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Abstract

The aim of this paper is to give two characterizations of approximate controllability of
a controlled linear stochastic differential equation. The first characterization can be for-
mulated by saying that an ad hoc backward stochastic differential equation has only one
solution which is constant equal to zero. The second criterion for approximate controllabil-
ity - which is the main result of the present Note - says that the only invariant (or viable)
set contained in a suitable linear space is the trivial space 0. A explicit way for checking the
invariance (or viability) of a linear space is provided. We emphasize that the characterization
of approximate controllability is easily computable.

Keywords: Stochastic Viability, Stochastic Control, Controllability, Backward Stochastic Dif-
ferential Equation.

1 Statement of the Problem and of the Main Result

The objective of the paper is to study controllability for the following linear stochastic
differential equation :





dy(t) =
(
Ay(t)dt + Bu(t)

)
dt +

m∑

i=1

Ciy(t)dβi(t)

y(0) = x,

(1.1)

where A ∈ L(Rn,Rn), B ∈ L(Rd,Rn), Ci ∈ L(Rn,Rn), i = 1, ..., m, and the processes
{β1, ..., βm, i=1,...,m} are independent Brownian motions defined on a complete probability
space (Ω, E ,P). We denote by {Ft : t ≥ 0} the filtration they generate, augmented with all
P-null sets of E .

A process u : Ω × [0, +∞[→ Rd is said to be an admissible control if it is (Ft)-predictable
and such that E

∫ T
0 |u(s)|2ds < +∞, for all T > 0 .

As it is well known, under the above assumptions, for all initial datum x ∈ Rn and all
admissible control u, equation (1.1) (intended in Ito sense) admits a unique predictable solution
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y with continuous trajectories. Moreover, this solution is square integrable over all compact
time intervals, i.e., for all T > 0, E sups∈[0,T ] |y(s)|2 < +∞. Such a solution (representing the
state in the system) will be denoted by y(·, x, u).

Definition 1.1 We say that equation (1.1) is approximately controllable if for all x ∈ Rn, all
T > 0, all η ∈ L2(Ω,FT ,P,Rn) and all ε > 0 there exists an admissible control u such that
E|y(T, x, u)− η|2 ≤ ε.

Moreover, we say that equation (1.1) is approximately null controllable if the above condition
holds in the particular case η = 0.

We also give the following definition

Definition 1.2 Given m + 1 linear operators L,M1, ...,Mm ∈ L(Rn,Rn), a linear subspace
V ⊂ Rn is said to be (L; M1, ..., Mm)-strictly invariant if LV ⊂ Span〈V, M1V, ...,MmV 〉.

Remark 1.1 We notice that V ⊂ Rn is (L;M1, ...,Mm)-strictly invariant if and only if there
exists operators K1, ..., Km ∈ L(Rn,Rn) such that KiV ⊂ V and (L+M1K1+...+MmKm)V ⊂ V
or, equivalently, if and only if for all v ∈ V there exist w1, ..., wm ∈ V such that Lv + M1w1 +
... + Mmwm ∈ V .

Remark 1.2 Given an arbitrary linear subspace V ⊂ Rn it is easy to compute the largest
linear subspace of V which is (L; M1, ...Mm)-strictly invariant (see also [17] and [12] for similar
computations in wider generality). Indeed, if we put

V0 = V ; Vi+1 = {v ∈ Vi : Lv ∈ Span〈Vi,M1Vi, ..., MmVi〉} = L−1(Span〈Vi,M1Vi, ...,MmVi〉)∩Vi,

then Vn is the required maximal (L; M1, ..., Mm)-strictly invariant subspace of V .

Let us now present the main result of the present paper:

Theorem 1.3 The following assertions are equivalent:

1. Equation (1.1) is approximately controllable.

2. Equation (1.1) is approximately null controllable.

3. The largest (A∗;C∗
1 , ..., C∗

m)-strictly invariant subspace of KerB∗ is the origin.

Remark 1.4 Remark 1.2 implies that condition 3 is easily computable.

2 Remarks on Related Literature

In [7] (see also [9]) S.Peng has studied the ‘exact controllability’ and ‘exact terminal control-
lability’ of the following stochastic linear equation with control acting on the noise term as
well:

dy(t) =
(
Ay(t)dt + Bu(t)

)
dt +

(
Cy(t) + Du(t)

)
dβ(t). (2.1)

In particular in [7] it is shown that equation (2.1) is exactly terminal controllable (that is for each
final condition η in L2(Ω,FT ,P,Rn) there exists an initial datum y(0) in Rn and an admissible
control u such that y(T ) = η, P-a.s.) if and only if D has full rank. Then algebraic conditions of
Kalman type under which equation (2.1) with full rank D is exactly terminal controllable (that
is each final condition can be exactly replicated starting from any initial datum . Our result can
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bee seen as a counterpart of the ones described above. Namely here we do not allow the control
to act on the noise (D = 0 in (2.1). Consequently we can not expect to have exact terminal
controllability (nor, a fortiori, exact controllability). Nevertheless we prove that, if we weaken
our request from exact to approximate controllability, then the condition can be satisfied and
in particular if satisfied if and only if computable algebraic conditions on A, B, and C hold.

We also notice that Definition 1.2 is a modification of the definition of (A,B) invariant sub-
spaces that has been introduced in [17] and then generalized in [12], [13], [14]. In particular in
[16] this last concept was used to obtain, by algebraic Riccati equation methods, a characteriza-
tion of stochastic linear equations admitting a feedback that stabilizes the system for all noise
intensities.

Finally we notice that the property of approximate controllability treated here is tightly
connected to the one of exact null controllability. See [10] relation between this last property
and backward stochastic differential equations or Riccati equations, both in finite in in infinite
dimensional spaces; moreover see [3] for a review on partial result in the direction of proving
null controllability of specific infinite dimensional stochastic evolution equations.

3 The Dual Equation

Let us consider the following backward stochastic differential equation




dp(t) = −
(
A∗p(t) +

m∑

i=1

C∗
i qi(t)

)
dt +

m∑

i=1

qi(t)dβi(t)

p(T ) = η.

(3.1)

It is shown in [8] (se also [1] and [2] for earlier results in the control theory framework) that for
all T > 0 and all η ∈ L2(Ω,FT ,P,Rn) there exists a unique m+1-tuple of Rn-valued predictable
processes (p, q1, ..., qm) such that equation (3.1) is satisfied, p has continuous trajectories and it
holds

E sup
s∈[0,T ]

|p(s)|2 < +∞, E
∫ T

0
|qi(s)|2ds < +∞, i = 1, ..., m.

The following proposition specifies the connection between the above equation and control-
lability of equation (1.1).

Proposition 3.1 Equation (1.1) is approximately controllable if and only if for all T > 0, every
solution to equation (3.1) verifying B∗p(s) = 0, P-a.s., ∀s ∈ [0, T ] is trivial, (i.e., is such that
p(s) = 0, P-a.s. for all s ∈ [0, T ]).

Moreover, equation (1.1) is approximately null controllable if and only if for all T > 0, every
solution to equation (3.1) satisfying B∗p(s) = 0, P-a.s., ∀s ∈ [0, T ], also verifies p(0) = 0.

Proof. For fixed T > 0 we deduce from Itô’s formula that

d〈p(s), y(s, x, u))〉 = 〈p(s), Bu(s)〉ds +
m∑

i=1

(〈qi(s), y(s, x, u)〉+ 〈p(s), Ciy(s, x, u)〉) dβi(s),

where 〈 · , · 〉 denotes the inner product in Rn. Since

E
(∫ T

0

(〈qi(s), y(s, x, u)〉+ 〈p(s), Ciy(s, x, u)〉)2
ds

)1/2

< +∞, i = 1, ...,m,



4

we can compute the mean value and obtain

E〈p(T ), y(T, x, u))〉 − E〈p(0), x)〉 = E
∫ T

0
〈p(s), Bu(s)〉ds. (3.2)

Let L2
P([0, T ],Rd) be the space of all predictable processes u : Ω × [0,+∞[→ Rd satisfying

E
∫ T
0 |u(s)|2ds < +∞, endowed with the natural norm, and define the linear operator

MT : L2
P([0, T ],Rd) → L2(Ω,FT ,P,Rn), MT u := y(T, u, 0). (3.3)

It is evident that equation (1.1) is approximately controllable if and only if, for all T > 0, the
image of MT is dense in L2(Ω,FT ,P,Rn). Moreover by relation (3.2) (with x = 0 and p(T )
being equal to an arbitrary η ∈ L2(Ω,FT ,P,Rn) we deduce that M∗

T η = B∗p. The first part of
the claim follows by observing that the image of MT is dense if and only if the kernel of M∗

T

is trivial and by noticing that, thanks to the uniqueness and the continuity of the solution to
equation (3.1), η = 0 if and only if p(s) = 0 P-a.s. for all s ∈ [0, T ].

As far as the second part of the proposition is concerned we introduce the linear operator

LT : Rd → L2(Ω,FT ,P,Rn), LT x := y(T, 0, x). (3.4)

and notice that equation (1.1) is approximately null controllable if and only if, for all T > 0,
LT [Rn] ⊂ MT [L2

P([0, T ],Rd)].
Then again by relation (3.2) (now with u = 0) we get that L∗T η = p(0), and the claim follows

recalling that LT [Rn] ⊂ MT [L2
P([0, T ],Rd)] if and only if Ker[M∗

T ] ⊂ Ker[L∗T ].

Now we interprete equation (3.1) as a forward equation. More precisely, we consider the equation:




dp(t) = −
(
A∗p(t) +

m∑

i=1

C∗
i qi(t)

)
dt +

m∑

i=1

qi(t)dβi(t)

p(0) = θ.

(3.5)

For all θ ∈ Rn and qi ∈ L2
P([0, T ],Rd), i = 1, ...., m, there exists a unique predictable solution

p with continuous trajectories verifying, for all T > 0, E sups∈[0,T ] |p(s)|2 ds < +∞. We denote
this solution by p(·, q1, ..., qm, θ).

By existence and uniqueness of solutions to equation (3.1) we get that for all T > 0 and
η ∈ L2(Ω,FT ,P,Rn), there exists unique θ ∈ Rn and unique qi ∈ L2

P([0, T ],Rd), i = 1, ...., m
such that p(·, q1, ..., qm, θ) = η. Thus Proposition 3.1 can be reformulated as follows:

Proposition 3.2 Equation (1.1) is approximately controllable if and only if for all T > 0, all
θ ∈ Rn and all qi ∈ L2

P([0, T ],Rd), i = 1, ...., m, for which B∗p(s, q1, ..., qm, θ) = 0, P-a.s.
∀s ∈ [0, T ] it holds p(s, q1, ..., qm, θ) = 0, P-a.s. ∀s ∈ [0, T ].

Moreover equation (1.1) is approximately null controllable if and only if for all T > 0, all
θ ∈ Rn and all qi ∈ L2

P([0, T ],Rd), i = 1, ...., m, such that B∗p(s, q1, ..., qm, θ) = 0, P-a.s.
∀s ∈ [0, T ], it holds θ = 0.

4 Local in Time Viability

Proposition 3.2 justifies our interest in the following concept:
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Definition 4.1 A linear subspace V ⊂ Rn is said to be locally in time viable (l.i.t.v.) with
respect to equation (2.5) if for all θ ∈ V there exists a T > 0 and qi ∈ L2

P([0, T ],Rd), i = 1, ....,m,
such that p(s, q1, ..., qm, θ) ∈ V P-a.s. for all s ∈ [0, T ].

Moreover, the set of all θ ∈ V for which there exists a T > 0 and qi ∈ L2
P([0, T ],Rd),

i = 1, ....,m, such that p(s, q1, ..., qm, θ) ∈ V P-a.s. for all s ∈ [0, T ], is called the local viability
kernel of V

Note that the above notion of local (in time) viability slightly differs from the local (in space)
viability defined and studied in [6].

We recall here some basic facts on Riccati equations and linear quadratic optimal control related
to equation (3.5). The reader can find proofs (in a much wider generality) for instance in [17]
or [18].

For an arbitrarily fixed subspace V ⊂ Rn let ΠV denote the orthogonal projection on V . For all
N ≥ 1, we consider the following Riccati equation with values in L(Rn,Rn):





P ′
N (s) = −APN (s)− PN (s)A∗ −

m∑

i=1

PN (s)C∗
i [I + PN (s)]−1CiPN (s) + NΠV , t ≥ 0,

PN (0) = 0.
(4.1)

The above equation admits a unique continuous solution with values in the cone of linear sym-
metric non-negative operators in Rn. Moreover, forall t > 0 the sequence {PN (t) : N ∈ N}
increases in N .

The following equation, satisfied for all 0 ≤ t ≤ T , is known as fundamental relation:

E〈PN (T − t)pt, pt〉 = E

∫ T

t

[
N |ΠV ps|2 +

m∑

i=1

|qi(s)|2
]

ds

−
m∑

i=1

E
∫ T

t

∣∣∣[I + PN (T − s)]1/2
[
[I + PN (T − s)]−1CiP (T − s)p(s)− qi(s)

]∣∣∣
2
ds

(4.2)

where we use the short-writing ps = p(s, q1, ..., qm, θ). This relation is got by applying Itô’s
formula to the product of PN (T − t)pt with pt.

Using (4.2) one can immediately deduce that

〈PN (T )θ, θ〉 ≤ E
∫ T

0

[
N |ΠV p(s, q1, ..., qm, θ)|2 +

m∑

i=1

|qi(s)|2
]

ds (4.3)

for arbitrary qi ∈ L2
P([0, T ],Rd), i = 1, ....,m.

Moreover for all θ ∈ Rn there exist suitable qi ∈ L2
P([0, T ],Rd), i = 1, ...., m, for which the

second term in (4.2) vanishes:

〈PN (T )θ, θ〉 = E
∫ T

0

[
N |ΠV p(s, q1, ..., qm, θ)|2 +

m∑

i=1

|qi(s)|2
]

ds (4.4)

We will call these controls qi ∈ L2
P([0, T ],Rd), i = 1, ...., m optimal.

Proposition 4.1 The viability kernel of V with respect to equation (2.5) has the following
representation: {

θ ∈ V |∃T > 0 : lim
N→∞

〈PN (T )θ, θ〉 < +∞
}

. (4.5)
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Proof. If θ is in the viability kernel and qi ∈ L2
P([0, T ],Rd), i = 1, ...., m are such that

p(s, q1, ..., qm, θ) ∈ V , P-a.s., for all s ∈ [0, T ] then by (4.3) 〈PN (T )θ, θ〉 ≤ ∑m
i=1 E

∫ T
0 |qi(s)|2ds

∀N ∈ N.
Vice versa, choosing for every N ∈ N the optimal set of controls (q1

N , ..., qm
N ) we get

〈PN (T )θ, θ〉 = E
∫ T

0

[
N |ΠV p(s, q1, ..., qm

N , θ)|2 +
m∑

i=1

|qi
N (s)|2

]
ds.

Thus the sequences {qi
N : N ∈ N}, i = 1, ...,m, are bounded in L2

P([0, T ],Rd) and, consequently,
for a suitable subsequence of {(q1

N , . . . , qm
N ) : N ∈ N} (that, abusing notations, will still be

denoted by {(q1
N , . . . , qm

N ) : N ∈ N}) we can assume that, for some qi in L2
P([0, T ],Rd), i =

1, ...,m, qi
N ⇀ qi weakly in L2

P([0, T ],Rd). Moreover, since equation (3.5) is affine in q1,...,qm

we have p(s, q1
N , ..., qm

N , θ) ⇀ p(s, q1, ..., qm, θ).
Consequently, by (4.4)

〈PN (T )θ, θ〉 ≥ NE
∫ T

0
|ΠV p(s, q1

N , ..., qm
N , θ)|2ds

and we can conclude ΠV p(s, q1
, ..., q

m
, θ) = 0, P-a.s. for every s ∈ [0, T ].

The next result that will be essential in the following, is now very easy to prove. See [11] for
a different proof in a much more general nonlinear situation but with bounded control space.
While in [11], the viability kernel is always closed. This is not necessarily the case in our concept
(when the set is not a finite dimensional linear space).

Theorem 4.2 The viability kernel of an arbitrary subspace V ⊂ Rn is locally in time viable.

Proof. Fix θ in the viability kernel and let T > 0 and qi ∈ L2
P([0, T ],Rd), i = 1, ...., m such

that p(s, q1, ..., qm, θ) ∈ V , P-a.s. for every s ∈ [0, T ]. Then, for every t < T , by (4.2)

E〈PN (T − t)p(t, q1, ..., qm, θ), p(t, q1, ..., qm, θ)〉 ≤
m∑

i=1

E
∫ T

t
|qi(s)|2ds.

Thus, by monotone convergence, E limN+∞〈PN (T − t)p(t, q1, ..., qm, θ), p(t, q1, ..., qm, θ)〉 < +∞
and we can conclude with the help of Proposition 4.1 that p(t, q1, ..., qm, θ) belongs, P-a.s. to
the viability kernel of V .

Remark 4.3 In the above argument we prove something more precise then the claim of the
theorem. Namely we show that for all θ in the viability kernel of V , all T > 0, and all qi ∈
L2
P([0, T ],Rd), i = 1, ...., m, for which {p(s, q1, ..., qm, θ), s ∈ [0, T ]} ⊂ V , P-a.s. , we even have

that {p(s, q1, ..., qm, θ), s ∈ [0, T ]} is P-almost surely a subset of the viability kernel of V .

5 Proof of the Main Result

We start by showing that our problem can now be reduced to the computation of a viability
kernel.

Theorem 5.1 The following assertions are equivalent:

1. Equation (1.1) is approximately controllable.
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2. Equation (1.1) is approximately null controllable.

3. The viability kernel of KerB∗ is trivial (i.e., it contains only the origin).

Proof. 2 ⇔ 3 is just a reformulation of Proposition 3.2. Moreover 1 ⇒ 2 is evident by definition.
Thus it remains to prove that 3 ⇒ 1. This will be done by exploiting Proposition 3.2.

Assume that the viability kernel of KerB∗ is trivial and let qi ∈ L2
P([0, T ],Rd), i = 1, ...., m,

such that p(s, q1, ..., qm, θ) ∈ KerB∗, P-a.s. for every s ∈ [0, T ]. Then we know that θ = 0 but
also, see Remark 4.3, that p(s, q1, ..., qm, θ) belongs to the viability kernel of KerB∗. But since
this last set coincides with the origin we conclude that p(s, q1, ..., qm, θ) = 0, P-a.s. for all s in
[0, T ].

Then we only need to characterize the local in time viability in an explicit way. We refer the
reader to [4] and to the appendix of [5] for other characterizations of stochastic viability for
nonlinear systems with bounded control space.

Theorem 5.2 A subspace V ⊂Rn is locally in time viable if and only if it is (A∗; C∗
1 , ..., C∗

m)-
strictly invariant.

Proof. We start proving that any (A∗; C∗
1 , ..., Cm)-strictly invariant subspace is locally in time

viable.
For this we just notice that there exist linear operators Ki, i = 1, ...m such that KiV ⊂ V

and (A∗ + C∗
1K1 + ... + C∗

mKm)V ⊂ V . Thus, for any θ ∈ V , we consider the following forward
linear equation:





dp̃(t) = −
(
A∗ +

m∑

i=1

C∗
i Ki

)
p̃(t)dt +

m∑

i=1

Kip̃(t)dβi(t),

p̃(0) = θ,

which solution p̃ is clearly in V . If then we set qi = Kip̃ then p(t, q1, ..., qm, θ) = p̃(t) ∈ V for all
t > 0.

Vice versa, assume now that {p(s, q1, ..., qm, θ), s ∈ [0, T ]} ⊂ V P-a.s., for suitable θ in V , T > 0
and qi in L2

P([0, T ],Rd), i = 1, ...., m.
If we multiply equation (3.5) by (I −ΠV ) and write pt = p(t, q1, ..., qm, θ), we get:





d(I −ΠV )pt = −(I −ΠV )
(
A∗pt +

m∑

i=1

C∗
i qi(t)

)
dt +

m∑

i=1

(I −ΠV )qi(t)dβi(t),

p(0) = θ.

(5.1)

Since (I−ΠV )pt = 0, P-a.s. for every t > 0, a successive computation of the quadratic variation
in [0, t] of the components of (I − ΠV )p(t) yields

∫ t
0 |(I − ΠV )qi(s)|2ds = 0, P-a.s. for every

t ∈ [0, T ], i = 1 ... ,m. Thus qi
s ∈ V , P-a.s. for almost every s ∈ [0, T ].

Coming back to equation (5.1) we get (I − ΠV )
(
A∗p(t) +

∑m
i=1 C∗

i qi(t)
)

= 0, P-a.s. for
almost every t ∈ [0, T ]. If now W is the linear space

{
θ ∈ V |∃ξ1, ...ξm ∈ V : A∗θ +

m∑

i=1

C∗
i ξi ∈ V

}
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we have ps ∈ W P-a.s. for almost every t ∈ [0, T ]. But since p has continuous trajectories and
W is closed we get θ ∈ W and this completes the proof.

Let us conclude the proof of Theorem 1.3.

By Theorem 4.2, the viability kernel of KerB∗ is locally in time viable thus, by Theorem 5.2,
it is (A∗; C∗

1 , ..., C∗
m)-strictly invariant. Viceversa, again by Theorem 5.2, any (A∗; C∗

1 , ..., C∗
m)-

strictly invariant subspace of KerB∗ is locally in time viable and consequently included in the
viability kernel of KerB∗. So we can conclude that the viability kernel of KerB∗ is the largest
(A∗;C∗

1 , ..., C∗
m)-strictly invariant subspace of KerB∗. The claim follows immediately by Theo-

rem 5.1.
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