-n=0 on 9QUT},

normalized by [. p; - dr =1, where 7 is the basic non-bounding cycle entering
in the “handle” of Q¢, and oriented consistently with the non-bounding cycle
which runs in Q¢ (namely, each one is oriented counterclockwise with respect
to the other). Note that the existence of the solution w{, is a consequence of
the relation [.(pc x n¢)-p; =1.

To complete the presentation, let us note that, if interested in considering
Case D, one has to substitute in (16) the boundary condition e;E; -n = 0 on
00 with E; x n = 0 on 0f2 and add the condition faﬂ e;Er -n=0.

Instead, concerning Case E, one has to use in (17) the space

X :={we H(ewl; Q)| curlw; =0 in Q;,w; x n =0 on 90} .

e Internal conductor: voltage excitation, E formulation

We are not going to give details for this case. In fact, the “voltage rule” is
telling us that we have just to consider a current density J. c = Vopq, hence
this formulation is easily devised (for instance, for Cases D and E one can follow
what done in [4]). Moreover, the case in which excitation is due to the current
intensity can also illustrate the functional framework to be used for the voltage
excitation case (in this respect, see the first equation in (18)).
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e Internal conductor: current intensity excitation, E formulation

The “current intensity rule” says that the given current intensity I is gen-
erating not only the electric field but also a current density Vop,. Moreover,
we have curlHe = 0E¢ + Vop. Then, the problem is: for each given I € C
find (E,V) € Y x C such that

Jop tewlE - curlz + [, iwoEc -Zc
+iwV ch opc-Zc =0 (18)
fszc pc-oEc +stzc gpc-pc =1

for each z € Y, where

{z € H(curl; Q)| div(eszr) = 0 in Qy,

zxn=0ondQ, [,,eEr-n=0} for Case D
v {z € H(curl; Q) | div(esz;) = 0 in Qy,
' €rzr -n =0 on 90N} for Case E

{z € H(curl; Q) | div(esz;) = 0 in Qy,
€rzr-n=0on 0Q,div,(z xn) =0 on 90} for Case F.

As before, existence is a consequence of what already proved for the H
formulation. Concerning uniqueness, by proceeding as in the electric port case
we find curl E = 0 in 2 and Ec = —Vp in Q¢. Since 2 is simply-connected,
we also have E = grad ) in Q2. Therefore, integrating Ec on the cycle v we find

0 :fwgradwc-defvEc-dT

Thus V = 0, and consequently E = 0.

Having solved (18), the magnetic field in € is as usual defined as H =
—%u‘l curl E.

A similar formulation has been proposed in [20], [6] (in the former paper,
replacing the source Vp, by V grad E)c, de being a function jumping by 1
through a section ¥ of Q¢). However, in these papers the electric field is not
the solution E¢ to (18);, but it is corrected in Q¢ by adding the source term.
In this way Faraday law is no more verified across the interface I'.

The same remark applies for the voltage excitation problem of the preceding
subsection and the formulations proposed in [18], [20].

5. Numerical approximation

The variational formulations presented in the preceding section can be used
as a starting point for devising finite element methods for approximating the
solution.

In fact, the voltage excitation reduces to a standard problem with a given
current density (Vo grad gc or else Vope), therefore any method used for
eddy-current problems can be applied: without any attempt of being complete,
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let us only mention those proposed in [15], [7], [1], [3] for the H-formulation,
and in [24], [9], [21], [22], [4] for the E-formulation (or for the related magnetic
vector potential formulation).

It is worthy to note that, when considering the H-formulation, it is not
needed to construct the functions grad ¢c or po. In fact, to give an example
for the electric port case, one can proceed in this way: consider a fixed (and
coarse) mesh in Q¢, and let Z¢ be the finite element interpolant taking value
0 everywhere, except on I'j, where it has value 1. Then define ¢, to be the
solution to

div(o grad ¢,) = —div(e gradZ¢) in Q¢
b =0 on'pUT;
ograd¢, -n=—ogradZ¢ -n onI'.

Thus ¢c = I¢ + ¢, in Q¢, and

Jo. grad e - culwe = [ (grad Z¢ + grad ¢,) - curl we
= oo gradZ¢ - curlwe

as diveurlwg =0, ¢ =0onI'g UT'; and curlweg-n=0on T

Therefore, we have verified that in the H-based variational formulations
one can substitute ¢c by the easily computable Z¢, and the solution H remains
the same. Clearly, the need to compute ¢¢ (namely, ¢.) comes again into play
if one wants to recover E¢, which is given by

Ec =0 lcurlHe — Vgradgeo = o L curl He — V gradZ8 — V grad ¢, .

If the current intensity is given, the constraint ch Q¢ - curlHe = I has
to be added (here Q¢ = grad ¢¢ or else Qo = pe). In the H-formulation, the
voltage V plays the role of a Lagrange multiplier associated to this constraint,
and the global problem is a saddle-point problem. For any type of conforming
finite element discretization using edge elements in ¢, the presence of this
Lagrange multiplier requires that an inf-sup condition like

Qo - curlwg, .| > fBl[wi|x
Qc
is satisfied for a constant 5 > 0, independent of &, and a suitable discrete vector
function wj.
This can be done as follows (for instance, let us focus on the electric port
case): expressing grad ¢c in terms of gradZ¢, as done before, we have by
integration by parts and the Stokes theorem

Jo gradoc - cwlwg ), = [o gradZ¢ - curlwy, , = Jp, cwlwg ), -n

— * _ *
= fOFJ W, - dT = fOFJ Wi, - dT .

Let us consider a fixed (and coarse) mesh in €2, and let Z be the finite element
interpolant taking value 0 everywhere in 27, except on the cutting surface =,
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transversal to I'p and I', where it has a double value, 0 on one side and 1
on the other side (following the orientation of JT';, that is counterclockwise
with respect to n on I'y). From now on we consider triangulations that are all
obtained as a refinement of the basic coarse mesh, in such a way that a discrete
function on the coarse mesh is also a discrete function on all the other meshes.
Then choose as w7 ;, the (L?(€;))*-extension of gradZ], computed in Q7 \ E;
note that gradZ! x n is defined in a unique way on =, as the jump of Z! on =
is equal to 1. Finally, take as w, , the edge element interpolant, on the coarse
mesh in Qc, of the value wj , x ny on I'. It is easily checked that with this
choice [, Wi, -dr =1 and that the norm [[w}|[x does not depend on h,
therefore the inf-sup condition is satisfied.

Coming to the E-formulation, when the current intensity is assigned it
takes a non-standard form: in fact, in (14) and (18) it is questionable that
the sesquilinear forms at the left hand sides are coercive, and, on the other
hand, the current intensity condition is not a pure constraint, so that these
problems are not saddle-point problems. In this paper we have proved existence
and uniqueness of the solution for the infinite dimensional case, but a complete
analysis of a finite element approximation method could be a more delicate
point. However, this approach has been used in [6] for an axisymmetric problem,
with good numerical performances.

Remark 5.1. When the current intensity is assigned, it is possible to
devise an alternative formulation in terms of a magnetic vector potential and
an electric scalar potential, with the Coulomb gauge. Namely, one looks for A
and vo such that

pH=curlA inQ , Ec=—iwA¢c—gradvc in Q¢ ,

with divA =01in Q and A - n =0 on 0f.

Writing (14) and (18) in terms of these unknowns, and inserting the gauging
term as a penalization, as usually done with this approach, one ends up with a
sesquilinear form that can be proved to be coercive (for similar computations see
[12], where the analysis of the A — ve method is presented when the excitation
is due to a given current density J.). [J
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