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Abstract Nguetseng’s notion of two-scale convergence is reviewed, and some related
properties of integral functionals are derived. The coupling of two-scale convergence
with convexity and monotonicity is then investigated, and a two-scale version is pro-
vided for compactness by strict convexity. The div-curl lemma of Murat and Tartar is
also extended to two-scale convergence, and applications are outlined.
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0 Introduction

In the pioneering paper [44] Nguetseng introduced the following notion, that Allaire
then developed in [1], naming it two-scale convergence; see also the seminal work [4].
Let Ω be a domain of RN (N ≥ 1), and set Y := [0, 1[N . A bounded sequence {uε} of
L2(Ω) is said (weakly) two-scale convergent to u ∈ L2(Ω×Y) if and only if

lim
ε→0

∫

Ω

uε(x) ψ
(

x,
x
ε

)
dx =

∫ ∫

Ω×Y

u(x, y) ψ(x, y)dxdy, (1)

for any smooth function ψ : RN ×RN → R that is Y-periodic w.r.t. the second argu-
ment. (The reader will notice that uε depends just on x, whereas u is a function of x
and y.)

This notion was introduced by Nguetseng as a tool for homogenization, namely
the search for effective models representing the macroscopic behaviour of mesoscop-
ically inhomogeneous materials—a theory that has a well-established tradition, see
e.g. the monographs [6,11,15,27,29,35,38,50] and their bibliographies. That approach
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provided a rigorous justification of the classical method of asymptotic expansions, cf.
e.g. [6,11,50], thus offering an alternative to the classical Tartar method of oscillating
test functions, cf. [43,51,53], for periodic homogenization. The seminal works [1,44]
were followed by a large number of papers on two-scale convergence, mostly devoted
to applications. Two-scale convergence was also extended to the nonperiodic setting
e.g. in [20,21,45,46].

Beyond applications to homogenization, two-scale convergence and its natural
extension to several scales [2] offer a new point of view for multiscaling—a classical
topic of applied mathematics that plays a fundamental role in physics and engineering
and nowadays is attracting a renewed interest among mathematicians. The theory of
two-scale convergence may be regarded as a mathematical object in itself, and may
also be equipped with a calculus of its own, see [59].

In order to give the reader a vague idea of the richness of this setting, we point
out that, aside the familiar notions of weak and strong ordinary (single-scale) conver-
gence, one defines a weak and a strong two-scale convergence in Lp-spaces. One has
thus to face no less than four notions of Lp-type convergence. Several other concepts
of functional analysis have a natural two-scale extension, see [59]. Nguetseng’s theory
thus looks worth of investigation also independently of applications, that however are
numerous and relevant. It is also in this spirit that the present work has been written;
more is left to be done: for instance the notion of Γ -convergence also has a two-scale
extension, that will be studied apart.

Here, we deal with some properties of two-scale convergence, and extend results
that are known to hold for single-scale convergence, along the lines of [57]–[59]. The
properties that we study include convexity, monotonicity, compactness by strict con-
vexity, and compensated compactness in the form of the classical div-curl lemma. Our
results may be used for the homogenization of variational problems and of either lin-
ear or nonlinear partial differential equations, and indeed have recently been applied
in [60–62].

Let us now briefly illustrate the structure of the paper. Section 1 is preparatory:
there we review the notions of weak and strong two-scale convergence (that we denote
by ⇀

2
and →

2
, resp.) in Lp-spaces, and state some simple properties of integral func-

tionals. Our approach is based on a scale-trasformation formula, see Lemma 1.1
(cf. [57,58]), by which we are able to reduce two-scale to single-scale convergence.
This technique was inspired by [4,14,22,36] and by the notion of periodic unfolding
of [26].

In Sect. 2 we use the above properties to extend to two-scale convergence some
results concerning passage to the limit in subdifferentials. Here and elsewhere in
this paper we mimic typical procedures of analogous results of single-scale conver-
gence. Most of our developments rest on convex analysis, see e.g. the monographs
[30,33,34,49], and results are expressed using the notions of subdifferential, convex
conjugate function, and so on.

In Sect. 3 we address analogous questions for maximal monotone functions, see
e.g. the monographs [5,10,16,19,37]. We confine ourselves to single-valued functions,
although after [25,31,39] one may expect that these results take over to multi-valued
functions (that are the most natural framework for maximal monotonicity).

In Sect. 4 we extend the method of compactness by strict convexity of [56], see
also [3,7,8,17,47,54,55]. More specifically we show that uε ⇀

2
u entails uε →

2
u in

L1(Ω×Y)M whenever
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(i) uε(x) ∈ K(x, x/ε) (a closed convex subset of RM) for a.e. x and any ε, and
(ii) u(x, y) is an extremal point of K(x, y) for a.e. (x, y) ∈ Ω×Y

(the mapping K(x, ·) is here assumed to be Y-periodic for a.e. x).
Loosely speaking, the rational behind this statement is that sequences converging

to extremal points of their range cannot exhibit large oscillations, and that this applies
to single- as well as to two-scale convergence. We also attain a similar conclusion
whenever the hypotheses (i) and (ii) are replaced by

∫

Ω

ϕ(uε(x), x, x/ε)dx →
∫ ∫

Ω×Y

ϕ(u(x, y), x, y)dxdy, (2)

ϕ being a strictly convex integrand that is Y-periodic w.r.t. its third argument. In par-
ticular, the uεs might be gradients, that is, uε = ∇vε for some sequence of functions
{vε}. This improvement from weak to strong two-scale convergence may find applica-
tions in the homogenization of problems of the calculus of variations and of nonlinear
partial differential equations.

In Sect. 5 we prove some simple two-scale extensions of the div-curl lemma [40,41,
51]—one of the basic results of Murat and Tartar’s theory of compensated compactness
[52,53]. First, we show that if

uε ⇀
2

u, wε ⇀
2

w in L2(RN ×Y)N , (3)

{∇×uε} is bounded in L2(Ω)N
2
, {∇ ·wε} is bounded in L2(Ω), (4)

then ∫

RN

uε(x)·wε(x) θ(x)dx →
∫ ∫

RN×Y

u(x, y)·w(x, y) θ(x)dxdy ∀ θ ∈ D(RN). (5)

This result was already stated in [57], and may be used in the homogenization
of nonlinear problems issued from electromagnetism and fluid dynamics. In view of
applications to continuum mechanics, we then prove a similar theorem for the sym-
metrized gradient and the divergence of tensor-valued functions. These statements
partly rest on results of two-scale convergence of the curl and divergence operators,
that extend the fundamental Theorem 3 of [44] about the two-scale behaviour of
the ordinary gradient, see [59]. In [63] a rather different two-scale extension of the
div-curl lemma is addressed.

In [18] Briane and Casado-Díaz recently showed that

(3), (4) �⇒ uε ·wε →
2

u·w in D′
�(R

N ×Y); (6)

that is, in (5) the test function θ cannot be assumed to depend (periodically) on y. These
authors pointed out that this failure may be due to the onset of oscillations slower
than 1/ε, and provided a corresponding counterexample. Here, we construct a slightly
different counterexample, that is based on the lack of control on the x-derivatives of
the two-scale limit functions u and w.

Finally, we derive a statement that combines some of the results of this paper, in
view of the application to the homogenization of nonlinear electromagnetic processes
and of phase transitions, cf. [60–62].
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1 Two-scale convergence and integral functionals

This section is preparatory. Here, we reformulate the notion of two-scale convergence
and review some of its basic properties, using a scale-decomposition (or periodic
unfolding) along the lines of [26,57,58]. We then deal with the behaviour of some
integral functionals w.r.t. two-scale convergence.

1.1 Two-scale decomposition

Throughout this paper, we denote by Y the set Y = [0, 1[N equipped with the topology
of the N-dimensional torus, identify Y with Y in an obvious way, and then identify
any function on Y with its Y-periodic extension to RN . For any ε > 0 we set

n̂(x) := max{n ∈ Z : n ≤ x}, r̂(x) := x − n̂(x) (∈ [0, 1[) ∀ x ∈ R,

N (x) := (n̂(x1), ..., n̂(xN)) ∈ ZN , R(x) := x − N (x) ∈ Y ∀ x ∈ RN . (1.1)

Thus, x = ε[N (x/ε) + R(x/ε)] for any x ∈ RN . With reference to the scale-factor
ε, εN (x/ε) and R(x/ε) may respectively, be regarded as coarse-scale and fine-scale
variables. We also set

Sε(x, y) := εN (x/ε)+ εy ∀ (x, y) ∈ RN ×Y , ∀ ε > 0. (1.2)

Note that, as Sε(x, y) = x + ε[y − R(x/ε)],
Sε(x, y) → x uniformly in RN ×Y , as ε → 0. (1.3)

We assume that Ω is a (possibly unbounded) domain of RN , and extend any func-
tion defined on Ω to RN \Ω with vanishing value. We also denote by L(Ω) (B(Ω),
resp.) the σ -algebra of Lebesgue- (Borel-, resp.) measurable subsets ofΩ , define L(Y)
and B(Y) similarly, and denote by A1⊗A2⊗· · · the σ -algebra generated by any finite
family A1, A2, . . . of σ -algebras.

The next result will allow us to express in terms of single-scale convergence a
number of properties concerning two-scale convergence.

Lemma 1.1 [58] Let f = f1 + f2 where

f1 : Ω×Y → R is measurable either w.r.t. B(Ω)⊗L(Y) or w.r.t. L(Ω)⊗B(Y),
and moreover (1.4)

either ‖f1‖L∞(Ω)∈L1(Y) and f1 has compact support, or ‖f1‖L∞(Y)∈L1(Ω),

f2(x, y) =
m∑

i=1

ui(x)vi(y) for a.e. x ∈ Ω and a.e. y ∈ Y ,

with ui ∈ Lpi(Ω), vi ∈ Lp′
i(Y), pi ∈ [1, +∞], for i = 1, . . . , m, (1.5)

for some m ∈ N (by p′
i we denote the conjugate index of pi).

Let us extend f (·, y) to RN \Ω with vanishing value for any y. For any ε > 0 the
functions

RN → R : x → f (x, x/ε), RN ×Y → R : (x, y) → f (Sε(x, y), y)

are then integrable, and∫

RN

f (x, x/ε)dx =
∫ ∫

RN×Y

f (Sε(x, y), y)dxdy ∀ ε > 0. (1.6)
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For any p ∈ [1, +∞] and any ε > 0, the operator Aε : g → g ◦ Sε is then a
(nonsurjective) linear isometry Lp(RN) → Lp(RN ×Y).

Proof If f1 is measurable w.r.t. the σ -algebra generated by B(RN)×L(Y), then there
exists a Borel function f̃1 : RN ×Y → R such that f̃1(·, y) = f1(·, y) in RN for a.e.
y ∈ Y . Thus, f1(x, x/ε) = f̃1(x, x/ε) for a.e. x ∈ RN , and this function is measurable.
An analogous argument with exchanged roles of x and y applies if f1 is measurable
w.r.t. the σ -algebra generated by L(RN)×B(Y). On the other hand, the measurability
of x → f2(x, x/ε) is obvious.

The function (x, y) → f (Sε(x, y), y) is also measurable, for the mapping (x, y) →
(Sε(x, y), y) is piecewise constant w.r.t. x and affine w.r.t. y. As RN = ⋃

m∈ZN (εm+εY)
and N (x/ε) = m for any x ∈ εm + εY , we have
∫

RN

f (x, x/ε)dx =
∑

m∈ZN

∫

εm+εY
f (x, x/ε)dx = εN

∑
m∈ZN

∫

Y

f (ε[m + y], y)dy

=
∑

m∈ZN

∫

εm+εY
dx

∫

Y

f (ε[N (x/ε)+ y], y)dy =
∫

RN

dx
∫

Y

f (Sε(x, y), y)dy.

By writing (1.6) for f (x, y) = |g(x)| for a.e. (x, y), we get the final statement for any
p ∈ [1, +∞[, and then by passage to the limit also for p = ∞. The operator Aε is not
onto, for g ◦ Sε is piecewise constant w.r.t. x for any g ∈ Lp(RN). ��
1.2 Two-scale convergence in Lp(Ω×Y)

By ε we shall denote the generic element of an arbitrary but fixed, vanishing sequence
of positive real numbers; e.g., ε = {1, 1/2, ..., 1/n, ...}. Let p ∈ [1, +∞]; for any sequence
of measurable functions, uε : Ω → R, and any measurable function, u : Ω×Y → R,
we say that uε strongly two-scale converges to u in Lp(Ω×Y), whenever uε ◦ Sε → u
strongly in the latter space. We similarly define weak (and for p = ∞ weak star)
two-scale convergence. Thus, for any p ∈ [1, +∞]

uε →
2

u in Lp(Ω×Y) ⇔ uε ◦ Sε → u in Lp(Ω×Y),
uε ⇀

2
u in Lp(Ω×Y) ⇔ uε ◦ Sε ⇀ u in Lp(Ω×Y), (1.7)

uε ⇀
2
∗ u in L∞(
×Y) ⇔ uε ◦ Sε ⇀∗ u in L∞(
×Y).

In [58] it is shown that this generalizes the original definitions of [1,44]. The extension
of these definitions to vector-valued functions is obvious. Let us now set

F := {
ϕ : RM×Ω×Y → R ∪ {+∞} measurable

either w.r.t. B(RM)⊗B(Ω)⊗L(Y) or w.r.t. B(RM)⊗L(Ω)⊗B(Y)}. (1.8)

The elements of F are Caratheodory functions, cf. e.g. [15, p. 30]. (This class might
be enlarged by including terms of the form (1.5), but the possibility of attaining the
value +∞ makes the formulation of an all-inclusive class rather cumbersome.) In the
next statement, we gather some known properties of integral functionals (cf. e.g. [29,
Chap. 1]) that will be used in the sequel.
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Lemma 1.2 Let ϕ ∈ F and p ∈ [1, +∞[. Then:

(i)

if v : Ω×Y → RM is measurable, then (x, y) → ϕ(v(x, y), x, y) is measurable,

if v : Ω → RM is measurable, then x → ϕ(v(x), x, x/ε) is measurable. (1.9)

(ii) If

∃c1 ∈ R, ∃f as in (1.4) or (1.5) such that

ϕ(v, x, y)+ c1|v|p ≥ f (x, y) ∀ v, for a.e. (x, y), (1.10)

then the functionals

Φε : Lp(Ω)M → R ∪ {+∞} : v →
∫

Ω

ϕ(v(x), x, x/ε)dx ∀ ε > 0,

Φ̄ : Lp(Ω×Y)M → R ∪ {+∞} : v →
∫ ∫

Ω×Y
ϕ(v(x, y), x, y)dxdy (1.11)

are well-defined.
(iii) If (1.10) is fulfilled and

v → ϕ(v, x, y) is lower semicontinuous for a.e. (x, y), (1.12)

then Φε and Φ̄ are lower semicontinuous.
(iv) If

∃c2 > 0, ∃g as in (1.4) or (1.5) such that

|ϕ(v, x, y)| ≤ c2|v|p + g(x, y) ∀ v, for a.e. (x, y), (1.13)

the function v → ϕ(v, x, y) is continuous for a.e. (x, y), (1.14)

then Φε and Φ̄ are finite-valued and strongly continuous.
(v) If (1.10) is fulfilled and

the function v → ϕ(v, x, y) is convex and lower semicontinuous for a.e. (x, y),

(1.15)

then Φε and Φ̄ are convex and weakly lower semicontinuous.

Proof Both statements of (1.9) may be checked via the procedure that we used for
the first part of Lemma A1.1. Part (ii) directly follows from (1.9). By Fatou’s lemma
the functional

Lp(Ω)M → R+ ∪ {+∞} : v →
∫

Ω

[ϕ(v(x), x, x/ε)+ c1|v(x)|p − f (x, x/ε)] dx

is lower semicontinuous; the same then holds for Φε . A similar argument applies to
Φ̄. Part (iii) is thus established. Part (iv) trivially follows by applying part (iii) to ϕ and
−ϕ. Part (v) is a consequence of the closedness and convexity of the epigraph of ϕ.

��
Next we draw some simple consequences concerning two-scale convergence.
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Proposition 1.3 Let p ∈ [1, +∞[, assume that ϕ ∈ F fulfils (1.10), and define Φε , Φ̄ as
in (1.11). Then:

(i) If

the function (v, x) → ϕ(v, x, y) is lower semicontinuous for a.e. y, (1.16)

then

uε →
2

u in Lp(Ω×Y)M ⇒ lim inf
ε→0

Φε(uε) ≥ Φ̄(u). (1.17)

(ii) If (1.13) is fulfilled and the function (v, x) → ϕ(v, x, y) is continuous for a.e. y,
then

uε →
2

u in Lp(Ω×Y)M ⇒ Φε(uε) → Φ̄(u). (1.18)

(iii) If (1.15) and (1.16) are fulfilled, then

uε ⇀
2

u in Lp(Ω×Y)M ⇒ lim inf
ε→0

Φε(uε) ≥ Φ̄(u). (1.19)

Proof In view of proving (1.17), first notice that by Lemma 1.1

Φε(uε) =
∫

Ω

ϕ(uε(x), x, x/ε)dx =
∫ ∫

Ω×Y
ϕ(uε(Sε(x, y)), Sε(x, y), y)dxdy.

If uε →
2

u in Lp(Ω×Y)M then by definition uε ◦ Sε → u in Lp(Ω×Y)M, hence also a.e.

in Ω×Y for a suitable subsequence that we label by ε′. Therefore, by (1.3) and (1.16)

lim inf
ε′→0

ϕ(uε′(Sε′(x, y)), Sε′(x, y), y) ≥ ϕ(u(x, y), x, y) for a.e. (x, y) ∈ Ω×Y .

By (1.10) and Fatou’s lemma we then have

lim inf
ε′→0

∫ ∫

Ω×Y

[
ϕ(uε′(Sε′(x, y)), Sε′(x, y), y)+ c1|uε′(Sε′(x, y))|p − f (Sε′(x, y), y)

]
dxdy

≥
∫ ∫

Ω×Y
lim inf
ε′→0

[
ϕ(uε′(Sε′(x, y)), x, y)+ c1|uε′(Sε′(x, y))|p − f (Sε′(x, y), y)

]
dxdy

≥
∫ ∫

Ω×Y

[
ϕ(u(x, y), x, y)+ c1|u(x, y)|p − f (x, y)

]
dxdy.

As∫ ∫

Ω×Y

[
c1|uε′(Sε′(x, y))|p − f (Sε′(x, y), y)

]
dxdy →

∫ ∫

Ω×Y

[
c1|u(x, y)|p − f (x, y)

]
dxdy,

we then infer that lim infε′→0 Φε′(uε′) ≥ Φ̄(u). As this argument also applies to any
extracted subsequence of {uε}, (1.17) is established.

By applying part (i) to ϕ and −ϕ we get part (ii). Part (iii) follows from the weak
lower semicontinuity of convex functionals. ��

Let us now denote by ∂ the subdifferential operator, by ϕ∗ the conjugate convex
function of ϕ w.r.t. the first variable, and defineΦ∗

ε and Φ̄∗ similarly. For these notions
see e.g. [30,33,34,49]. Henceforth, we set p′ = p/(p − 1) if p ∈ ]1, +∞[, 1′ = ∞ and
∞′ = 1.
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Proposition 1.4 Let p ∈ ]1, +∞[, let ϕ ∈ F fulfil (1.10), and assume that

∃f as in (1.4) or (1.5) such that ϕ(0, x, y) ≤ f (x, y) for a.e. (x, y). (1.20)

Then ϕ∗ fulfils a condition like (1.10) with c1 = 0, and, defining Φε and Φ̄ as in (1.11),

Φ∗
ε : Lp′

(Ω)M → R ∪ {+∞} : v →
∫

Ω

ϕ∗(v(x), x, x/ε)dx ∀ ε > 0, (1.21)

Φ̄∗ : Lp′
(Ω×Y)M → R ∪ {+∞} : v →

∫ ∫

Ω×Y
ϕ∗(v(x, y), x, y)dxdy, (1.22)

wε ⇀
2

w in Lp′
(Ω×Y)M ⇒ lim inf

ε→0
Φ∗
ε (wε) ≥ Φ̄∗(w). (1.23)

Proof The definition of convex conjugate function yields ϕ∗ ∈ F . As

ϕ∗(w, x, y) = sup
v∈RM

{v·w − ϕ(v, x, y)} ≥ −ϕ(0, x, y) ≥ −f (x, y)

∀ w ∈ RM, for a.e. (x, y) ∈ Ω×Y ,

ϕ∗ fulfils a condition like (1.10) with c1 = 0. The representation formulas (1.21) and
(1.22) of the convex conjugate functionals Φ∗

ε and Φ̄∗ follow from [48]; see also e.g.
[30, Sect. IX.2], [34, Sect. 8.3]. Part (iii) of Proposition 1.3 yields (1.23). ��

2 Two-scale convergence and subdifferentials

In this section, we deal with the two-scale convergence of subdifferentials. In particu-
lar Theorem 2.1 extends to two-scale convergence a result of single-scale convergence,
and is potentially useful for the homogenization of (nonnecessarily stationary) varia-
tional problems.

Theorem 2.1 Let p ∈ ]1, +∞[, {ϕε} be a sequence of F , ϕ ∈ F , and assume that these
functions fulfil (1.10) and (1.20) with f independent of ε. Let us define Φ̄ as in (1.11),
and set

Φε(v) :=
∫

Ω

ϕε(v(x), x, x/ε)dx ∀ v ∈ Lp(Ω)M, ∀ ε. (2.1)

Let {uε} and {wε} be sequences of Lp(Ω)M and Lp′
(Ω)M, resp., and

wε(x) ∈ ∂ϕε(uε(x), x, x/ε) for a.e. x ∈ Ω , ∀ ε, (2.2)

uε ⇀
2

u in Lp(Ω×Y)M, wε ⇀
2

w in Lp′
(Ω×Y)M, (2.3)

lim inf
ε→0

∫

Ω

uε ·wε dx ≤
∫ ∫

Ω×Y
u·w dxdy, (2.4)

lim inf
ε→0

Φε(uε) ≥ Φ̄(u), lim inf
ε→0

Φε∗(wε) ≥ Φ̄∗(w). (2.5)
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Then

w(x, y) ∈ ∂ϕ(u(x, y), x, y) for a.e. (x, y) ∈ Ω×Y , (2.6)∫

Ω

uε(x)·wε(x)dx →
∫ ∫

Ω×Y
u(x, y)·w(x, y)dxdy, (2.7)

Φε(uε) → Φ̄(u), Φε∗(wε) → Φ̄∗(w). (2.8)

Proof We shall use the following classical Fenchel’s properties, that stem from the
definition of convex conjugate function, cf. e.g. [30,33,34,49]. If B is a Banach space,
〈·, ·〉 is the associated duality pairing, and f : B →] − ∞, +∞], then

〈u∗, u〉 ≤ f (u)+ f ∗(u∗) ∀ u ∈ Dom(f ), ∀ u∗ ∈ Dom(f ∗), (2.9)

〈u∗, u〉 ≥ f (u)+ f ∗(u∗) ⇔ u∗ ∈ ∂f (u) ∀ u ∈ Dom(f ), ∀ u∗ ∈ Dom(f ∗). (2.10)

Notice that by (2.9) the latter statement also reads

〈u∗, u〉 = f (u)+ f ∗(u∗) ⇔ u∗ ∈ ∂f (u) ∀ u ∈ Dom(f ), ∀ u∗ ∈ Dom(f ∗). (2.11)

By Proposition 1.4 the convex conjugates {ϕ∗
ε } and ϕ∗ also fulfil (1.10), with p′

instead of p. By (2.2), wε ∈ ∂Φε(uε) in Lp′
(Ω). By (2.4), (2.5), (2.9) and (2.10) we then

have∫ ∫

Ω×Y
u·w dxdy ≤ Φ̄(u)+ Φ̄∗(w) ≤ lim inf

ε→0
Φε(uε)+ lim inf

ε→0
Φε∗(wε)

≤ lim inf
ε→0

[Φε(uε)+Φε∗(wε)]= lim inf
ε→0

∫

Ω

uε ·wε dx ≤
∫ ∫

Ω×Y
u·w dxdy; (2.12)

hence equality holds everywhere in the latter formula. (2.7) is thus established at least
for a subsequence (however, we shall see that this applies to the whole sequence). In
particular, we have

(
Φ̄(u)+ Φ̄∗(w) =)∫ ∫

Ω×Y
[ϕ(u(x, y), x, y)+ ϕ∗(w(x, y), x, y)] dxdy =

∫ ∫

Ω×Y
u·w dxdy,

whence by (2.9)

ϕ(u(x, y), x, y)+ ϕ∗(w(x, y), x, y) = u(x, y)·w(x, y) for a.e. (x, y) ∈ Ω×Y ;

by (2.11) we then infer (2.6). Moreover, by (2.5) and (2.12),

lim inf
ε→0

Φε(uε) = Φ̄(u), lim inf
ε→0

Φε∗(w∗
ε) = Φ̄∗(w∗),

possibly up to extracting a subsequence. Since the whole argument applies as ε van-
ishes along any subsequence, (2.7) and (2.8) hold as ε vanishes along the original
sequence. ��
Remarks (i) In Theorem 2.1 the functions ϕ and ϕε need not be either convex

or lower semicontinuous w.r.t. the first argument. However the condition (2.2)
entails that the function ϕε(·, x, x/ε) coincides with its Γ -regularized (in the
sense e.g. of [30, Chap. 1]) at uε(x).
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(ii) The hypothesis (2.4) is trivially fulfilled whenever

either uε →
2

u in Lp(Ω×Y)M or wε →
2

w in Lp′
(Ω×Y)M.

On the other hand, in Sect. 4 (cf. Theorem 4.3) we shall see that, if ϕ (ϕ∗, resp.)
is strictly convex and suitable further conditions hold, then (2.8) entails uε →

2
u

in Lp(Ω×Y)M (wε →
2

w in Lp′
(Ω×Y)M, resp.).

(iii) Now we point out a simple variant of Theorem 2.1, in view of an application
that we shall illustrate in Proposition 5.12. It is easy to see that this theorem
also holds if, for some fixed nonnegative function θ ∈ D(Ω), (2.4) is replaced
by

lim inf
ε→0

∫

Ω

uε(x)·wε(x) θ(x)dx ≤
∫ ∫

Ω×Y
u(x, y)·w(x, y) θ(x)dxdy,

and Φε and Φ are, respectively, replaced by the functionals

Φθ ,ε :v →
∫

Ω

ϕε(v(x), x) θ(x)dx, Φθ : v →
∫ ∫

Ω×Y
ϕ(v(x, y), x, y) θ(x)dxdy.

(2.13)

In this case, however, (2.6) just holds for a.e. (x, y) ∈ D×Y , D being the support
of θ , and (2.7) must be replaced by

∫

Ω

uε(x)·wε(x) θ(x)dx →
∫ ∫

Ω×Y
u(x, y)·w(x, y) θ(x)dxdy. (2.14)

The next statement applies if ϕε is independent of ε.

Corollary 2.2 Let p ∈ [1, +∞[, ϕ ∈ F fulfil (1.10) and (1.20), and define Φε and Φ̄ as
in (1.11). Let {uε} and {wε} be sequences of Lp(Ω)M and Lp′

(Ω)M, resp., and

wε(x) ∈ ∂ϕ(uε(x), x, x/ε) for a.e. x ∈ Ω , ∀ ε. (2.15)

If (2.3) and (2.4) are fulfilled, then (2.6), (2.7) hold and

Φε(uε) → Φ̄(u), Φ∗
ε (wε) → Φ̄∗(w). (2.16)

Proof This trivially follows from Theorem 2.1, for part (iii) of Propositions 1.3 and
1.4 yield (2.5). ��

3 Maximal monotonicity and two-scale convergence

In this section, we prove a result concerning two-scale convergence and maximal
monotone functions. Here, we just deal with single-valued functions, but also allow
for dependence on a further sequence of functions (that we denote by zε), in view of
the applications of [61,62].
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Let us fix two positive integers M and J, a function f such that

f : RM×RJ ×Ω×Y → RM,

v → f (v, t, x, y) is monotone ∀ t and for a.e. (x, y),

(v, t) → f (v, t, x, y) is continuous for a.e. (x, y), and (3.1)

(x, y) → f (v, t, x, y) is measurable either w.r.t. B(Ω)⊗L(Y)
or w.r.t. L(Ω)⊗B(Y), ∀ (v, t),

and set

fε(v, t, x) := f (v, t, x, x/ε) ∀ (v, t), for a.e. x, ∀ ε > 0. (3.2)

This function is measurable w.r.t. x for any (v, t), and thus is of Caratheodory class.
The first part of the next theorem extends to two-scale convergence a well-known

result of the theory of maximal monotone graphs, cf. e.g. [16, p. 27]. The second
part was inspired by [19, p. 27]; see also [12], Lemma 5 of [13], [37, p. 183], and
Theorem 2.10 of [62].

Theorem 3.1 Let p, q ∈ ]1, +∞[, let f fulfil (3.1), define fε as in (3.2), and assume that

∃L > 0, ∃g1 ∈ L1(Ω) : ∀ (v, t), for a.e. (x, y),

|f (v, t, x, y)|p′ ≤ L(|v|p + |t|q)+ g1(x). (3.3)

Then: (i) If two sequences {uε} ⊂ Lp(Ω)M and {zε} ⊂ Lq(Ω)J are such that

uε ⇀
2

u in Lp(Ω×Y)M, (3.4)

zε →
2

z in Lq(Ω×Y)J , (3.5)

wε := fε(uε , zε, x)⇀
2

w in Lp′
(Ω×Y)M, (3.6)

lim inf
ε→0

∫

Ω

uε ·wε dx ≤
∫ ∫

Ω×Y
u·w dxdy, (3.7)

then

w = f (u(x, y), z(x, y), x, y) for a.e. (x, y) ∈ Ω×Y . (3.8)

(ii) If moreover

∃d1, d2 > 0, ∃g2 ∈ L1(Ω) : ∀ (v, t), for a.e. (x, y),

f (v, t, x, y)·v + d1|t|q ≥ d2|v|p + g2(x), (3.9)

for a.e. (x, y) ∈ Ω×Y , ∀ v ∈ RM, ∀ {vn} ⊂ RM,

∀ bounded sequence {tn} ⊂ RJ , (3.10)

[f (v, tn, x, y)− f (vn, tn, x, y)]·(v − vn) → 0 ⇒ vn → v,

then

uε →
2

u in Lp(Ω×Y)M,

fε(uε , zε, x)→
2

f (u, z, x, y) in Lp′
(Ω×Y)M.

(3.11)
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Loosely speaking, (3.10) may be interpreted as a hypothesis of strict monotonicity
of f (·, t, x, y) uniform w.r.t. v, and may also be compared with the property of strict
convexity of the next section.

Proof (i) For any v ∈ Lp(Ω×Y)M it is known (see e.g. Proposition 5 of [26] and
Proposition 2.10 of [58]) that there exists a sequence {vε} of Lp(Ω)M such that

vε →
2

v in Lp(Ω×Y)M. (3.12)

By the monotonicity of fε(·, zε , x),∫

Ω

[wε(x)− fε(vε , zε, x)]·(uε − vε)dx ≥ 0 ∀ ε. (3.13)

By the definition of two-scale convergence, (3.5) and (3.12) mean that

zε ◦ Sε →
2

z in Lq(Ω×Y)J , vε ◦ Sε →
2

v in Lp(Ω×Y)M. (3.14)

Hence, as ε vanishes along a suitable subsequence that we still label by ε,

vε(Sε(x, y)) → v(x, y), zε(Sε(x, y)) → z(x, y),

fε(vε(Sε(x, y)), zε(Sε(x, y)), Sε(x, y)) → f (v(x, y), z(x, y), x, y) (3.15)

for a.e. (x, y) ∈ Ω×Y .

For any sequence of measurable subsets {An} ofΩ×Y such that their 2N-dimensional
Lebesgue measure vanishes as n → ∞, by (3.3) and (3.14)

sup
ε

∫∫

An

∣∣fε(vε , zε, ·) ◦ Sε
∣∣p′

dxdy

≤ sup
ε

∫∫

An

(
L|vε ◦ Sε|p + L|zε ◦ Sε|q + g1(x)

)
dxdy → 0 as n → ∞.

By the classical Vitali convergence theorem, the two latter statements yield

fε(vε(Sε(x, y)), zε(Sε(x, y)), Sε(x, y)) → f (v(x, y), z(x, y), x, y) in Lp′
(Ω×Y)M,

namely fε(vε , zε, x)→
2

f (v, z, x, y) in Lp′
(Ω×Y)M.

Passing to the inferior limit as ε → 0 in (3.13) and using (3.7) we then get∫ ∫

Ω×Y
[w(x, y)− f (v(x, y), z(x, y), x, y)]·[u(x, y)− v(x, y)] dxdy ≥ 0

∀ v ∈ Lp(Ω×Y)M,

whence (3.6) follows by the maximal monotonicity of f w.r.t. its first argument.
(ii) Now we come to the proof of (3.11), and use an argument that is partially

analogous to that of Lemma 5 of [13]. First let us set

Pε(x) :=[fε(uε , zε, x)−fε(u, zε, x)]·[uε(x)− u(x)] for a.e. x ∈ Ω , ∀ ε > 0. (3.16)

Notice that by (3.1), (3.3) and (3.5).

fε(u, zε, x)→
2

f (u, z, x, y) in Lp′
(Ω×Y)M.
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By (3.4) we then infer that lim infε→0
∫
Ω

Pε(x)dx ≤ 0. As Pε ≥ 0, for a suitable
sequence that we label by ε′ we then have

Pε′ → 0 in L1(Ω). (3.17)

Hence, there exists a subsequence that we label by ε′′ such that Pε′′ → 0 a.e. in Ω .
By (3.5) we may also assume that zε′′ →

2
z a.e. in Ω×Y without loss of generality. By

(3.10) we then get

uε′′ →
2

u a.e. in Ω×Y , (3.18)

whence, recalling (3.6),

wε′′ := fε′′(uε′′ , zε′′ , x)→
2

f (u, z, x, y) = w a.e. in Ω×Y . (3.19)

By (3.3)—(3.5) we have
∫

Ω

fε′′(u, zε′′ , x)·(uε′′ − u)dx → 0. (3.20)

We then get
∫

Ω

wε′′ ·uε′′ dx = (by (3.16))

∫

Ω

Pε′′(x)dx +
∫

Ω

fε′′(u, zε′′ , x)·(uε′′ − u)dx +
∫

Ω

fε′′(uε′′ , zε′′ , x)·u dx

(by (3.6), (3.17), (3.20)) →
∫ ∫

Ω×Y
w·u dxdy.

We claim that this entails that

ξε′′ := (wε′′ ·uε′′)◦Sε′′ → w·u =: ξ in L1(Ω×Y)3, (3.21)

namley wε′′ ·uε′′ →
2

w·u in L1(Ω×Y)3. In view of proving this statement, first notice

that we already know that

ξε′′ ≥ 0, ξε′′ → ξ a.e. in Ω×Y ,
∫ ∫

Ω×Y
ξε′′ dxdy →

∫ ∫

Ω×Y
ξ dxdy.

Setting Bε′′ := {(x, y) ∈ Ω×Y : ξε′′(x, y) ≤ ξ(x, y)}, we also have
∫ ∫

Ω×Y
|ξε′′ − ξ | dxdy = 2

∫ ∫

Bε′′

(ξ − ξε′′)dxdy +
∫ ∫

Ω×Y
(ξε′′ − ξ)dxdy.

The Lebesgue dominated convergence theorem then yields (3.21).
By (3.9) we have

d2|uε′′ ◦Sε′′ |p ≤ (uε′′ ◦Sε′′)·(wε′′ ◦Sε′′)− d1|zε′′ ◦Sε′′ |q − g2 a.e. in Ω×Y ;
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(3.5) and (3.21) then entail that the sequence {|uε′′ ◦Sε′′ |p} is equiintegrable in Ω×Y .
By (3.3) and (3.5) the same then applies to {|wε′′◦Sε′′ |p′ }. By (3.18) and (3.19) the Vitali
convergence theorem then yields

uε′′ →
2

u in Lp(Ω×Y)M,

wε′′ →
2

w = f (u, z, x, y) in Lp′
(Ω×Y)M.

(3.22)

As both limits are independent of the extracted subsequence, the whole sequences
converge. ��

4 Two-scale compactness by strict convexity

In this section, we extend another result of single-scale convergence: we show that
weak two-scale convergence and a suitable extremality condition entail strong two-
scale convergence. We then apply this statement to strictly convex functionals of the
form (1.11), and derive a result of two-scale compactness.

First, we review some standard notions, still assuming that Ω is a possibly
unbounded Euclidean domain. Let us consider a multi-valued mapping

K : Ω → P(RM) (M ≥ 1) such that K(x) is closed for a.e. x. (4.1)

We say that K is measurable whenever there exists a countable family {km} of mea-
surable functions Ω → RM such that (denoting by Ā the closure of any set A)

⋃
m∈N

{km(x)} = K(x) for a.e. x ∈ Ω ; (4.2)

see e.g. [23, Sect. 3.2], [34, p. 326]. We say that K is upper semicontinuous if an only
if, for any x ∈ Ω and any open set V ⊃ K(x), the set {y ∈ Ω : K(y) ⊂ V} is a neigh-
bourhood of x. We say that a point ξ of a closed set A ⊂ RM is an extremal point of A
whenever

∀ ξ ′, ξ ′′ ∈ A, ∀ λ ∈ ]0, 1[, ξ = λξ ′ + (1 − λ)ξ ′′ ⇒ ξ = ξ ′ = ξ ′′.

We shall denote by d(v, H) the distance of a point v ∈ RM from a nonempty set
H ⊂ RM. Let us review the notion of (single-scale) compactness by extremality.

Proposition 4.1 Let H : Ω → P(RM) be a measurable multi-valued mapping and {wε}
be a sequence of L1(Ω)M. If

H(x) is closed and convex, for a.e. x ∈ Ω , (4.3)

wε ⇀ w in L1(Ω)M, (4.4)

d(wε , H) → 0 a.e. in Ω , as ε → 0, (4.5)

w(x) is an extremal point of H(x), for a.e. x ∈ Ω , (4.6)

then

wε → w in L1(Ω)M. (4.7)

(After [7], H(x)may be replaced by the closed convex hull of the set of limit points
of the sequence {wε(x)}, for a.e. x ∈ Ω ; in this case the hypotheses (4.3) and (4.5) are
not needed.)
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Proof This statement extends Theorem 1 of [56], where it is assumed that

wε(x) ∈ H(x) for a.e. x ∈ Ω , ∀ ε,
in place of the weaker condition (4.5). Here, we derive Proposition 4.1 from this
slightly less general result. For any ε and a.e. x ∈ Ω , there exists w′

ε(x) ∈ H(x)
such that |wε(x) − w′

ε(x)| = d(wε(x), H(x)). Setting w′′
ε := wε − w′

ε , we have |w′′
ε | =

d(wε , H) ≤ |wε − w| a.e. in Ω ; by (4.4), the sequence {w′′
ε } is then equi-integrable. By

(4.5) we then have w′′
ε → 0 in L1(Ω)M, whence w′

ε = wε − w′′
ε (x) ⇀ w in L1(Ω)M.

Applying Theorem 1 of [56] to the sequence {w′
ε} we then get w′

ε → w in L1(Ω)M,
whence (4.7). ��

From this result now we derive an analogous statement for two-scale convergence.
We shall assume that the distance of a sequence of functions {uε} = {uε(x)} from
a multi-valued mapping K = K(x, y) vanishes a.e. in the sense of two-scale conver-
gence. This notion of convergence to a multi-valued mapping is not encompassed by
the definitions of Sect. 1; we express it as follows:

d(uε(Sε(x, y)), K(x, y)) → 0 for a.e. (x, y) ∈ Ω×Y .

Theorem 4.2 Let K be a measurable multi-valued function Ω×Y → P(RM) such that

K(x, y) is closed and convex for a.e. (x, y) ∈ Ω×Y . (4.8)

For a.e. x, let us then identify K(x, ·)with its Y-periodic extension to RN. Let p ∈ [1, +∞[,
{uε} be a sequence in Lp(Ω)M such that (defining Sε as in (1.2))

uε ⇀
2

u in Lp(Ω×Y)M, (4.9)

d(uε(Sε(x, y)), K(x, y)) → 0 for a.e. (x, y) ∈ Ω×Y , (4.10)

u(x, y) is an extremal point of K(x, y) for a.e. (x, y) ∈ Ω×Y . (4.11)

Then

p = 1 ⇒ uε →
2

u in L1(Ω×Y)M, (4.12)

1 < q < p ⇒ uε →
2

u in Lq
loc(Ω×Y)M. (4.13)

Proof If p = 1 we apply Proposition 4.1 with (x, y) ∈ Ω×Y in place of x ∈ Ω , and
with wε = uε ◦ Sε, w = u and H = K. This yields uε ◦ Sε → u in L1(Ω×Y)M, that is
(4.12).

For 1 < q < p we use a standard procedure. In this case, uε →
2

u in L1
loc(Ω×Y)M by

(4.12). Thus, for any fixed bounded measurable subset Ω̃ ofΩ , uε ◦Sε → u in measure
in Ω̃×Y , and this sequence is bounded in Lp(Ω̃×Y)M. By the Egoroff theorem, for any
δ > 0 there exist Aδ ⊂ Ω̃×Y and a subsequence {ūε′ } := {uε′ ◦ Sε′ } such that (setting
A′
δ := (Ω̃×Y) \ Aδ and denoting by | · |N the N-dimensional Lebesgue measure)

|A′
δ|N ≤ δ, ūε′ → u uniformly in Aδ .

By the Schwarz–Hölder inequality we then have∫ ∫

Ω̃×Y

|u − ūε′ |qdxdy ≤
∫∫

A′
δ

|u − ūε′ |qdxdy + |Aδ|N sup
Aδ

|u − ūε′ |q

≤ ‖u − ūε′ ‖q
Lp(A′

δ)
M |A′

δ|(p−q)/p
N + |Aδ|N sup

Aδ

|u − ūε′ |q,
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and the right side vanishes as first ε′ → 0 and then δ → 0. Thus uε′ ◦ Sε′ → u
in Lq(Ω̃×Y)M. Since from any subsequence of {uε ◦ Sε} it is possible to extract a
converging sequence like this, we conclude that the whole original sequence converges
in Lq(Ω̃×Y)M. This completes the proof of (4.13). ��

Part (ii) of the next statement extends part (i) of Theorem 2 of [56] to two-scale
convergence.

Theorem 4.3 Let a function ϕ ∈ F (cf. (1.8)) fulfil (1.10) for p = 1, and assume that

the function v → ϕ(v, x, y) is convex for a.e. (x, y), (4.14)

the function (v, x) → ϕ(v, x, y) is lower semicontinuous for a.e. y. (4.15)

Let {uε} be a sequence in L1(Ω)M and u ∈ L1(Ω×Y)M. Then:
(i) If

uε ⇀
2

u in L1(Ω×Y)M, (4.16)
∫

Ω

ϕ(uε(x), x, x/ε)dx →
∫ ∫

Ω×Y
ϕ(u(x, y), x, y)dxdy �= +∞, (4.17)

then

ϕ(uε(x), x, x/ε)⇀
2
ϕ(u(x, y), x, y) in L1(Ω×Y). (4.18)

(ii) If (4.16) and (4.17) are fulfilled and

(u(x, y),ϕ(u(x, y), x, y)) is an extremal point of

K(x, y) := {(v, z) ∈ RM+1 : z ≥ ϕ(v, x, y)} for a.e. (x, y) ∈ Ω×Y , (4.19)

then

uε →
2

u in L1(Ω×Y)M, (4.20)

ϕ(uε(x), x, x/ε) →
2
ϕ(u(x, y), x, y) in L1(Ω×Y). (4.21)

Obviously (4.19) is fulfilled whenever ϕ(·, x, y) is strictly convex for a.e. (x, y). But
(4.19) is slightly more general: for instance (0, 0) is an extremal point of {(v, z) ∈ R2 :
z ≥ (v+)2}, but v → (v+)2 is not strictly convex, not even in a neighbourhood of v = 0.

Proof We claim that

ϕ(uε(x), x, x/ε)⇀
2
ϕ(u(x, y), x, y) in L1(Ω×Y). (4.22)

This argument mimics that of Lemma 3 of [56]. By Lemma 1.1, (4.17) also reads∫ ∫

Ω×Y
ϕ(uε(Sε(x, y)), Sε(x, y), y)dxdy →

∫ ∫

Ω×Y
ϕ(u(x, y), x, y)dxdy. (4.23)

The condition (4.16) is tantamount to uε ◦ Sε ⇀ u in L1(Ω×Y)M. For any fixed pair
of measurable sets A ⊂ Ω and B ⊂ Y , by part (iii) of Proposition 1.3 we then have

lim inf
ε→0

∫ ∫

A×B

ϕ(uε(Sε(x, y)), Sε(x, y), y)dxdy ≥
∫ ∫

A×B

ϕ(u(x, y), x, y)dxdy;
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a similar inequality holds if A×B is replaced by (Ω×Y) \ (A×B). By (4.23) we then
get ∫ ∫

A×B

ϕ(uε(Sε(x, y)), Sε(x, y), y)dxdy →
∫ ∫

A×B

ϕ(u(x, y), x, y)dxdy. (4.24)

By (1.10) (with p = 1) and (4.17) the sequence

{ϕ(uε(Sε(x, y)), Sε(x, y), y)+ c1|uε(Sε(x, y))| − f (x, y)}
is nonnegative and bounded in L1(Ω×Y). By (4.16) the same applies to {|uε(Sε(x, y))|},
hence

{ϕ(uε(Sε(x, y)), Sε(x, y), y)} is bounded in L1(Ω×Y).
As the linear space spanned by characteristic functions of subsets of the form A×B is
dense in L∞(Ω×Y), by (4.24) we then infer that

ϕ(uε(Sε(x, y)), Sε(x, y), y) ⇀ ϕ(u(x, y), x, y) in L1(Ω×Y),
that is (4.22).

(ii) Let us now set

wε(x) := (uε(x),ϕ(uε(x), x, x/ε)) for a.e. x ∈ Ω ,

w(x, y) := (u(x, y),ϕ(u(x, y), x, y)) for a.e. (x, y) ∈ Ω×Y ;

thus

wε(Sε(x, y)) = (uε(Sε(x, y)),ϕ(uε(Sε(x, y)), Sε(x, y), y)) for a.e. (x, y) ∈ Ω×Y .

By (4.16) and (4.22), wε ⇀
2

w in L1(Ω×Y)M+1. Notice that

d(wε(Sε(x, y)), K(x, y))

≤ [ϕ(uε(Sε(x, y)), x, y))− ϕ(uε(Sε(x, y)), Sε(x, y), y)]+ for a.e. (x, y) ∈ Ω×Y ;

by (1.3) and (4.15) as ε → 0 the latter quantity vanishes a.e.. The condition (4.10)
is thus fulfilled with wε and w in place of uε and u, resp.. Theorem 4.2 then yields
wε →

2
w in L1(Ω×Y)M+1, that is, (4.20) and (4.21). ��

Corollary 4.4 If (4.17) is replaced by∫

A

ϕ(uε(x), x, x/ε)dx →
∫ ∫

A×Y
ϕ(u(x, y), x, y)dxdy �= +∞

∀ bounded measurable A ⊂ Ω , (4.25)

then Theorem 4.3 holds with L1
loc(Ω)

M and L1
loc(Ω×Y)M in place of L1(Ω)M and

L1(Ω×Y)M, resp..

Corollary 4.5 Let p ∈ ]1, +∞[ and a function ϕ ∈ F (cf. (1.8)) fulfil (4.14), (4.15) and
be such that

∃c3 > 0, ∃f as in (1.4) or (1.5) such that

ϕ(v, x, y) ≥ c3|v|p + f (x, y) ∀ v, for a.e. (x, y); . (4.26)
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Let a sequence {uε} of Lp(Ω)M, and u ∈ Lp(Ω×Y)M fulfil (4.17), (4.19), and be such
that

uε ⇀
2

u in Lp(Ω×Y)M. (4.27)

Then

uε →
2

u in Lp(Ω×Y)M. (4.28)

Proof By (4.27), uε ⇀
2

u in L1
loc(Ω×Y)M. Moreover (4.17) and the procedure of

part (i) of Theorem 4.3 yields (4.25). By Corollary 4.4 then uε →
2

u in L1
loc(Ω×Y)M,

whence a.e. in Ω×Y as ε vanishes along a suitable subsequence {ε′}. By (1.3), (4.14)
and (4.15) then

lim inf
ε′→0

ϕ(uε′(Sε′(x, y)), Sε′(x, y), y)− f (Sε′(x, y), y)

≥ ϕ(u(x, y), x, y)− f (x, y) for a.e. (x, y) ∈ Ω×Y ,

and the latter function is integrable in Ω×Y . Moreover by (4.26),

|u(x, y)− uε′(Sε′(x, y))|p ≤ 2p|u(x, y)|p + 2p|uε′(Sε′(x, y))|p

≤ 2p

c3

[
ϕ(u(x, y), x, y))− f (x, y)

]

+2p

c3

[
ϕ(uε′(Sε′(x, y)), Sε′(x, y), y)− f (Sε′(x, y), y)

]
for a.e. (x, y) ∈ Ω×Y , ∀ ε′.

By (4.23), Lemma 4.6 below then yields uε′ ◦ Sε′ → u in Lp(Ω×Y)M, namely (4.28)
for the subsequence {uε′ }. As the limit is independent of the subsequence, we infer
that the whole sequence {uε} two-scale converges. ��

Lemma 4.6 [56] Let A be any measurable Euclidean set, and two sequences of mea-
surable functions vn : A → RM and wn : A → R be such that

|vn| ≤ zn ∀ n a.e. in A, vn → v, zn → z a.e. in A,

z ∈ L1(A),
∫

A

zn dx →
∫

A

z dx. (4.29)

Then v ∈ L1(A)M and
∫

A vndx → ∫
A vdx.

We now draw a simple consequence from Theorem 2.1.

Corollary 4.7 Let the assumptions of Theorem 2.1 be fulfilled, as well as (4.14), (4.15)
and (4.19). Then (4.28) holds.

Proof It suffices to apply Corollary 4.5, for Corollary 2.2 provides (4.17). ��

Remarks This section rests on the method of compactness by strict convexity as devel-
oped in [56]. The results of that paper were then extended in several other works,
e.g. [3,7,8,17,47,54,55], that might also suggest further two-scale analogs.
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5 Two-scale div-curl lemma and related results

In this section, we derive two simple two-scale extensions of the classical div-curl
lemma of [40] and of one of its variants. We also briefly illustrate how the two-scale
div-curl lemma and some of the results of the previous sections can be applied to the
homogenization of nonlinear partial differential equations.

5.1 First-order operators of electromagnetism

Let us first set

(∇×v)ij := ∂vi

∂xj
− ∂vj

∂xi
∀ i, j ∈ {1, ..., N}, ∇·v :=

N∑
i=1

∂vi

∂xi
,

L2
rot(R

N)N := {
v ∈L2(RN)N :∇×v ∈L2(RN)N

2}
,

L2
div(R

N)N := {
v ∈L2(RN)N :∇·v ∈L2(RN)

}
.

It is known that these are Hilbert spaces equipped with the respective graph norms.
Let us now review a simplified form of the classical (single-scale) div-curl lemma.

Theorem 5.1 [40] (Single-Scale Div-Curl Lemma – I) Let {uε} and {wε} be two bounded
sequences of L2

rot(R
N)N and L2

div(R
N)N, resp.. If

uε ⇀ u, wε ⇀ w in L2(RN)N , (5.1)

then uε ·wε → u·w in D′(RN), that is,∫

RN

uε(x)·wε(x) θ(x)dx →
∫

RN

u(x)·w(x) θ(x)dx ∀ θ ∈ D(RN). (5.2)

We extend this result to two-scale convergence via the next two lemmata. First, we
set

v̂ :=
∫

Y
v(y)dy, ṽ := v − v̂ ∀ v ∈ L1(Y)N . (5.3)

Henceforth, by appending the index ∗ to a space of functions over Y we shall denote
the subspace of functions having vanishing mean: e.g.

L2∗(Y) := {
v ∈ L2(Y) : v̂ = 0

}
, H1∗(Y) := {

v ∈ H1(Y) : v̂ = 0
}
.

Lemma 5.2 For any u ∈ L2∗(Y)N, if ∇×u = 0 in D′(Y)N2
then there exists a scalar

potential η ∈ H1(Y) such that u = ∇η a.e. in Y , and conversely.

Proof Setting n·y := ∑N
i=1 niyi for any n = (n1, ..., nN) ∈ ZN and any y = (y1, ..., yN) ∈

Y , we may represent u via Fourier series as follows

u(y) = ∑
n∈ZN an exp(2π in · y) for a.e. y ∈ Y ,

where an :=
∫

Y
u(y) exp(−2π in · y)dy (∈ CN) ∀ n ∈ ZN ;
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moreover
∑

n∈ZN |an|2 = ‖u‖2
L2(Y)N < +∞. Denoting by aj

n the jth component of an

for j = 1, ..., N and setting 0̄ := (0, ..., 0), as ∇×u = 0 we have

aj
0̄

= 0 for j = 1, ..., N, nia
j
n = njai

n ∀ n ∈ ZN .

For any n ∈ ZN , an is thus parallel to n; that is there exists kn ∈ C such that an = knn
if n �= 0̄, whereas k0̄ is undetermined. Setting

η(y) := (2π)−1∑
n∈ZN kn exp(2π in · y) for a.e. y ∈ Y ,

we then have η ∈ H1(Y) and u = ∇η a.e. in Y . ��
Lemma 5.3 If u, w ∈ L2(RN ×Y)N are such that

∇y×u = 0 in D′(RN ×Y)N2
, ∇y ·w = 0 in D′(RN ×Y), (5.4)

then ∫ ∫

RN×Y

u(x, y)·w(x, y)θ(x)dxdy =
∫

RN

û(x)·ŵ(x)θ(x)dx ∀ θ ∈ L∞(RN). (5.5)

Proof Setting z(x, y) := u(x, y)− û(x) for a.e. (x, y) ∈ RN ×Y , we have

z ∈ L2(RN ; L2∗(Y)N
)
, ∇y×z(x, ·) = 0 in D′(RN ×Y)N2

, for a.e. x ∈ RN .

After Lemma 5.2 then there exists a potential η ∈ L2(RN ; H1∗(Y)
)

such that z = ∇yη

a.e. in RN ×Y . Therefore,∫ ∫

RN×Y

u(x, y)·w(x, y)θ(x)dxdy −
∫

RN

û(x)·ŵ(x)θ(x)dx

=
∫ ∫

RN×Y

z(x, y)·w(x, y)θ(x)dxdy =
∫

RN

dx θ(x)
∫

Y
∇yη(x, y)·w(x, y)dy = 0.

��
We are now able to state a two-scale version of Theorem 5.1.

Theorem 5.4 (Two-Scale Div-Curl Lemma – I) Let {uε} and {wε} be two bounded
sequences of L2

rot(R
N)N and L2

div(R
N)N, resp.. If

uε ⇀
2

u, wε ⇀
2

w in L2(RN ×Y)N , (5.6)

then ∫

RN

uε(x)·wε(x) θ(x)dx →
∫

RN

û(x)·ŵ(x) θ(x)dx

=
∫ ∫

RN×Y

u(x, y)·w(x, y) θ(x)dxdy ∀ θ ∈ D(RN). (5.7)
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Proof By (5.6), uε ⇀ û and wε ⇀ ŵ in L2(RN)N . Hence, by Theorem 5.1∫

RN

uε(x)·wε(x) θ(x)dx →
∫

RN

û(x)·ŵ(x) θ(x)dx ∀ θ ∈ D(RN).

By the boundedness hypotheses and by known results of two-scale convergence,
cf. [1,44], (5.4) is fulfilled. This yields (5.5), whence (5.7) follows. ��
5.2 A Variant of the Div-Curl Lemma

First, we state a simple variant of Theorem 5.1 that is especially relevant because of
its connection with J. Ball’s notion of polyconvexity, cf. e.g. [9,15,28]. For the sake of
simplicity here we select N = 3.

Proposition 5.5 [42] (Single-Scale Div-Curl Lemma – II) Let {uε} and {wε} be two
bounded sequences of L2

rot(R
3)3. If

uε ⇀ u, wε ⇀ w in L2(R3)3, (5.8)

then uε×wε → u×w in D′(R3)3, that is,∫

R3

uε(x)×wε(x)·θ(x)dx →
∫

R3

u(x)×w(x)·θ(x)dx ∀ θ ∈ D(R3)3. (5.9)

Next we provide a two-scale version.

Proposition 5.6 (Two-Scale Div-Curl Lemma – II) Let {uε} and {wε} be two bounded
sequences of L2

rot(R
3)3. If

uε ⇀
2

u, wε ⇀
2

w in L2(R3×Y)3, (5.10)

then ∫

R3

uε(x)×wε(x)·θ(x)dx →
∫

R3

û(x)×ŵ(x)·θ(x)dx

=
∫ ∫

R3×Y

u(x, y)×w(x, y)·θ(x)dxdy ∀ θ ∈ D(R3)3. (5.11)

Proof The argument mimics that of Theorem 5.4 and is based on the next lemma. ��
Lemma 5.7 If u, w ∈ L2(R3×Y)3 are such that

∇y×u = ∇y×w = 0 in D′(R3×Y)3, (5.12)

then∫ ∫

R3×Y

u(x, y)×w(x, y)·θ(x)dxdy =
∫

R3

û(x)×ŵ(x)·θ(x)dx ∀ θ ∈ L∞(R3)3. (5.13)

Proof The argument concides with that of Lemma 5.3, with the only variant that in
the final formula the scalar product is replaced by the vector product. ��
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5.3 First-order operators of continuum mechanics

Other compensated compactness results also have a two-scale extension. A statement
analogous to the div-curl lemma concerns the space of N×N-tensors and involves the
symmetrized gradient and the divergence:

(∇su)ij := 1
2

(∂ui

∂xj
+ ∂uj

∂xi

)
∀ i, j, ∀ u ∈ H1(RN)N ,

(∇·v)i :=
N∑

j=1

∂vij

∂xj
∀ i, ∀ v ∈ H1(RN)N

2
;

here N is any positive integer, and of course N = 2 or 3 in mechanical applications.
Let us set

U := ∇sH1(RN)N ={
u ∈ L2(RN)N

2
: u = ∇sv for some v ∈ H1(RN)N

}
,

W :={
w ∈ L2(RN)N

2
: ∇·w ∈ L2(RN)N

}
; (5.14)

both are Hilbert spaces: U is equipped with the topology induced by H1(RN)N , and
W with the graph norm. A variant of Theorem 5.1 reads as follows. (Here we set
u :v := ∑N

i,j=1 uijvij for any u, v ∈ RN2
.)

Theorem 5.8 [40] (Single-Scale Div-Curl Lemma – III) Let {uε} and {wε} be two
bounded sequences of U and W, resp.. If

uε ⇀ u, wε ⇀ w in L2(RN)N
2
, (5.15)

then uε :wε → u :w in D′(RN), that is,∫

RN

uε(x) :wε(x) θ(x)dx →
∫

RN

u(x) :w(x) θ(x)dx ∀ θ ∈ D(RN). (5.16)

Next we show a two-scale version of this result.

Theorem 5.9 (Two-Scale Div-Curl Lemma – III) Let {uε} and {wε} be two bounded
sequences of U and W, resp.. If

uε ⇀
2

u, wε ⇀
2

w in L2(RN ×Y)N2
, (5.17)

then ∫

RN

uε(x) :wε(x) θ(x)dx →
∫

RN

û(x) : ŵ(x) θ(x)dx

=
∫ ∫

RN×Y

u(x, y) :w(x, y) θ(x)dxdy ∀ θ ∈ D(RN). (5.18)

Proof By (5.17), uε ⇀ û and wε ⇀ ŵ in L2(RN)N
2
. Hence by Theorem 5.8∫

RN

uε(x) :wε(x) θ(x)dx →
∫

RN

û(x) : ŵ(x) θ(x)dx ∀ θ ∈ D(RN). (5.19)
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By the boundeness of uε in U there exists a bounded sequence {vε} of H1(RN)N such
that uε = ∇svε for any ε. By Lemma 5.10 below then there exist v ∈ H1(RN)N and
v1 ∈ L2(RN ; H1(Y)N)

such that

uε = ∇svε ⇀
2

u = ∇sv + ∇s
yv1 in L2(RN ×Y)N2

,

whence û = ∇sv a.e. in RN . Moreover, by the boundedness of wε in W, ∇s
y ·w = 0 in

D′(RN ×Y)N , whence∫ ∫

RN×Y

∇s
yv1(x, y) :w(x, y) θ(x)dxdy = 0 ∀ θ ∈ D(RN).

Therefore,∫ ∫

RN×Y

u(x, y) :w(x, y) θ(x)dxdy =
∫ ∫

RN×Y

[û(x)+ ∇s
yv1(x, y)] :w(x, y) θ(x)dxdy

=
∫

RN

û(x)·ŵ(x) θ(x)dx ∀ θ ∈ D(RN).

(5.18) then follows from (5.19). ��
Lemma 5.10 [59] Let {vε} be a bounded sequence of H1(RN)N. Then there exist v ∈
H1(RN)N and v1 ∈ L2(RN ; H1∗(Y)N

)
such that, as ε → 0 along the extracted subse-

quence,

∇svε ⇀
2

∇sv + ∇s
yv1 in L2(RN ×Y)N2

. (5.20)

Remarks (i) Theorems 5.4 and 5.9 differ from each other, not only for the differ-
ent frameworks but also in the following respect: in the former statement uε
is assumed to be bounded in the domain of a first-order differential operator,
whereas in the latter one uε is required to be bounded in the range of a first-
order differential operator. Actually it is the latter condition that is used in
both arguments.
Lemma 5.2 reduces the first hypothesis to the latter condition. On the other
hand, there is no strict analog of that lemma in the framework of Theorems 5.9,
for it is known that U is just the kernel of a second-order (rather than first-
order) linear differential operator, see e.g. [32, p. 105]: for any w ∈ L2∗(Y)9s ,
w ∈ V if and only if

∂2wi�

∂yj∂ym
+ ∂2wjm

∂yi∂y�
− ∂2wj�

∂yi∂ym
− ∂2wim

∂yj∂y�
= 0 for i, j, �, m = 1, 2, 3.

(ii) Theorems 5.1, 5.6 and 5.8 are just basic examples of (single-scale) compensated
compactness, and more general statements may be found e.g. in [40,41]. Further
two-scale extensions look feasible, but are not addressed here.

5.4 A negative result

The next statement seems to limit the possibilities offered by two-scale compensated
compactness.
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Proposition 5.11 Assume that the hypotheses of Theorem 5.4 are fulfilled and that

uε ⇀
2

u, wε ⇀
2

w in L2(R3×Y)3. (5.21)

This does not entail uε ·wε ⇀
2

u·w in D′(R3×Y); that is, this does not guarantee that

∫

R3

uε(x)·wε(x) θ(x, x/ε)dx →
∫ ∫

R3×Y

u(x, y)·w(x, y) θ(x, y)dxdy ∀ θ ∈ D(R3×Y).

(5.22)

This result was recently proved in [18] by Briane and Casado-Díaz, who provided
a counterexample based on the lack of control on oscillations of period kε for k ∈ NN

with |k| > 1. Here, we construct a slightly different counterexample, which involves
oscillations of period

√
ε. Loosely speaking this failure of compactness might be

ascribed to the lack of control on the x-derivatives of the two-scale limit functions u
and w.

Proof Let us fix any v ∈ D(R3) (v �≡ 0), any c ∈ R3 \ {0}, and set

fε(x) := sin(|x|/√ε)v(x), gε := c sin(|x|/√ε)v(x) ∀ x ∈ R3, ∀ ε > 0.

Thus,

fε ⇀
2

0 in L2(R3×Y), gε ⇀
2

0 in L2(R3×Y)3,

fε(x)gε(x) = c [sin(|x|/√ε)]2v(x)2 ⇀ 1
2 cv(x)2 �≡ 0 in L1(R3)3. (5.23)

Let us also fix any ϕ,ψ ∈ H1(Y) (ϕ,ψ �≡ 0) and set

uε(x) := ε∇[fε(x)ϕ(x/ε)], wε(x) := ε∇×[gε(x)ψ(x/ε)] for a.e. x ∈ R3.

Notice that

uε(x) = ε[∇fε(x)]ϕ(x/ε)+ fε(x)∇ϕ(x/ε)⇀
2

0 in L2(Y)3,

wε(x) = ε[∇×gε(x)]ψ(x/ε)+ gε(x)×∇ψ(x/ε)⇀
2

0 in L2(Y)3. (5.24)

The hypotheses of Theorem 5.4 are thus fulfilled. But by (5.23) and (5.24)

uε(x)·wε(x)⇀
2

1
2 v(x)2∇ϕ(y)·c×∇ψ(y) in L1(R3×Y)3,

and in general the latter function does not vanish identically. ��
Remarks (i) Although we proved this negative result just in the setting of

Theorems 5.4, an analogous counterexample could be constructed in the frame-
work of Proposition 5.6 and of Theorem 5.9.

(ii) Due to the relevance of the div-curl lemma and of other results of compensated
compactness, it might be of some interest to establish (5.2) by amending the
hypotheses of Theorem 5.4. This is achieved in [63] by replacing the curl and
the divergence by corresponding approximate two-scale operators (in the sense
of [58]). This also provides some control on the x-derivatives of the two-scale
limit functions u and w.
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5.5 An application

Finally we briefly illustrate an application of Theorem 5.4 and of results of Sects. 2,4.
Details may be found in [60–62], where these properties are used to study the homog-
enization of nonlinear electromagnetic processes and of phase transitions.

Proposition 5.12 (i) Let ϕ ∈ F (cf. (1.8)) be such that

the function v → ϕ(v, x, y) is strictly convex for a.e. (x, y), (5.25)

the function (v, x) → ϕ(v, x, y) is lower semicontinuous for a.e. y, (5.26)

∃c4 ∈ R, ∃f as in (1.4) or (1.5) such that

ϕ(v, x, y)+ c4|v|2 ≥ f (x, y) ∀ v, for a.e. (x, y). (5.27)

Let {uε} and {wε} be two bounded sequences of L2
rot(R

3)3 and L2
div(R

3)3, resp.,
such that

wε(x) ∈ ∂ϕ(uε(x), x, x/ε) for a.e. x ∈ R3, (5.28)

uε ⇀
2

u, wε ⇀
2

w in L2(R3×Y)3. (5.29)

Then

w(x, y) ∈ ∂ϕ(u(x, y), x, y) for a.e. (x, y) ∈ R3×Y . (5.30)

(ii) If moreover ϕ(·, x, y) is strictly convex for a.e. (x, y), then

uε →
2

u in L2
loc(R

3×Y)3. (5.31)

(iii) If ϕ∗ also fulfils properties like (5.25) and (5.27) and ϕ∗(·, x, y) is strictly convex
for a.e. (x, y), then

wε →
2

w in L2
loc(R

3×Y)3. (5.32)

Proof By Theorem 5.4
∫

R3

uε(x)·wε(x) θ(x)dx →
∫ ∫

R3×Y

u(x, y)·w(x, y) θ(x)dxdy ∀ θ ∈ D(R3).

By the Remark (iii) after Theorem 2.1, (5.30) then follows and, defining Φε and Φ̄ as
in (1.11) for any bounded domain Ω ⊂ R3,

Φε(uε) → Φ̄(u), Φ∗
ε (uε) → Φ̄∗(u).

Corollary 4.5 then yields uε →
2

u in L2(Ω×Y)3, that is (5.31). The same argument

applies to ϕ∗ and provides (5.32). ��
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14. Bourgeat, A., Luckhaus, S., Mikelić, A.: Convergence of the homogenization process for a dou-

ble-porosity model of immiscible two-phase flow. S.I.A.M. J. Math. Anal. 27, 1520–1543 (1996)
15. Braides, A., Defranceschi, A.: Homogenization of Multiple Integrals. Oxford University Press,

Oxford (1998)
16. Brezis, H.: Opérateurs Maximaux Monotones et Semi-Groupes de Contractions dans les Espaces

de Hilbert. North-Holland, Amsterdam (1973)
17. Brezis, H.: Convergence in D′ and in Lp under strict convexity. In: Baiocchi, C., Lions, J.L., (eds.)

Boundary value problems for partial differential equations and applications. pp. 43–52 Masson,
Paris (1993)

18. Briane, M., Casado-Díaz, J.: Lack of compactness in two-scale convergence. S.I.A.M. J. Math.
Anal. 37, 343–346 (2005)

19. Browder, F.: Nonlinear operators and nonlinear equations of evolution in Banach spaces. In:
Proceedings of Symposium Pure Mathematics, vol. XVIII Part II, A.M.S., Providence (1976)

20. Casado-Díaz, J., Gayte, I.: A general compactness result and its application to two-scale conver-
gence of almost periodic functions. C.R. Acad. Sci. Paris, Ser. I 323, 329–334 (1996)

21. Casado-Díaz, J., Gayte, I.: A derivation theory for generalized Besicovitch spaces and its appli-
cation for partial differential equations. Proc. R. Soc. Edinburgh Ser. A 132, 283–315 (2002)

22. Casado-Díaz, J., Luna-Laynez, M., Martin, J.D.: An adaptation of the multi-scale method for the
analysis of very thin reticulated structures. C.R. Acad. Sci. Paris, Ser. I 332, 223–228 (2001)

23. Castaing, C., Valadier, M.: Convex Analysis and Measurable Multifunctions. Springer, Berlin
(1977)

24. Cherkaev, A., Kohn, R. (eds.): Topics in the Mathematical Modelling of Composite Materials.
Birkhäuser, Boston (1997)

25. Chiadò Piat, V., Dal Maso, G., Defranceschi, A.: G-convergence of monotone operators. Ann.
Inst. H. Poincaré Anal. Non Linéaire 7, 123–160 (1990)

26. Cioranescu, D., Damlamian, A., Griso, G.: Periodic unfolding and homogenization. C.R. Acad.
Sci. Paris, Ser. I 335, 99–104 (2002)

27. Cioranescu, D., Donato, P.: An Introduction to Homogenization. Oxford University Press, New
York (1999)

28. Dacorogna, B.: Direct Methods in the Calculus of Variations. Springer, Berlin, (1989)
29. Dal Maso, G.: An Introduction to Γ -Convergence. Birkhäuser, Boston (1993)
30. Ekeland, I., Temam, R.: Analyse Convexe et Problèmes Variationnelles. Dunod Gauthier-Villars,

Paris (1974)



Two-scale convergence of some integral functionals

31. Francfort, G., Murat, F., Tatar, L.: Monotone operators in divergence form with x-dependent
multivalued graphs. Boll. Unione Mat. Ital. B 7, 23–59 (2004)

32. Germain, P.: Cours de Mécanique des Milieux Continus. Tome I: Théorie générale. Masson et
Cie, Paris, (1973)

33. Hiriart-Urruty, J.-B., Lemarechal, C.: Convex Analysis and Optimization Algorithms. Springer,
Berlin (1993)

34. Ioffe, A.D., Tihomirov, V.M.: Theory of Extremal Problems. North-Holland, Amsterdam (1979)
35. Jikov, V.V., Kozlov, S.M., Oleinik, O.A.: Homogenization of Differential Operators and Integral

Functionals. Springer, Berlin (1994)
36. Lenczner, M.: Homogénéisation d’un circuit électrique. C.R. Acad. Sci. Paris, Ser. II 324, 537–

542 (1997)
37. Lions, J.L.: Quelques méthodes de résolution des problèmes aux limites non linéaires. Dunod,

Paris (1969)
38. Milton, G.W.: The Theory of Composites. Cambridge University Press, Cambridge (2002)
39. Minty, G.J.: Monotone (nonlinear) operators in Hilbert space. Duke Math. J. 29, 341–346 (1962)
40. Murat, F.: Compacité par compensation. Ann. Scuola Norm. Sup. Pisa 5, 489–507 (1978)
41. Murat, F.: Compacité par compensation: condition nécessaire et suffisante de continuité faible

sous une hypothèse de rang constant. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 8, 69–102 (1981)
42. Murat, F.: A survey on compensated compactness. In: Contributions to modern calculus of

variations (Bologna, 1985). pp. 145–183 Longman Sci. Tech., Harlow (1987)
43. Murat, F., Tartar, L.: H-convergence. In [24], pp. 21–44
44. Nguetseng, G.: A general convergence result for a functional related to the theory of homoge-

nization. S.I.A.M. J. Math. Anal. 20, 608–623 (1989)
45. Nguetseng, G.: Homogenization structures and applications. I. Zeit. Anal. Anwend. 22,

73–107 (2003)
46. Nguetseng, G.: Homogenization structures and applications. II. Z. Anal. Anwendungen 23,

483–508 (2004)
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