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Multiscale methods in haemodynamics
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Components of the human circulation

Figures taken from Tortora and Derrickson, 2009



Fluid-Structure Interaction (FSI) models

3D Navier-Stokes equations for blood flow in compliant vessels

3D equations for the dynamics of the structure (vessel solid wall)

Interaction (coupling) of these systems

Advantages/disadvantages

e Can resolve local details on rheology, vascular wall dynamics, flow
velocity in 3D, etc

e Desing of numerical algorithms is challenging
e High computational cost

e FSI models can only be used locally, perhaps coupled to other, simpler
models



One-dimensonal models

e The unknowns are integral averages of flow quantities at each section
of the vessel:
e cross-sectional area (not shape)
e velocity
e flow
e pressure

These quantities are time-dependent and space-dependent along the
length of the vessel

Equations are a non-linear system two equations with source terms

A closure condition is needed: the tube law

e Wave propagation phenomena in the vascular network is resolved here

Much lower computational cost than for full FSI models

These models may be interpreted as representing a telegraphic
network along which signals are transmitted: nutrients, biological
signals, waste removal



Zero-dimensional models

e Also called lumped parameter or compartmental models

e Analogy with Kirchhoff laws for hydraulic networks is used, or electric
analogues

e These models use Ordinary Differential equations (ODEs), or more
precisely, Differential Algebraic Equations (DAEs)

e There is no space resolution, just time variation of quantities
e No resolution of wave propagation phenomena

e These are the cheaper models and can still account for physiological
effect such as regulatory mechanisms

e Suitable for the capillary bed and the heart, for example
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Geometrical multi-scale approach

e Accounting for blood flow in the complete network of vessels
(millions), with very different dimensions (spatial scales), is an
impossible computational task today

o A feasible approach is the Geometrical multi-scale approach: use 1-D
models in all major vessels, 0-D models for the microvasculature and
FSI models for special districts (organs) of interest for higher
definition

e Linking (coupling or matching conditions) these models correctly is
challenging, both from the mathematical and numerical points of
view

e Here we shall adopt the geometric multi-scale models involving 1-D
and 0-D submodels



The incompressible Navier-Stokes
equations
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The incompressible Navier-Stokes equations

In full, the three-dimensional, time-dependent incompressible
Navier-Stokes equations are

Dyt + Oyv + wow =0
Opu + udzu + voyu + wdu + %(%p = g@) + %(éﬁu + Ofu + 92u)
v 4+ udpv + voyv + WU + %81,]) = gy + %(3311 + d2v + d2v)
Oyw + udyw + vOyw + wo,w + %@p = g+ %(a%w + agw + 0%w)
(1)
Here the four unknowns are
U(x,y, z,t) = (u,v,w): Velocity vector ,
(2)

p(x,y, z,t): Pressure .



Parameters of the equations include:

p: constant density , u: constant viscosity ,

(3)
G = (9(a)> 9(y)» 9(=)): external force vector
The ratio u
v=-= (4)
P
is termed the kinematic viscosity.
The equations (1) can also be written more succinctly as
V-U=0 . continuity
()

U+ (U-V)U+ %Vp = %AU + G : momentum

where V - U = divU, Vp is the gradient vector and AU is the Laplacian
operator applied to U.
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Formulations of the equations

We study three mathematical formulations of the governing equations in
Cartesian coordinates and restrict our attention to the two-dimensional
case, namely

Oyt + Oy =0, (6)
1

Oru + udzu + vOyu + 5a,cp = v [0ju+ Oju] | (7)

OV 4+ u0yv + voyv + ;qu =v [6%1) + sz] . (8)

We have a set of three equations (6)-(8) for the three unknowns u, v, p. In
principle, given a domain along with initial and boundary conditions for
the equations one should be able to solve this problem.
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The stream function-vorticity formulation

This formulation is attractive for the two-dimensional case but not so
much in three dimensions, in which the role of a stream function is
replaced by that of a vector potential. The magnitude of the vorticity
vector can be written as

(= 0,v— Oyu. (9)
Introducing a stream function v we have

u=0y, v=—07. (10)

By combining equations (7) and (8), so as to eliminate pressure p, and
using (9) we obtain

¢ + ude( + v0y¢ = v [03¢ + 92¢] (11)

which is called the vorticity transport equation (advection-diffusion,
parabolic type).
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In order to solve (11) one requires the solution for the stream function 1,
which is in turn related to the vorticity ¢ via

R+ 0 = —( . (12)

This is called the Poisson equation and is of elliptic type. There are
numerical schemes to solve (11)-(12) using the apparent decoupling of the
parabolic-elliptic problem (6)-(8) to transform it into the parabolic
equation (11) and the elliptic equation (12). A relevant observation, from
the numerical point of view, is that the advection terms of the left hand
side of equation (11) can be written in conservative form and hence we
have

¢ + 0x(uC) + 8y (v¢) = v [07¢ + 95¢] (13)

This follows from the fact that d,u + dyv = 0, which was also used to
obtain (11) from (7)-(8).
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The Artificial Compressibility Equations

This is yet another approach to formulate the incompressible

Navier-Stokes equations and was originally put forward by Chorin [1] for
the steady case. See also [3].

Consider the two-dimensional equations (6)-(8) in non-dimensional form

dpu+ Oyv =0, (14)
0w + uu + vOyu + Op = « [6§u + aju] ; (15)
OtV + u0,v + vOyv + Oyp = « [8%1} + 3511] ) (16)

where the following non-dimensionalisation has been used.

uu/Veo, vv/Vy, peﬁ,

x <« z/L, y<y/L, t <+ tVo /L, (17)

o =1/Re,, Rep = Y=l

Voo
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Multiplying (14) by the non-zero parameter ¢? and adding an artificial
compressibility term O;p the first equation reads

Op + 9 (uc?) + 9y(ve®) = 0.

By using equation (14) the advective terms in (15)-(16) can be written in
conservative form, so that the modified system becomes

op + Oz (uc?) 4+ 9y(ve?) =0,
Opu+ 0y (u? + p) 4 Oy (wv) = a [2u+ dpu] (18)

Oy + Op(uv) + 9y (v +p) = a [2v + D] .
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These equations can be written in compact form as

Q +0,F(Q)+9,G(Q) =D,

where
P u
Q = u 9 F = U2 +p )
v uv
v 0
G = uv , D= | a(diu+d;u)
v +p o (820 + d)v)

(19)

Equations (19)-(20) are called the artificial compressibility equations. Here

c? is the artificial compressibility factor, a constant parameter. The source
term vector in this case is a function of second derivatives. Note that the

modified equations are equivalent to the original equations in the steady

state limit.
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e The left-hand side of (19)-(20) form a non-linear hyperbolic system

e The Riemann problem can be defined and solved exactly or
approximately. See [2]

e Once a Riemann solver is available one can deploy Godunov-type
numerical methods to solve the equations
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The one-dimensional equations
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Reynolds theorem applied to a blood vessel

Consider a generic blood vessel with axial coordinate x, as shown in Fig. 1

Su(z,y,2,1)

C s(z,y, 2, t) © sn(zr, Y, 2 t)

=2 z r=2xR

Fig. 1. Sketch of section of blood vessel in three dimensions defining control volume V' (t) with boundary S(t).

e s(x,y,z,t): generic cross section at x
e sy left cross section at x = xp, fixed, normal to direction
e sp: right cross section at x = xR, fixed, normal to direction x
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e Boundary S(t) of V(t) is decomposed as
S(t) = SwU{SL,SR} (21)
o Sy = Sw(z,y,z,t): vessel wall

The Reynolds transport theorem states

L / Flx, t)dV = / 0 F (x,)dV + / FU,-ndo  (22)
dt Jv () 40 S(t)

Uy: velocity of boundary S(t)

F(x,t): a continuous function

x = (r,y,2)

n: outward unit normal vector to S(t)
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For our problem the Reynolds theorem becomes

d
il / Fx,)dV = / 8, F (x, 1)dV + / FU, -ndo  (23)
dt Jy V(t) Sw

e U,: velocity of the vessel wall S,
e Uy n=0atz=x and x =zp

Assume the general case in which there may be fluid filtration across the
vessel wall (permeable wall). Then the relative velocity is

U,=U0,-U (24)
where U = (u,v,w) is the blood velocity.

It is convenient to define the cross-sectional average of a quantity a(x, t)
at section s of area A as

a= fll/a(x,t)dcr Note: A = /1dcr (25)

/V(t) a(x,t)dV = /;:R [/sa(x, t)da] dx (26)
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which by virtue of (25) becomes

/V oDV = / " Ad(x, ) da (27)

L

Because x, and z g are independent of time
d d [’ TR
/ F(x,t)dV = / AF(x,t)dx = / O(AF(x,t))dz  (28)
dt V(t) dt T Ty

The second term on the right-hand side of (23), in view of (24), becomes

/ .7:Uw~nd0:/ .FUT-IldU-‘r/ FU - ndo (29)
Sw Sw Sw

e For an impermeable wall, the first term on RHS of (29) is zero
e In view of (21), the second term on RHS of (29) becomes

]:U-ndaz/ FU -ndo — FU -ndo — FU -ndo
Sw S(t)

SL SR
(30)
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Since u is the x component of velocity of U, then (30) becomes

]:U'nda:/ .7-"U-nda+/ ]-'uda—/ Fudo (31)
Sw S(t) SL, SR

The first term on the RHS of (31), in view of Gauss' theorem, becomes
/ FU -ndo = / V- (FU)dV (32)
5(1) V(t)
and thus (31) becomes

FU -ndo = V~(fU)dV+/ ]:uda—/ Fudo (33)
Sw V(t) sr, SR
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From (25) we may write the last two terms in (33) as
TR a -
/ Fudo — / Fudo = —/ — (AFu) dx (34)
SL SR Ty oz
and thus (33) becomes

FUy, -ndo = fUr-nda—i—/ V- (FU)dV
Sw Sw Vi(t)

TR 9 L
_/x = (AFu)da

L

(35)

Inserting (28) and (35) into (23) and using (26) yields

TR o
/ O (AF)de = / B FdV + / V. (FU)dV
ey O V() V()

L

TR L
+ Swar‘ndU—/mL %(A]:u)d:z



That is

[ [ () [ ([ )

+/ ( FU, - ndf) dx — / — (A]-"u) dx
xr ds T Oz

L

(37)
which after rearranging becomes

o, — 0, — 0
8t(Af)+8m(Afu):/s(at;uv-(fU)) do+ | FU,-nd  (38)

e The function F in (38) is open to choice

o Appropriate choices of F will give the governing blood flow equations

e For an impermeable wall the last term on RHS vanishes
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Governing 1D equations: conservation of mass

We use the area-averaged version (38) of Reynolds transport theorem,
with reference to Fig. 1.

By setting / = 1 and noting that for an incompressible fluid V - U = 0,

equation (38) gives the equation of continuity or mass conservation
equation

3 o,
i+ g, (Am = | Uy (39)

which for an impermeable wall becomes homogenous (no source term)

o, 9,
S A+ (A1) = 0 (40)

e A(x,t) is the unknown cross-sectional area

e u(x,t) is the unknown cross-section averaged velocity
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Governing 1D equations: balance of momentum

By setting F = u, noting that V- (uU) = uV - U + U - Vu, that for an
incompressible fluid V - U = 0 and that

0 Du
- U -Vu= 41
o T VT Dy (41)
equation (38) becomes
0 0 Du
_ 2 — .
at(Au)—l— o (Au?) = i da—!—/as uU, - nd¢ (42)
Now impose the equation for momentum balance
DY) 4y / pBdV + [  Tndo (43)
vy Dt 140 S(t)

e p: density (constant here)
e B: body force
e T: Cauchy stress tensor
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Applying the divergence theorem to last term on RHS of (43) we obtain

1
EdVZ BdV + — V.-TdV
v Dt V(t) P Jv(t)

From the constitutive law for a fluid

T=-pI+D

® p: pressure
o I: identity tensor

e D: tensor of deviatoric stresses

Equation (44) can now be written thus

TR TR 1
/ ( DUdS’) dx:/ (/ [B+(—Vp+V~D} do) dx
Ty, S Dt Trr, S p

(44)

(45)

(46)
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For the x-component, equation (46), with obvious notation for b and d,

becomes

/7610—/ %(f%p+d)]d0

Returning to (42) we have

0

ot 1 or or

1
Au)—i—ﬁ(Auz) /[b-l—f(—gp—i—d)]da—&-/ uU, - nd¢
s p Os
In terms of area-averages we have

B o — A - o_ _
Au Au?) = Z[pb— —p :
57T + (AP = Db = ]+ [ U,

The Coriolis coefficient « is introduced via
— 1
() = u? = 1 /Su2da

e « depends on the assumed velocity profile

(47)

(48)

(49)

(50)

e o =1 for a flat profile and o« = 4/3 for a parabolic velocity profile
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Viscous forces are represented by d and here we assume the linear relation

i
p

R > 0 represents viscous resistance per unit length of tube.
Finally, the momentum equation becomes

0 0 Ad
at(Au)—i—8—96(0414( u)? )—l—;% —Ab—Ru—i—/aqu,«-ndg

The governing equations are (39) and (52) and the unknowns are:

e A(z,t): cross-sectional area
e u(x,t): area-averaged velocity

e p(z,t): area averaged pressure

(51)

There are more unknowns that equations and hence a closure condition is

needed, a tube law. This will come from mechanical considerations.
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Simplified equations

We assume an impermeable wall, zero body forces and drop bars from
unknowns. Then the continuity and momentum equations become

(53)
O (Au) + 0y (aAuQ) + %amp = —Ru

The unknowns:

e A(z,t): cross-sectional area of vessel
e u(x,t): cross-sectional averaged velocity;
e p(z,t): cross-sectional averaged internal pressure

Flow rate:
q=Au
Parameters:

e p: density of blood

e «: Coriolis coefficient. Here we choose o = 1
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A closure condition: the tube law

AN AN"
t) = pe(z,t) + K =) (= 4
e =nen+x@| () - (5) ] (54)
with
E
K, = IZ()<1h—OV2> m=1/2, n=0 for arteries
K(z) =
E ho\?
K, = 20-7 (ri) m=~10, n=—3/2 for veins
(55)
e Ap(x): vessel cross-sectional area at equilibrium
e ro(x): vessel radius at equilibrium

ho(x): vessel wall thickness
E(x): Young's modulus
e v: Poisson’a ratio, taken as v = 1/2
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p [mmHg]

Veins
Arteries

15 2.0

Tube law: arteries versus veins. Behaviour of pressure as function of
non-dimensional cross-sectional area, for arteries and veins.
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Simplified equations for arteries

Assuming hg, Ag, E, pest to be constant, then the term involving the
pressure gradient in (53) becomes

Aﬁmp Oy [
P

3 p\ﬁ ] (56)

and thus the momentum equation equation in (53) can be written in
conservative form as

O (Au) + 0y (Au2 + 7A3/2> = —Ru (57)

where
1

3 pv/Ag

v = : constant (58)
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Therefore the full system of governing equations (53) can be written in
conservative-law form, as

9 Q+ 9. F(Q) =8(Q) (59)

where

a=|n]=|n] se-[1]=| W] @

and the flux vector is

FQ = 1= et (61)

Note that in terms of the conserved variables the flux vector becomes

_ fl(q17q2) _ 9 42
F(Q) = [ falq1, 42) } - Z%eriw (62)

35/50



Equations for vessels with variable properties

Recall the one-dimensional equations with o« = 1 read

01 A + 0, (Au) = 0 }

0i(Au) + 0, (Au®) + £8,p = —Ru
along with the tube law written as

p(z,t) = pe(,t) + K(2)9(A) (64)

The non-conservative term in the momentum equation can be re-written as
0,(Au) + 0, (Au?) + axp;l - ’ip’axA ~ —Ru (65)

But note the following identity (see Elad etal. 1991)
_ %axA _ _/1) {peazA + 0, [K / ¢(A)dA] _ 0K / w(A)dA} (66)

36 /50



Use of (66) into (65), followed by manipulations yields a conservative form
for the momentum equation and the whole system can be written as

Ot A + 0 (uA) = 0
(67)
Ou(Au) + 0, [A (u? 4 22) = K [y(A)dA] = s
with the momentum source term given as
A 1
s = —Ru= 2 0up. — 20K / P(A)dA (68)

e The source term sjs includes spatial gradients of parameters of the
problem: p¢(z,t), K(x)

e These geometric-type source terms are difficult to treat numerically,
specially for large gradients, or even discontinuities
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Zero-Dimensional Equations
(Lumped-Parameter Models, or
Compartmental Models)
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The idea of 0-D models

e The concept of compartment is introduced to refer to a particular
district of the body

e The full body may be modelled (represented) by a finite set of
compartments, linked in an appropriate way

e Within each compartment, haemodynamics variables are constant in
space and vary only in time (spatial homogeneity)

e In a 0-D model one studies the behaviour of a compartment in
relation to others
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Recalling the 1D blood flow equations

The continuity and momentum equations, plus the tube law are

KA +0,Q =0,

8Q + 0, (Au?) + 20,p = —Kpu (69)

p(z,t) = pe(z,t) + K [(x%)m B (1‘%)”}
The unknowns are:

e A(z,t): cross-sectional area of vessel
e u(x,t): averaged velocity; @Q = Au: flow rate
e p(x,t): internal pressure

Parameters:

e Kp: viscous resistance of the flow per unit length of the tube
e p: density of blood

e «: Coriolis coefficient. Here we choose o = 1
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Define spatial integral averages

Consider a segment [x1, 2] of length As = x5 — 1 of a vessel and define
integral averages

a0 =5 [ Qs
50 =5 [ st (70)
A = 2 [ At t)da

1
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The continuity equation

Integrate in space the continuity equation in the interval [z1, z2], the first
of equations (69), namely

A+ 8,Q=0. (71)

We obtain
o, <A15 /:2 A(m,t)dx) + i(@(@i) - Q(z1,1))=0. (72

This is an ordinary differential equation (ODE) in time for the averaged
cross-sectional area, namely

As%fl(t) + Q(z2,t) — Q(x1,t) =0. (73)
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The momentum equation

In deriving the averaged momentum equation we make the following four
assumptions:

o We neglect the term 9, (cAu?) in the second of equations (69)

e We assume that variations of the coefficient 5(x) in the tube law are
small and can thus be replaced by an average (3

e We assume that variations of area A(x,t) around the equilibrium area
Ap(z) are small

e It is assumed that Ag(z) is constant and denoted by Ay

The resulting momentum equation reads

A
0@ + ;&;p + KR% =0. (74)
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Integrating (74) term by term we obtain

1 [

d -~

1 (% Az, 1) A -
ps [ St e = 2 s, t) o 1)

1 [ Q(z,t) , Kg 4
As/m KRA(x,t)dx—A—OQ(t).

Thus the averaged momentum equation (74) becomes

Asp d - AspKp

4o A2

Q(t) + p(x2,t) — p(x1,t) = 0.

(76)
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Use of the tube law in the mass equation

As an example, consider the simple tube law for arteries

P = Peat + B(2) (\/Z -~ \/AT) : (77)

Differentiating (77) with respect to time we obtain

1
0ip = OtPest + ——0;A 78
tP tPext 5(96)2\/Z t ( )

Integration of this equation with respect to x gives

1 L[ .
Oy <A5 /I1 p(x,t)d:r) = Oy (As/ Dext (T, 1) x)

1

(79)
+2f%at <Als / A(x,t)daz)
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Further manipulations of (79) yield a relationship between fl(t) and
pressure p(t), including peyt(t), namely

d - 20v/A d . 24 d
AW = 252 G0 = 5 ()

(80)

Substitution of (80) into (73) yields the continuity equation in the form

24/ ApAs d 2¢/ApAs d

5 pr P(t) + Q(w2,t) — Qx1,t) = 5

—Pext(t) (81)
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The zero-dimensional equations

Collecting the equations (81) and (76) we obtain the system

d d .
C () + Q(z2,) — Q(a1,) = € Pear(t)
(82)
d - A
where the coefficients C, L and R are defined as
2/ ApA
C= TOS Capacitance. Mass storage term due to compliance
pAs . . .
L= I Inductance. Inertia term in the momentum equation
0
AsK
rR=" 82 B Resistance (due to viscosity and radii of vessels)
Aj




Recalling electric circuits

e An electric circuit: a source of electric energy (e.g. a generator) and
a resistors or an inductor or a capacitor.

e Kirchhoff's second law for the flow of current: In a closed circuit, the
impressed voltage E(t) is equal to the sum of the voltage drops E, in
the rest of the circuits

e Experiments give

Here

Resistor :
Inductor :
Capacitor :

voltage drop across the resistor FEr = RI
voltage drop across the inductor Ej = L%I
voltage drop across the capacitor Eg = %Q

(84)
I(t) current (ampere)
R resistance (ohms) (85)
L inductance (henrys)
C'  capacitance (farads)
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Analogy between blood flow and electric circuits

Haemodynamics | Electric circuit

Pressure p Voltage E

Flow Q Current |
Blood viscosity Resistance R
Blood inertia Inductance L

Wall compliance | Capacitance C

Table 1. Analogy between 0-Dimensional haemodynamics and electric
circuits.
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