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Abstract. Let B be a Banach space, angy,¢1 : B —]—o00,+00] be two given functions.
A generalized solution of the equati®np, (d“) + Vo (u) =0in B’ isintroduced via the

search for a minimal element of a certain partlal order relatlon on the trajectories. This is

based on the use of thevolution potentiall® (w)](¢ fo <p1(d“( )) dT 4+ o (u(t)).
This approach is extended to higher order ODEs and PDE2001 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Une nouvelle approche & I'évolution

Résumé. Soit B un espace de Banach réel, @f, o1 : B —]—00,+00] deux fonctions données.

Une solution généralisée de I equatumpl( ) + Vo (u) =0 dansB’ est formulée au

moyen de la recherche d’'un élément mlnlmal pour une certaine relation d’ordre partiel

sur les trajectoires. Ceci est basé sur l'utilisation du potentiel évol{fifu)](¢) :=

0 <p1(d (7)) d7+wo(u(t)). Cette approche estgenerallseeades équations non linéaires
d'ordre supérieur, et est aussi appliquée a des équations différentielles aux dérivees
partielles.0 2001 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soit B un espace de Banach. On suppose que :
p1: B —]—00,+00] est propre, convexe et semi-continue inférieurement;
o : B —]—00, +00] est propre et faiblement semi-continue inférieurement;
dpell,+ool, IC; >0, AC, €R: Yo e B, ¢1(v) = Cy||v||P + Co;
dq e [1,p], 301, CeR : Ve B, o (v) = 61||11Hq +C.

Soitu® € B tel quepy(u’) < +o0o. On définit lepotentiel évolutif:
i d
[q)(u)] (t) = / 1 (DU(T)) dT + o (u(t))7 Yu € Wl’p (R*; B) (D = 5)7
0

Note présentée par Jacques-Louis IONS.
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et on suppose qu& := {v € W*(R*; B) : v(0) = u°, [®(v)](t) < +oo pour toutt > 0} est non vide.
Par exemple[®(u®)](t) = tp1(0) + ¢o(u®) < +oo pour toutt > 0, si¢1(0) < +oo. Pour touts > 0 on
pose :

pour toutu, v € X, u <5 v Si et seulement si ou bien=v dansR™,
ou bien, en posarit:= inf{t > 0 : u(t )}, ®(u v) dangli,  + ¢,
et on pose aussi :

Yu,v € X, u=<vsietseulementsié >0 : u=<swv.

Ce sont des relations d’ordre. Tout élément minimalour < est appelé uneourbe®-minimale et est
caractérisé par la propriété suivante :

vw € X \ {u}, en posant := inf{t > 0: w(t) #u(t)},
vi> ¢, 3telt i [P(w)](t) < [®(w)] ().
THEOREME 1. —Supposons que les hypotheéks-(4) sont vérifiées, et qugy : B — R est lipschit-
zienne au voisinage d€’. Siu est un point intérieur deX et estd-minimale, alors, en notant paic g
la dérivée généralisée au sens de Clarke, on a

1 (Du) + dcpo(u) 20 dansB’, p.p. danR™.

On peut donner des exemples ou il n’existe aucune cobrbenimale. On dit alors que € X est une
courbe®-minimale généralisési :

Hu,} € X :u, est minimal par rapport & /,,, Vn €N,
up, — u faiblement dan&v'?(0,7; B), VT > 0, lorsquen — oo.

THEOREME 2. —Supposons que les hypothésgg—(4) sont vérifiées, et quep;(0) < +oo,
©0(u’) < +o0. Alors il existe une courb@-minimale généralisée.

On peut aussi appliquer cette approche a des équations d’ordre supérieur. Par exemple, pour I'équation
Z;”:O Vi, (D7u) = 0 le potentiel évolutif est de la forme :

0= [ Gore o) i o)

On peut aussi traiter de cette facon certaines équations aux dérivées partielles, par exemple (4.1), (4.2),
(4.3).

1. Introduction

Let B be a Banach space with notfn|| and topological duaB’, g, ¢1 : B — R be two given functions,
andu® € B. We consider the problem of finding an a.e. differentiable functio®R* — B such that,
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denoting byV a suitable generalization either of the Fréchet differential or of the subdifferential:

d : :
wl(d—;‘) +Veo(u)=0 inB’, ae.inRt,

u(0) =u’.

(1.1)

We propose a new approach for this problem, and for several higher order nonlinear ODEs andd®DEs (
[6] for details).

The equatior% + Vo (u) = 0 has been extensively studied in Hilbert spaseg.g., [L,3-9). In[2],
De Giorgi introduced the rather general conceptmfiimizing movementshis idea inspired the present
author in the search for a new formulation of evolution problems.

2. Evolution potential and minimal curves

Let B be areflexive Banach space, and assume that:

1 : B —]—00,+0o0] is proper, convex and lower semicontinuous; (2.2)
o : B—]—00,+00] is proper and weakly lower semicontinuous; (2.2)
Ipe]l,+oof, IC1 >0, IC, €R : Yo e B, ¢1(v) = C1||v||P + Co; (2.3)
ge(l,p[, 3C1,CoeR : Vwe B, ¢o(v) = Chlv)|? + Co. (2.4)
Let us fix anyu® € B such thatpy(u’) < +oc, and define thevolution potential
t
[@(v)](t) := / ©1(Du(7)) A7 + o (v(t)), VE=0, Vo€ WP (R*;B) (D = di) . (2.5)
0 T
We assume that:
X:={ve WP (R*;B) :v(0) =u’, [®(v)](t) < 400, Vt >0} #£ 2; (2.6)

for instance[®(u®)](t) = ty1(0) + o (u®) < +oo for anyt > 0, wheneverp; (0) < +oc. For any$ > 0
we set:

forall u,v € X, u <5 v if and only if, eitheru = v in R™,

or, settingt := inf{t > 0: u(t) #v(t)}, ®(u) < ®(v)inli,t+ 6]
This is an order relation (it would not be so, i&* were replaced by<’). A minimal element is easily
constructed step by step in time. For anyy € X and anys’, §” such thaid < ¢’ < §”, if u <s v, then
u =g v. We then set, < v whenevern <5 v for someé > 0; this also is an order relation. Any minimal
elementu of < will be called a®-minimal curve This holds foru if and only if:
vw € X ~ {u}, settingt :=inf{t > 0: w(t) #u(t)},
vi> ¢, 3telt i [@(w)](t) < [@(w)](t),

and entails that:

fora.a.i >0, Vo € B\ {0}, settingz; () := (t — ) "o, V£ >0,
(@ +2,)10) — [P0) @7

=

lim sup
e 122, (Bl
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THEOREM 1. —Assume thaf2.1)—(2.4)hold, let® and X be defined as if2.5)and (2.6), and letu be
an interior point of X. Then

(i) if o Is Lipschitz-continuous in a neighbourhood«f) for a.a.t > 0 and (2.7) is fulfilled, then
(denoting byo-q the Clarke generalized gradient gf)):

A1 (Du(t)) + dcpo (u(t)) 20 in B/, fora.a.t > 0;
(i) conversely(2.7)holds if o, is continuously Gateaux-differentiableatt) for a.a.t > 0 and
1 (Du(t)) + Vo (u(t)) 20 in B, fora.a.t > 0.

d-minimal curves may fail to exist even fd = R2. We then introduce a weaker notion via a closure
property:u € X is called ageneralizedb-minimal curveif:

Hun} € X : u, is minimal with respect to<, ,, foralln € N, and

up, — uweakly inW?(0,T; B) forall T > 0, asn — oo.

THEOREM 2. —Assume thaf2.1)—(2.4)are fulfilled, thaty; (0) < +oo, and that® and X are defined
asin(2.5)and(2.6). Then there exists a generalizédminimal curve inX.

Remarks— (i) Under the hypotheses of Theorem 2.2, assume ¢has convex. For anyh > 0, let
{u} } nen fulfill the implicit Euler scheme

=1
o1 <%) —|—8<p0(u2) 50 inB,forn=1,2,... (u?I = uo).

The time interpolatey,, of the nodal value$u} },.cw is then minimal with respect tg's, for anyé > h.

(i) If ¢1 is aduality mapping equation (1.1) represents steepest descent along the graph of the
functionpg. One can then define an order relation in termggfand introduce corresponding (generalized)
minimal curves ¢ee[6)).

(iii) The above results can be extended to nonhomogeneous equations of thdafin:) + o (u) 2

f(t).
3. Higher order equations

Letm € N, and assume that:

©m : B—]—00,+00] is proper, convex and lower semicontinuous; (3.1)
©0; -+ -, Pm—1: B —]—00,+00] are proper and weakly lower semicontinuous; (3.2)
Ipell,+oof, IC1 >0, IC, €R : Yo € B,  ¢p(v) = Cy|jv]|P + Cy; (3.3)

Jge1,p[, 3C1,Co €R : Vi €{0,...,m—1}, Vv € B, @;(v) > C o))+ Ca. (3.4)

Let us fix anyu’ € B such thatp;(u’) < +oo for j =0,...,m — 1, define the evolution potential:

(t—7)i=1 m n
Z/ G ~————; (D7u(7)) dT + po(v(t)), Vt=0,Vve W F(R;B), (3.5)
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and assume that:
X = {v € WP (RT; B) : DIw(0) =/ (j =0,...,m = 1), [P (v)] (t) < +o00, Vt >0} # 2.

Denoting byD~" the time integral if0, ¢, (3.5) also read®,, (v) := > D™/ p;(D’v).
If u € X,, is a®,,-minimal curve, then: '

fora.at > 0,Yv e B\ {0}, settingz(t) := [(t —)*] " v for anyt > 0

s [2m (210 = [Br ()0
it =@
THEOREM 3. —Assume tha{3.1)—(3.4)hold, let ®,, and X,,, be defined as above, and letbe an

interior point of X,,,. Then
(i) if ¢, is Lipschitz-continuous in a neighbourhood®fu(t), for a.a.t > 0 for j =0,...,m — 1, and

if (3.6)holds, therdy,,, (D™u(t)) + Y7 Do (DIu(t)) 5 0in B, for a.a.t > 0;
(i) Conversely,(S 6) holds if ; is continuously Gateaux-differentiable B¥u(¢) for a.a.t > 0, for
ji=0,. — 1, and if 0, (D™ u(t)) + 327" Vi (DIu(t)) 3 0in BY, for a.a.t > 0.

One can define generalizéd,,-minimal curves as above, and provide an existence result.

>0. (3.6)

4. PDEs

Let Q be a Euclidean domain, and Sét= (8w N 8w ).Forj=0,...,m,letn; €N, p; €]1,+00],
¥ : R —]—00,+00] be a convex and lower semicontinuous funcuon &pw) be a linear differential
operator such that:

3Cj1 >0, ICj2 €R : Vv € Bj := WP (Q),

0= [ 44(P(T)0) da > ool +Cia.
Q

We assume thatg > - > n,,, po = -+ > pm, and prescribe/ Bj for j =0,. — 1. We then
define the evolution potentiat,, (v) as in (3 5), for any € Li°.(R*; By) such thatDM; €Ly’ (R*; B))
forj=1,...,m. Thus®,,(v) := 37" [ D~7¢;(DI P;(V)v(x,-)) dz.

Any ®,,,-minimal curve is a generalized solution of the Cauchy problem associated with the following
nonlinear PDE of ordei in time:

ZP )*0; (DY P;(V)u) 20 inD'(Q), a.e.inR™,

coupled with homogeneous boundary conditions. HE¢V)* represents the transposed operator
of P;(V). The extension to vector functions 2 — R” is straightforward.
Examples include a large class of nonlinear parabolic and hyperbolic inclusions, e.g.:

oY1 (Du) = V- 0tho(Vu) 30 (u: Q2 xRT = R); (4.1)
Y2 (D) + 01 (Du) — V- 0ho(Vu) 50 (u: Q@ x RT - R); (4.2)
o2 (D) + 91 (Du) + curl dg (curlu) 20 (QCR?, u: Qx RT - R?). (4.3)

5. Other equations

The above procedure can be extended to several other Cauchy problems. Here we provide some
examples; for each of them we present the corresponding evolution poténtiaithout specifying the

5



S0764-4442(00)01825-5/FLA AID:1825 Vo1.332(0) P.6 (1- 6)
CRAcad 2000/12/19 Prn: 12/01/2001 10:53 F:PXMA1825.tex by:Au p.
A. Visintin

function spaces. Our first generalization reads:

{ 01 (Du) + dpo(u) + DOYy(u) 50 in B', fora.at >0,
w(0) =u 9y (u(0)) 3¢
®(v) :=D7'[D™%p1(Dv) + D™y (v) + 91 (v) — (£, 0)].

More generally, we fix anyi, k,m € N and consider the following integro-differential inclusion:

m k
Za‘/’j (DIu) + Z D'Ov;(u) 20 in B, fora.at>0,

i=—h
Diu(0)=v’ (j=0,...,m—1), Z D70y (u)](0) 2 € (s =1,...,k);
m ) k tk—s
_1<ZD—k—J Z Di— k/l/)l Z >>
7=0 i=—h s:l
The following integro-differential inclusion is even more general:
k m ) .
> > D9p;(D'u) 50 in B, fora.at>0,
i=—h j=0

kE m
Du(0)=u (j=0,...,m—1), > Y [D'0p;(Du)](0)5 € (s=1,...,k);

i=s j=0

O (v) = D—1< i iDi"“‘ﬂkp Zk: tlH >>

i=—hj=0 521

All of these examples fit in the general theory.
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