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Abstract. Let B be a Banach space, andϕ0,ϕ1 : B → ]−∞,+∞] be two given functions.
A generalized solution of the equation∇ϕ1

(
du
dt

)
+∇ϕ0(u) = 0 inB′ is introduced via the

search for a minimal element of a certain partial order relation on the trajectories. This is
based on the use of theevolution potential[Φ(u)](t) :=

∫ t
0
ϕ1

(
du
dτ

(τ )
)
dτ + ϕ0(u(t)).

This approach is extended to higher order ODEs and PDEs. 2001 Académie des
sciences/Éditions scientifiques et médicales Elsevier SAS

Une nouvelle approche á l’évolution

Résumé. SoitB un espace de Banach réel, etϕ0,ϕ1 : B → ]−∞,+∞] deux fonctions données.
Une solution généralisée de l’équation∇ϕ1

(
du
dt

)
+∇ϕ0(u) = 0 dansB′ est formulée au

moyen de la recherche d’un élément minimal pour une certaine relation d’ordre partiel
sur les trajectoires. Ceci est basé sur l’utilisation du potentiel évolutif[Φ(u)](t) :=∫ t
0
ϕ1

(
du
dτ

(τ )
)
dτ+ϕ0(u(t)). Cette approche est généralisée à des équations non linéaires

d’ordre supérieur, et est aussi appliquée à des équations différentielles aux dérivées
partielles. 2001 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

SoitB un espace de Banach. On suppose que :

ϕ1 :B −→ ]−∞,+∞] est propre, convexe et semi-continue inférieurement ; (1)

ϕ0 :B −→ ]−∞,+∞] est propre et faiblement semi-continue inférieurement ; (2)

∃p ∈ ]1,+∞[, ∃C1 > 0, ∃C2 ∈R : ∀v ∈B, ϕ1(v) >C1‖v‖p +C2; (3)

∃q ∈ [1, p[, ∃ Ĉ1, Ĉ2 ∈R : ∀v ∈B, ϕ0(v) > Ĉ1‖v‖q + Ĉ2. (4)

Soitu0 ∈B tel queϕ0(u
0)<+∞. On définit lepotentiel évolutif:

[
Φ(u)

]
(t) :=

∫ t

0

ϕ1

(
Du(τ)

)
dτ + ϕ0

(
u(t)

)
, ∀u ∈W1,p

loc

(
R+;B

) (
D :=

d

dτ

)
,

Note présentée par Jacques-Louis LIONS.
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et on suppose queX :=
{
v ∈W1,p

loc(R
+;B) : v(0) = u0, [Φ(v)](t) < +∞ pour toutt > 0

}
est non vide.

Par exemple,[Φ(u0)](t) = tϕ1(0) + ϕ0(u
0) < +∞ pour toutt > 0, si ϕ1(0) < +∞. Pour toutδ > 0 on

pose :

pour toutu, v ∈X , u�δ v si et seulement si ou bienu= v dans R+,

ou bien, en posant̂t := inf
{
t > 0 : u(t) 6= v(t)

}
, Φ(u)<Φ(v) dans]t̂, t̂+ δ[,

et on pose aussi :

∀u, v ∈X, u� v si et seulement si∃δ > 0 : u�δ v.

Ce sont des relations d’ordre. Tout élément minimalu pour� est appelé unecourbeΦ-minimale, et est
caractérisé par la propriété suivante :

∀w ∈X r {u}, en posant̂t := inf
{
t > 0 : w(t) 6= u(t)

}
,

∀t̃ > t̂, ∃ t ∈ ]t̂, t̃[ :
[
Φ(u)

]
(t) 6

[
Φ(w)

]
(t).

THÉORÈME 1. –Supposons que les hypothèses(1)–(4)sont vérifiées, et queϕ0 : B → R est lipschit-
zienne au voisinage deu0. Siu est un point intérieur deX et estΦ-minimale, alors, en notant par∂Cϕ0

la dérivée généralisée au sens de Clarke, on a:

∂ϕ1(Du) + ∂Cϕ0(u) 3 0 dansB′, p.p. dansR+.

On peut donner des exemples où il n’existe aucune courbeΦ-minimale. On dit alors queu ∈X est une
courbeΦ-minimale généraliséesi :

∃{un} ⊂X : un est minimal par rapport à�1/n, ∀n ∈N,

un→ u faiblement dansW1,p(0, T ;B), ∀T > 0, lorsquen→∞.

THÉORÈME 2. –Supposons que les hypothèses(1)–(4) sont vérifiées, et queϕ1(0) < +∞,
ϕ0(u

0)<+∞. Alors il existe une courbeΦ-minimale généralisée.

On peut aussi appliquer cette approche à des équations d’ordre supérieur. Par exemple, pour l’équation∑m
j=0∇ϕj(Dju) = 0 le potentiel évolutif est de la forme :

[
Φ(v)

]
(t) :=

m∑
j=1

∫ t

0

(t− τ)j−1

(j − 1)!
ϕj
(
Djv(τ)

)
dτ +ϕ0

(
v(t)

)
.

On peut aussi traiter de cette façon certaines équations aux dérivées partielles, par exemple (4.1), (4.2),
(4.3).

1. Introduction

LetB be a Banach space with norm‖ ·‖ and topological dualB′,ϕ0, ϕ1 :B→R be two given functions,
andu0 ∈ B. We consider the problem of finding an a.e. differentiable functionu : R+ → B such that,
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denoting by∇ a suitable generalization either of the Fréchet differential or of the subdifferential:∇ϕ1

(du

dt

)
+∇ϕ0(u) = 0 in B′, a.e. inR+,

u(0) = u0.

(1.1)

We propose a new approach for this problem, and for several higher order nonlinear ODEs and PDEs (see
[6] for details).

The equationdudt +∇ϕ0(u) = 0 has been extensively studied in Hilbert spaces (see, e.g., [1,3–5]). In [2],
De Giorgi introduced the rather general concept ofminimizing movements; this idea inspired the present
author in the search for a new formulation of evolution problems.

2. Evolution potential and minimal curves

LetB be a reflexive Banach space, and assume that:

ϕ1 :B −→ ]−∞,+∞] is proper, convex and lower semicontinuous; (2.1)

ϕ0 :B −→ ]−∞,+∞] is proper and weakly lower semicontinuous; (2.2)

∃p ∈ ]1,+∞[, ∃C1 > 0, ∃C2 ∈R : ∀v ∈B, ϕ1(v) >C1‖v‖p +C2; (2.3)

∃q ∈ [1, p[, ∃ Ĉ1, Ĉ2 ∈R : ∀v ∈B, ϕ0(v) > Ĉ1‖v‖q + Ĉ2. (2.4)

Let us fix anyu0 ∈B such thatϕ0(u
0)<+∞, and define theevolution potential:

[
Φ(v)

]
(t) :=

∫ t

0

ϕ1

(
Dv(τ)

)
dτ + ϕ0

(
v(t)

)
, ∀t> 0, ∀v ∈W1,p

loc

(
R+;B

) (
D :=

d

dτ

)
. (2.5)

We assume that:

X :=
{
v ∈W1,p

loc

(
R+;B

)
: v(0) = u0,

[
Φ(v)

]
(t)<+∞, ∀t> 0

}
6= ∅; (2.6)

for instance,[Φ(u0)](t) = tϕ1(0) + ϕ0(u
0) < +∞ for any t > 0, wheneverϕ1(0) < +∞. For anyδ > 0

we set:

for all u, v ∈X, u�δ v if and only if, eitheru= v in R+,

or, settinĝt := inf
{
t > 0 : u(t) 6= v(t)

}
, Φ(u)<Φ(v) in ]t̂, t̂+ δ[.

This is an order relation (it would not be so, if ‘<’ were replaced by ‘6’). A minimal element is easily
constructed step by step in time. For anyu, v ∈X and anyδ′, δ′′ such that0 < δ′ < δ′′, if u �δ′′ v, then
u �δ′ v. We then setu � v wheneveru �δ v for someδ > 0; this also is an order relation. Any minimal
elementu of � will be called aΦ-minimal curve.This holds foru if and only if:

∀w ∈X r {u}, settingt̂ := inf
{
t > 0 : w(t) 6= u(t)

}
,

∀t̃ > t̂, ∃ t ∈ ]t̂, t̃[ :
[
Φ(u)

]
(t) 6

[
Φ(w)

]
(t),

and entails that:

for a.a.t̂ > 0, ∀v ∈B r {0}, settingzt̂,v(t) := (t− t̂)+v, ∀t> 0,

limsup
t→t̂+

[Φ(u+ zt̂,v)](t)− [Φ(u)](t)

‖zt̂,v(t)‖
> 0.

(2.7)
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THEOREM 1. –Assume that(2.1)–(2.4)hold, letΦ andX be defined as in(2.5)and (2.6), and letu be
an interior point ofX . Then:

(i) if ϕ0 is Lipschitz-continuous in a neighbourhood ofu(t) for a.a. t > 0 and (2.7) is fulfilled, then
(denoting by∂Cϕ0 the Clarke generalized gradient ofϕ0):

∂ϕ1

(
Du(t)

)
+ ∂Cϕ0

(
u(t)

)
3 0 in B′, for a.a.t > 0;

(ii) conversely,(2.7)holds ifϕ0 is continuously Gâteaux-differentiable atu(t) for a.a.t > 0 and:

∂ϕ1

(
Du(t)

)
+∇ϕ0

(
u(t)

)
3 0 in B′, for a.a.t > 0.

Φ-minimal curves may fail to exist even forB = R2. We then introduce a weaker notion via a closure
property:u∈X is called ageneralizedΦ-minimal curveif:

∃{un} ⊂X : un is minimal with respect to�1/n for all n ∈N, and

un→ u weakly inW1,p(0, T ;B) for all T > 0, asn→∞.

THEOREM 2. –Assume that(2.1)–(2.4)are fulfilled, thatϕ1(0) <+∞, and thatΦ andX are defined
as in(2.5)and(2.6). Then there exists a generalizedΦ-minimal curve inX .

Remarks. – (i) Under the hypotheses of Theorem 2.2, assume thatϕ0 is convex. For anyh > 0, let
{unh}n∈N fulfill the implicit Euler scheme:

∂ϕ1

(
unh − un−1

h

h

)
+ ∂ϕ0

(
unh
)
3 0 in B′, for n= 1,2, . . .

(
u0
h := u0

)
.

The time interpolate,uh, of the nodal values{unh}n∈N is then minimal with respect to�δ, for anyδ > h.

(ii) If ϕ1 is a duality mapping, equation (1.1)1 represents steepest descent along the graph of the
functionϕ0. One can then define an order relation in terms ofϕ0, and introduce corresponding (generalized)
minimal curves (see[6]).

(iii) The above results can be extended to nonhomogeneous equations of the form∂ϕ1(Du) + ∂ϕ0(u) 3
f(t).

3. Higher order equations

Letm ∈N, and assume that:

ϕm :B −→ ]−∞,+∞] is proper, convex and lower semicontinuous; (3.1)

ϕ0, . . . , ϕm−1 :B −→ ]−∞,+∞] are proper and weakly lower semicontinuous; (3.2)

∃p ∈ ]1,+∞[, ∃C1 > 0, ∃C2 ∈R : ∀v ∈B, ϕm(v) >C1‖v‖p +C2; (3.3)

∃ q ∈ [1, p[, ∃Ĉ1, Ĉ2 ∈R : ∀j ∈ {0, . . . ,m− 1}, ∀v ∈B, ϕj(v) > Ĉ1‖v‖q + Ĉ2. (3.4)

Let us fix anyuj ∈B such thatϕj(uj)<+∞ for j = 0, . . . ,m− 1, define the evolution potential:

[
Φm(v)

]
(t) :=

m∑
j=1

∫ t

0

(t− τ)j−1

(j − 1)!
ϕj
(
Djv(τ)

)
dτ + ϕ0

(
v(t)

)
, ∀t> 0, ∀v ∈Wm,p

loc

(
R+;B

)
, (3.5)

4
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and assume that:

Xm :=
{
v ∈Wm,p

loc

(
R+;B

)
: Djv(0) = uj (j = 0, . . . ,m− 1),

[
Φm(v)

]
(t)<+∞, ∀t> 0

}
6= ∅.

Denoting byD−1 the time integral in]0, t[, (3.5) also readsΦm(v) :=
∑m
j=0 D−jϕj(D

jv).
If u∈Xm is aΦm-minimal curve, then:

for a.a.t̂ > 0,∀v ∈B r {0}, settingz(t) :=
[
(t− t̂)+

]m
v for anyt> 0,

limsup
t→t̂+

[Φm(u+ z)](t)− [Φm(u)](t)

‖z(t)‖ > 0. (3.6)

THEOREM 3. –Assume that(3.1)–(3.4)hold, let Φm andXm be defined as above, and letu be an
interior point ofXm. Then:

(i) if ϕj is Lipschitz-continuous in a neighbourhood ofDju(t), for a.a.t > 0 for j = 0, . . . ,m− 1, and
if (3.6)holds, then∂ϕm(Dmu(t)) +

∑m−1
j=0 ∂Cϕj(D

ju(t)) 3 0 in B′, for a.a.t > 0;
(ii) conversely,(3.6) holds if ϕj is continuously Gâteaux-differentiable atDju(t) for a.a. t > 0, for

j = 0, . . . ,m− 1, and if∂ϕm(Dmu(t)) +
∑m−1

j=0 ∇ϕj(Dju(t)) 3 0 in B′, for a.a.t > 0.

One can define generalizedΦm-minimal curves as above, and provide an existence result.

4. PDEs

Let Ω be a Euclidean domain, and set∇ :=
(
∂
∂x1

, . . . , ∂
∂xN

)
. Forj = 0, . . . ,m, letnj ∈N, pj ∈ ]1,+∞[,

ψj : R→ ]−∞,+∞] be a convex and lower semicontinuous function, andPj(∇) be a linear differential
operator such that:

∃Cj1 > 0, ∃Cj2 ∈R : ∀v ∈Bj := W
nj ,pj
0 (Ω),

ϕj(v) :=

∫
Ω

ψj
(
Pj(∇)v

)
dx>Cj1‖v‖pjBj +Cj2.

We assume thatn0 > · · · > nm, p0 > · · · > pm, and prescribeuj ∈ Bj for j = 0, . . . ,m − 1. We then
define the evolution potentialΦm(v) as in (3.5), for anyv ∈ Lp0loc(R+;B0) such thatDjv ∈ L

pj
loc(R+;Bj)

for j = 1, . . . ,m. ThusΦm(v) :=
∑m
j=0

∫
Ω

D−jψj(D
jPj(∇)v(x, ·))dx.

Any Φm-minimal curve is a generalized solution of the Cauchy problem associated with the following
nonlinear PDE of orderm in time:

m∑
j=0

Pj(∇)∗∂ψj
(
DjPj(∇)u

)
3 0 in D′(Ω), a.e. inR+,

coupled with homogeneous boundary conditions. HerePj(∇)∗ represents the transposed operator
of Pj(∇). The extension to vector functionsu : Ω→RN is straightforward.

Examples include a large class of nonlinear parabolic and hyperbolic inclusions, e.g.:

∂ψ1(Du)−∇ · ∂ψ0(∇u) 3 0
(
u : Ω×R+→R

)
; (4.1)

∂ψ2

(
D2u

)
+ ∂ψ1(Du)−∇ · ∂ψ0(∇u) 3 0

(
u : Ω×R+→R

)
; (4.2)

∂ψ2

(
D2u

)
+ ∂ψ1(Du) + curl∂ψ0(curlu) 3 0

(
Ω⊂R3, u : Ω×R+→R3

)
. (4.3)

5. Other equations

The above procedure can be extended to several other Cauchy problems. Here we provide some
examples; for each of them we present the corresponding evolution potential,Φ, without specifying the

5
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function spaces. Our first generalization reads:{
∂ϕ1(Du) + ∂ϕ0(u) + D∂ψ1(u) 3 0 in B′, for a.a.t > 0,

u(0) = u0, ∂ψ1(u(0)) 3 ξ;

Φ(v) := D−1
[
D−2ϕ1(Dv) + D−1ϕ0(v) +ψ1(v)− 〈ξ, v〉

]
.

More generally, we fix anyh, k,m ∈N and consider the following integro-differential inclusion:

m∑
j=0

∂ϕj
(
Dju

)
+

k∑
i=−h

Di∂ψi(u) 3 0 in B′, for a.a.t > 0,

Dju(0) = uj (j = 0, . . . ,m− 1),
k∑
i=s

[
Di−s∂ψi(u)

]
(0) 3 ξs (s= 1, . . . , k);

Φ(v) := D−1

(
m∑
j=0

D−k−jϕj
(
Djv

)
+

k∑
i=−h

Di−kψi(v)−
k∑
s=1

tk−s

(k− s)!
〈
ξs, v

〉)
.

The following integro-differential inclusion is even more general:

k∑
i=−h

m∑
j=0

Di∂ϕij
(
Dju

)
3 0 in B′, for a.a.t > 0,

Dju(0) = uj (j = 0, . . . ,m− 1),
k∑
i=s

m∑
j=0

[
Di−s∂ϕij

(
Dju

)]
(0) 3 ξs (s= 1, . . . , k);

Φ(v) := D−1

(
k∑

i=−h

m∑
j=0

Di−k−jϕij
(
Djv

)
−

k∑
s=1

tk−s

(k − s)!
〈
ξs, v

〉)
.

All of these examples fit in the general theory.
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