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Hochschild (co)homology

Let C be a category;

EndFun( )id
HH ( ) = ExtEndFun( )(id ; id )HH ( ) = TorEndFun( )(id ; id ) EndFun( )Tor ExtEndFun( )
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Definition:HH•(C) = Ext•EndFun(C)(idC ; idC) — cohomology ;HH•(C) = TorEndFun(C)• (idC ; idC) — homology .

Problem: In general, category EndFun(C) does not have
the structure to define Tor and Ext.
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Hochschild (co)homology

Let C be a category;EndFun(C) — the category of C-endofunctors;idC — identity endofunctor;

Definition:HH•(C) = Ext•EndFun(C)(idC ; idC) — cohomology ;HH•(C) = TorEndFun(C)• (idC ; idC) — homology .

Problem: In general, category EndFun(C) does not have
the structure to define Tor and Ext.
Solution: Replace EndFun(C) by an appropriate category
which has necessary structure.

Hochschild homology and cohomology of admissible subcategories – p. 3/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

= Mod(A) AEndFun( ) Mod(A A ) Aid = AHH (A) = ExtMod(A A )(A;A)HH (A) = TorMod(A A )(A;A)

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(A) — modules over an algebra A;

EndFun( ) Mod(A A ) Aid = AHH (A) = ExtMod(A A )(A;A)HH (A) = TorMod(A A )(A;A)

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(A) — modules over an algebra A;EndFun(C) Mod(A⊗ A◦) — A-bimodules;

id = AHH (A) = ExtMod(A A )(A;A)HH (A) = TorMod(A A )(A;A)

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(A) — modules over an algebra A;EndFun(C) Mod(A⊗ A◦) — A-bimodules;idC = A — the diagonal bimodule;

HH (A) = ExtMod(A A )(A;A)HH (A) = TorMod(A A )(A;A)

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(A) — modules over an algebra A;EndFun(C) Mod(A⊗ A◦) — A-bimodules;idC = A — the diagonal bimodule;HH•(A) = Ext•Mod(A⊗A◦)(A;A);

HH (A) = TorMod(A A )(A;A)

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(A) — modules over an algebra A;EndFun(C) Mod(A⊗ A◦) — A-bimodules;idC = A — the diagonal bimodule;HH•(A) = Ext•Mod(A⊗A◦)(A;A);HH•(A) = TorMod(A⊗A◦)
• (A;A).

Hochschild homology and cohomology of admissible subcategories – p. 4/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

= Mod(B) BEndFun( ) Mod(B B ) Bid = BHH (B) = ExtMod(B B )(B;B)HH (B) = TorMod(B B )(B;B)

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(B) — DG-modules over a DG-algebra B;

EndFun( ) Mod(B B ) Bid = BHH (B) = ExtMod(B B )(B;B)HH (B) = TorMod(B B )(B;B)

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(B) — DG-modules over a DG-algebra B;EndFun(C) Mod(B ⊗B◦) — B-DG-bimodules;

id = BHH (B) = ExtMod(B B )(B;B)HH (B) = TorMod(B B )(B;B)

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(B) — DG-modules over a DG-algebra B;EndFun(C) Mod(B ⊗B◦) — B-DG-bimodules;idC = B — the diagonal bimodule;

HH (B) = ExtMod(B B )(B;B)HH (B) = TorMod(B B )(B;B)

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(B) — DG-modules over a DG-algebra B;EndFun(C) Mod(B ⊗B◦) — B-DG-bimodules;idC = B — the diagonal bimodule;HH•(B) = Ext•Mod(B⊗B◦)(B;B);

HH (B) = TorMod(B B )(B;B)

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Differential graded algebras

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Mod(B) — DG-modules over a DG-algebra B;EndFun(C) Mod(B ⊗B◦) — B-DG-bimodules;idC = B — the diagonal bimodule;HH•(B) = Ext•Mod(B⊗B◦)(B;B);HH•(B) = TorMod(B⊗B◦)
• (B;B).

Hochschild homology and cohomology of admissible subcategories – p. 5/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

= b(X) XEndFun( ) b(X X)id = � XHH (X) = Ext b(X X)(� X ;� X)HH (X) = Tor b(X X)(� X ;� X)

Hochschild homology and cohomology of admissible subcategories – p. 6/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Db(X) — bounded derived category of coherent
sheaves on a scheme X;

EndFun( ) b(X X)id = � XHH (X) = Ext b(X X)(� X ;� X)HH (X) = Tor b(X X)(� X ;� X)

Hochschild homology and cohomology of admissible subcategories – p. 6/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Db(X) — bounded derived category of coherent
sheaves on a scheme X;EndFun(C) Db(X ×X) — Fourier–Mukai functors;

id = � XHH (X) = Ext b(X X)(� X ;� X)HH (X) = Tor b(X X)(� X ;� X)

Hochschild homology and cohomology of admissible subcategories – p. 6/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Db(X) — bounded derived category of coherent
sheaves on a scheme X;EndFun(C) Db(X ×X) — Fourier–Mukai functors;idC = �∗OX — the structure sheaf of the diagonal;

HH (X) = Ext b(X X)(� X ;� X)HH (X) = Tor b(X X)(� X ;� X)

Hochschild homology and cohomology of admissible subcategories – p. 6/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Db(X) — bounded derived category of coherent
sheaves on a scheme X;EndFun(C) Db(X ×X) — Fourier–Mukai functors;idC = �∗OX — the structure sheaf of the diagonal;HH•(X) = Ext•Db(X×X)(�∗OX ;�∗OX);

HH (X) = Tor b(X X)(� X ;� X)

Hochschild homology and cohomology of admissible subcategories – p. 6/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Schemes

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = Db(X) — bounded derived category of coherent
sheaves on a scheme X;EndFun(C) Db(X ×X) — Fourier–Mukai functors;idC = �∗OX — the structure sheaf of the diagonal;HH•(X) = Ext•Db(X×X)(�∗OX ;�∗OX);HH•(X) = TorDb(X×X)
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Compatibility

X a scheme,

b(X)b(X)

B = RHom ( ; )b(X) = perf(B) B

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),

b(X)

B = RHom ( ; )b(X) = perf(B) B

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of cones

B = RHom ( ; )b(X) = perf(B) B

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of conesB = RHom•(E ; E) — DG-algebra of endomorphisms.

b(X) = perf(B) B

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of conesB = RHom•(E ; E) — DG-algebra of endomorphisms.

Then Db(X) ∼= Dperf(B) (perfect B-DG-modules.)

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of conesB = RHom•(E ; E) — DG-algebra of endomorphisms.

Then Db(X) ∼= Dperf(B) (perfect B-DG-modules.)

One proves that

HH (X) = HH (B)HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of conesB = RHom•(E ; E) — DG-algebra of endomorphisms.

Then Db(X) ∼= Dperf(B) (perfect B-DG-modules.)

One proves thatHH•(X) = HH•(B) and

HH (X) = HH (B)

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Compatibility

X a scheme,

E — a strong generator of Db(X),
i.e. every object of Db(X) can be obtained from E by shifts, finite direct
sums, direct summands, and a uniformly bounded number of conesB = RHom•(E ; E) — DG-algebra of endomorphisms.

Then Db(X) ∼= Dperf(B) (perfect B-DG-modules.)

One proves thatHH•(X) = HH•(B) andHH•(X) = HH•(B).

Hochschild homology and cohomology of admissible subcategories – p. 7/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Geometrical sense

Let X be a smooth scheme.

HHk(X) = q+p=kHq(X;�pTX);

HHk(X) = q p=kHq(X;
pX);
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Geometrical sense

Let X be a smooth scheme.

Theorem (Hochschild–Kostant–Rosenberg):

There are isomorphismsHHk(X) = ⊕q+p=kHq(X;�pTX);

HHk(X) = ⊕q−p=kHq(X;
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General triangulated categories

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

=EndFun( ) Tor Ext EndFun( )HH ( ) HH ( )
b(X)
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General triangulated categories

HH•(C) = Ext•EndFun(C)(idC ; idC), HH•(C) = TorEndFun(C)• (idC ; idC)

C = T — arbitrary triangulated category;EndFun(T ) is not triangulated

cannot compute Tor-s and Ext-s in EndFun(T ).
In general, HH•(T ) and HH•(T ) are not defined.

However, one can make a definition for an important
class of triangulated categories:

admissible subcategories of Db(X).
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Admissible subcategories

T — k-linear triangulated category,

� :

�� :�! : E Hom(E;E) = k Ext=0(E;E) = 0� : b(k) V V k E� : F RHom(F;E) �! : F RHom(E;F )Hom
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Admissible subcategories

T — k-linear triangulated category,� : A → T — full triangulated subcategory.
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the embedding functor � admits adjoint functors
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Admissible subcategories

T — k-linear triangulated category,� : A → T — full triangulated subcategory.

Definition: A is admissible , if

the embedding functor � admits adjoint functors�∗ : T → A — left adjoint and�! : T → A — right adjoint.
Example: If E ∈ T is an exceptional object (Hom(E;E) = k, Ext 6=0(E;E) = 0),
then the functor � : Db(k) → T , V • 7→ V • ⊗k E is fully faithful and
admits adjoint functors �∗ : F 7→ RHom(F;E)∗, �! : F 7→ RHom(E;F ),
if T has finite-dimensional Hom-spaces.
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

1; : : : ; mHom( i; j) = 0 i > jT0 = Tm Tm 1 T1 T0 = TCone(Ti Ti 1) i

0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i= 1; : : : ; m
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.

Hom( i; j) = 0 i > jT0 = Tm Tm 1 T1 T0 = TCone(Ti Ti 1) i

0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i= 1; : : : ; m
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.Hom(Ai;Aj) = 0 for i > j (semiorthogonality ), and

T0 = Tm Tm 1 T1 T0 = TCone(Ti Ti 1) i

0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i= 1; : : : ; m
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.Hom(Ai;Aj) = 0 for i > j (semiorthogonality ), and

for any object T ∈ T there is a chain of maps0 = Tm → Tm−1 → · · · → T1 → T0 = T , such that

Cone(Ti Ti 1) i

0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i= 1; : : : ; m

Hochschild homology and cohomology of admissible subcategories – p. 11/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.Hom(Ai;Aj) = 0 for i > j (semiorthogonality ), and

for any object T ∈ T there is a chain of maps0 = Tm → Tm−1 → · · · → T1 → T0 = T , such thatCone(Ti → Ti−1) ∈ Ai

0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i= 1; : : : ; m
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.Hom(Ai;Aj) = 0 for i > j (semiorthogonality ), and

for any object T ∈ T there is a chain of maps0 = Tm → Tm−1 → · · · → T1 → T0 = T , such thatCone(Ti → Ti−1) ∈ Ai
In other words, there is a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1

����
�
�
�
�

// T0

����
�
�
�
�

T

Am
YY

: : : A2
XX

A1

XX with

triangles being distinguished and Ai ∈ Ai.

= 1; : : : ; m
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Semiorthogonal decompositions

Definition: A semiorthogonal decomposition of T

is a collection of subcategories A1; : : : ;Am ⊂ T , s.t.Hom(Ai;Aj) = 0 for i > j (semiorthogonality ), and

for any object T ∈ T there is a chain of maps0 = Tm → Tm−1 → · · · → T1 → T0 = T , such thatCone(Ti → Ti−1) ∈ Ai
In other words, there is a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1

����
�
�
�
�

// T0

����
�
�
�
�

T

Am
YY

: : : A2
XX

A1

XX with

triangles being distinguished and Ai ∈ Ai.
Notation: T = 〈A1; : : : ;Am〉 — s.o.d.
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

Hom( i; j) = 0 i > j= 1; : : : ; m; 1; : : : ; m= 1; : : : ; m ; 1; : : : ; mb(X) = 1; : : : ; mX1; : : : ; m
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

= 1; : : : ; m; 1; : : : ; m= 1; : : : ; m ; 1; : : : ; mb(X) = 1; : : : ; mX1; : : : ; m

Hochschild homology and cohomology of admissible subcategories – p. 12/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

T = 〈A1; : : : ;Am;⊥〈A1; : : : ;Am〉〉 and

= 1; : : : ; m ; 1; : : : ; mb(X) = 1; : : : ; mX1; : : : ; m
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

T = 〈A1; : : : ;Am;⊥〈A1; : : : ;Am〉〉 and

T = 〈〈A1; : : : ;Am〉⊥;A1; : : : ;Am〉 — s.o.d.

b(X) = 1; : : : ; mX1; : : : ; m
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

T = 〈A1; : : : ;Am;⊥〈A1; : : : ;Am〉〉 and

T = 〈〈A1; : : : ;Am〉⊥;A1; : : : ;Am〉 — s.o.d.

If Db(X) = 〈A1; : : : ;Am〉 is a s.o.d.,

X1; : : : ; m
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

T = 〈A1; : : : ;Am;⊥〈A1; : : : ;Am〉〉 and

T = 〈〈A1; : : : ;Am〉⊥;A1; : : : ;Am〉 — s.o.d.

If Db(X) = 〈A1; : : : ;Am〉 is a s.o.d.,X — smooth and projective, then

1; : : : ; m
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Relations

A1; : : : ;Am ⊂ T — admissible subcategoires.

If semiorthogonal (Hom(Ai;Aj) = 0 for i > j), then

T = 〈A1; : : : ;Am;⊥〈A1; : : : ;Am〉〉 and

T = 〈〈A1; : : : ;Am〉⊥;A1; : : : ;Am〉 — s.o.d.

If Db(X) = 〈A1; : : : ;Am〉 is a s.o.d.,X — smooth and projective, then

A1; : : : ;Am are admissible subcategories.
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

X 5X = X ; X(1); X(2) b(X)X
Y 5Q X Yi : E X E = QX = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold.

X = X ; X(1); X(2) b(X)X
Y 5Q X Yi : E X E = QX = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold. Put
AX = 〈OX ;OX(1);OX(2)〉⊥ ⊂ Db(X).

X
Y 5Q X Yi : E X E = QX = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold. Put
AX = 〈OX ;OX(1);OX(2)〉⊥ ⊂ Db(X).
Then AX is admissible, can be thought of as the
derived category of a noncommutative K3-surface.

Y 5Q X Yi : E X E = QX = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold. Put
AX = 〈OX ;OX(1);OX(2)〉⊥ ⊂ Db(X).
Then AX is admissible, can be thought of as the
derived category of a noncommutative K3-surface.

Example: Y ⊂ P5 — a cone over a 3-dimensional
smooth quadric Q,

X Yi : E X E = QX = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold. Put
AX = 〈OX ;OX(1);OX(2)〉⊥ ⊂ Db(X).
Then AX is admissible, can be thought of as the
derived category of a noncommutative K3-surface.

Example: Y ⊂ P5 — a cone over a 3-dimensional
smooth quadric Q, X → Y — the blowup of the vertex,i : E → X — exceptional divisor, E ∼= Q.

X = i E ; i E(1) b(X)Y
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What are they for?

Admissible subcategories of derived categories
of coherent sheaves can be thought of as
derived categories of noncommutative varieties.

Example: Let X ⊂ P5 be a smooth cubic fourfold. Put
AX = 〈OX ;OX(1);OX(2)〉⊥ ⊂ Db(X).
Then AX is admissible, can be thought of as the
derived category of a noncommutative K3-surface.

Example: Y ⊂ P5 — a cone over a 3-dimensional
smooth quadric Q, X → Y — the blowup of the vertex,i : E → X — exceptional divisor, E ∼= Q.

Then AX = 〈i∗OE ; i∗OE(1)〉⊥ ⊂ Db(X) is admissible,
can be thought of as the derived category of a crepant
noncommutative resolution of Y .
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).

EndFun( b(X)) b(X X)EndFun( )b(X X)b(X) = m; : : : ; 1EndFun( i) i i b(X X)b(X X)ib(X) i
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).
We replace EndFun(Db(X)) by Db(X ×X).

EndFun( )b(X X)b(X) = m; : : : ; 1EndFun( i) i i b(X X)b(X X)ib(X) i
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).
We replace EndFun(Db(X)) by Db(X ×X).
It is natural to replace EndFun(A) by an appropriate full
triangulated subcategory of Db(X ×X).

b(X) = m; : : : ; 1EndFun( i) i i b(X X)b(X X)ib(X) i
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).
We replace EndFun(Db(X)) by Db(X ×X).
It is natural to replace EndFun(A) by an appropriate full
triangulated subcategory of Db(X ×X).

Actually, one can define a dual s.o.d. Db(X) = 〈Bm; : : : ;B1〉,
then EndFun(Ai) can be replaced by Ai ⊠B∨i ⊂ Db(X ×X).

b(X X)ib(X) i
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).
We replace EndFun(Db(X)) by Db(X ×X).
It is natural to replace EndFun(A) by an appropriate full
triangulated subcategory of Db(X ×X).

Actually, one can define a dual s.o.d. Db(X) = 〈Bm; : : : ;B1〉,
then EndFun(Ai) can be replaced by Ai ⊠B∨i ⊂ Db(X ×X).

Question: Which object in Db(X ×X) gives the identity
functor of Ai?

b(X) i
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HH for an admissible subcategory

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d., A = Ai ⊂ Db(X).
We replace EndFun(Db(X)) by Db(X ×X).
It is natural to replace EndFun(A) by an appropriate full
triangulated subcategory of Db(X ×X).

Actually, one can define a dual s.o.d. Db(X) = 〈Bm; : : : ;B1〉,
then EndFun(Ai) can be replaced by Ai ⊠B∨i ⊂ Db(X ×X).

Question: Which object in Db(X ×X) gives the identity
functor of Ai?
Answer: The kernel of the projection functor
Db(X) → Ai.
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Projection functor

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

T b(X)0 Tm Tm 1 : : : T2 T1 T0 T

Am : : : A2 A1Ai i

�i : b(X) i b(X) T Ai�i i = id i �i j = 0Pi b(X X)�i = �Pi
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Projection functor

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

For any object T ∈ Db(X) we have a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1
����
�
�
�
�

// T0
����
�
�
�
�

T

Am

YY

: : : A2
XX

A1
XX with

triangles being distinguished and Ai ∈ Ai.

�i : b(X) i b(X) T Ai�i i = id i �i j = 0Pi b(X X)�i = �Pi
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Projection functor

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

For any object T ∈ Db(X) we have a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1
����
�
�
�
�

// T0
����
�
�
�
�

T

Am

YY

: : : A2
XX

A1
XX with

triangles being distinguished and Ai ∈ Ai.
Definition: The projection functor�i : Db(X) → Ai ⊂ Db(X) is defined as T 7→ Ai .

�i i = id i �i j = 0Pi b(X X)�i = �Pi
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Projection functor

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

For any object T ∈ Db(X) we have a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1
����
�
�
�
�

// T0
����
�
�
�
�

T

Am

YY

: : : A2
XX

A1
XX with

triangles being distinguished and Ai ∈ Ai.
Definition: The projection functor�i : Db(X) → Ai ⊂ Db(X) is defined as T 7→ Ai .

Remark: We have �i|Ai = idAi, �i|Aj = 0.

Pi b(X X)�i = �Pi

Hochschild homology and cohomology of admissible subcategories – p. 15/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Projection functor

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

For any object T ∈ Db(X) we have a diagram0 Tm // Tm−1

����
�
�
�
�
�

// : : : // T2 // T1
����
�
�
�
�

// T0
����
�
�
�
�

T

Am

YY

: : : A2
XX

A1
XX with

triangles being distinguished and Ai ∈ Ai.
Definition: The projection functor�i : Db(X) → Ai ⊂ Db(X) is defined as T 7→ Ai .

Remark: We have �i|Ai = idAi, �i|Aj = 0.

Theorem: There is an object Pi ∈ Db(X ×X) s.t.�i ∼= �Pi (Fourier–Mukai functor).
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.

�1; : : : ; �m : b(X) b(X)P1; : : : ; Pm b(X X)

HH ( i) := Ext (Pi; Pi)HH ( i) := Tor (Pi; � Pi)� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;

P1; : : : ; Pm b(X X)

HH ( i) := Ext (Pi; Pi)HH ( i) := Tor (Pi; � Pi)� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

HH ( i) := Ext (Pi; Pi)HH ( i) := Tor (Pi; � Pi)� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:

HH ( i) := Ext (Pi; Pi)HH ( i) := Tor (Pi; � Pi)� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),

HH ( i) := Tor (Pi; � Pi)� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),HH•(Ai) := Tor•(Pi; �∗Pi).

� X X

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),HH•(Ai) := Tor•(Pi; �∗Pi).
(� is the permutation of factors in X ×X).

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),HH•(Ai) := Tor•(Pi; �∗Pi).
(� is the permutation of factors in X ×X).

Remark:

HH ( i)HH ( i)
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The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),HH•(Ai) := Tor•(Pi; �∗Pi).
(� is the permutation of factors in X ×X).

Remark:HH•(Ai) is a ring,

HH ( i)

Hochschild homology and cohomology of admissible subcategories – p. 16/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


The definition

Db(X) = 〈A1; : : : ;Am〉 — a s.o.d.�1; : : : ; �m : Db(X) → Db(X) — projection functors;P1; : : : ; Pm ∈ Db(X ×X) — their kernels.

Definition:HH•(Ai) := Ext•(Pi; Pi),HH•(Ai) := Tor•(Pi; �∗Pi).
(� is the permutation of factors in X ×X).

Remark:HH•(Ai) is a ring,HH•(Ai) is a module over it.
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Compatibility

If E is a strong generator for Db(X), then

i = �i( ) ii = perf(Bi) Bi = RHom ( i; i)perf(Bi Bi ) = i i b(X X)i i b(X X) PiBi perf(Bi Bi ) Pi b(X X)perf(Bi Bi ) b(X X)�
HH (Bi) = HH ( i) HH (Bi) = HH ( i)
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Compatibility

If E is a strong generator for Db(X), then

Ei = �i(E) is a strong generator for Ai;
Ai ∼= Dperf(Bi), where Bi = RHom•(Ei; Ei);

perf(Bi Bi ) = i i b(X X)i i b(X X) PiBi perf(Bi Bi ) Pi b(X X)perf(Bi Bi ) b(X X)�
HH (Bi) = HH ( i) HH (Bi) = HH ( i)
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Compatibility

If E is a strong generator for Db(X), then

Ei = �i(E) is a strong generator for Ai;
Ai ∼= Dperf(Bi), where Bi = RHom•(Ei; Ei);
Dperf(Bi ⊗ B◦i ) ∼= Ai ⊠ B∨i ⊂ Db(X ×X)

(Ai ⊠B∨i is the subcategory of Db(X ×X), where Pi lies);

Bi perf(Bi Bi ) Pi b(X X)perf(Bi Bi ) b(X X)�
HH (Bi) = HH ( i) HH (Bi) = HH ( i)
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Compatibility

If E is a strong generator for Db(X), then

Ei = �i(E) is a strong generator for Ai;
Ai ∼= Dperf(Bi), where Bi = RHom•(Ei; Ei);
Dperf(Bi ⊗ B◦i ) ∼= Ai ⊠ B∨i ⊂ Db(X ×X)

(Ai ⊠B∨i is the subcategory of Db(X ×X), where Pi lies);Bi ∈ Dperf(Bi ⊗B◦i ) goes to Pi ∈ Db(X ×X);

perf(Bi Bi ) b(X X)�
HH (Bi) = HH ( i) HH (Bi) = HH ( i)
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Compatibility

If E is a strong generator for Db(X), then

Ei = �i(E) is a strong generator for Ai;
Ai ∼= Dperf(Bi), where Bi = RHom•(Ei; Ei);
Dperf(Bi ⊗ B◦i ) ∼= Ai ⊠ B∨i ⊂ Db(X ×X)

(Ai ⊠B∨i is the subcategory of Db(X ×X), where Pi lies);Bi ∈ Dperf(Bi ⊗B◦i ) goes to Pi ∈ Db(X ×X);
tensor product in Dperf(Bi ⊗ B◦i ) goes to
hypercohomology of the tensor product in Db(X ×X)

twisted by �∗.

HH (Bi) = HH ( i) HH (Bi) = HH ( i)
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Compatibility

If E is a strong generator for Db(X), then

Ei = �i(E) is a strong generator for Ai;
Ai ∼= Dperf(Bi), where Bi = RHom•(Ei; Ei);
Dperf(Bi ⊗ B◦i ) ∼= Ai ⊠ B∨i ⊂ Db(X ×X)

(Ai ⊠B∨i is the subcategory of Db(X ×X), where Pi lies);Bi ∈ Dperf(Bi ⊗B◦i ) goes to Pi ∈ Db(X ×X);
tensor product in Dperf(Bi ⊗ B◦i ) goes to
hypercohomology of the tensor product in Db(X ×X)

twisted by �∗.
Corollary:HH•(Bi) = HH•(Ai) HH•(Bi) = HH•(Ai).
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)

HH (X) = Ext (� X ;� !X [dimX℄)HH ( i) = Ext (Pi; Pi p2!X [dimX℄)!Xp2 : X X X
HH ( ) = Ext (id ; S )S

S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphisms

HH (X) = Ext (� X ;� !X [dimX℄)HH ( i) = Ext (Pi; Pi p2!X [dimX℄)!Xp2 : X X X
HH ( ) = Ext (id ; S )S

S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphismsHH•(X) ∼= Ext•(�∗OX ;�∗!X [dimX℄),

HH ( i) = Ext (Pi; Pi p2!X [dimX℄)!Xp2 : X X X
HH ( ) = Ext (id ; S )S

S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphismsHH•(X) ∼= Ext•(�∗OX ;�∗!X [dimX℄),HH•(Ai) ∼= Ext•(Pi; Pi ⊗ p∗2!X [dimX℄),

!Xp2 : X X X
HH ( ) = Ext (id ; S )S

S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2

Hochschild homology and cohomology of admissible subcategories – p. 18/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphismsHH•(X) ∼= Ext•(�∗OX ;�∗!X [dimX℄),HH•(Ai) ∼= Ext•(Pi; Pi ⊗ p∗2!X [dimX℄),

where !X is the canonical line bundle, andp2 : X ×X → X is the projection onto the second factor.

HH ( ) = Ext (id ; S )S
S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphismsHH•(X) ∼= Ext•(�∗OX ;�∗!X [dimX℄),HH•(Ai) ∼= Ext•(Pi; Pi ⊗ p∗2!X [dimX℄),

where !X is the canonical line bundle, andp2 : X ×X → X is the projection onto the second factor.

Remark: For a triangulated category T one expectsHH•(T ) ∼= Ext•(idT ; ST )
where ST is the Serre functor of T .

S :Hom(T1; T2) = Hom(T2;S (T1)) T1; T2
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Homology and Serre functor

HH•(X) = Tor•(�∗OX ;�∗OX), HH•(Ai) = Tor•(Pi; �∗Pi)
Proposition: There are isomorphismsHH•(X) ∼= Ext•(�∗OX ;�∗!X [dimX℄),HH•(Ai) ∼= Ext•(Pi; Pi ⊗ p∗2!X [dimX℄),

where !X is the canonical line bundle, andp2 : X ×X → X is the projection onto the second factor.

Remark: For a triangulated category T one expectsHH•(T ) ∼= Ext•(idT ; ST )
where ST is the Serre functor of T .

The Serre functor of a triangulated category T

is an autoequivalence ST : T → T such thatHom(T1; T2)∨ ∼= Hom(T2;ST (T1)) for all T1; T2 ∈ T .
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)

� :� : HH ( ) HH ( )
� :� : HH ( ) HH ( )
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

� :� : HH ( ) HH ( )
� :� : HH ( ) HH ( )
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

Every Fourier–Mukai functor � : A → B

� : HH ( ) HH ( )
� :� : HH ( ) HH ( )
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

Every Fourier–Mukai functor � : A → B

induces a linear map � : HH•(A) → HH•(B)
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

Every Fourier–Mukai functor � : A → B

induces a linear map � : HH•(A) → HH•(B)
Theorem 2:

� :� : HH ( ) HH ( )
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

Every Fourier–Mukai functor � : A → B

induces a linear map � : HH•(A) → HH•(B)
Theorem 2:

Every Fourier–Mukai equivalence � : A → B

� : HH ( ) HH ( )
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Functoriality

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 1:

Every Fourier–Mukai functor � : A → B

induces a linear map � : HH•(A) → HH•(B)
Theorem 2:

Every Fourier–Mukai equivalence � : A → B

induces an isomorphism � : HH•(A) → HH•(B)
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)

= 1; 2; : : : ; mHH ( ) = HH ( 1) HH ( 2) HH ( m)

i HH ( i) HH ( )HH ( )
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

= 1; 2; : : : ; mHH ( ) = HH ( 1) HH ( 2) HH ( m)

i HH ( i) HH ( )HH ( )
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. then

HH ( ) = HH ( 1) HH ( 2) HH ( m)

i HH ( i) HH ( )HH ( )

Hochschild homology and cohomology of admissible subcategories – p. 20/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. thenHH•(A) = HH•(A1)⊕ HH•(A2)⊕ · · · ⊕ HH•(Am)

i HH ( i) HH ( )HH ( )
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. thenHH•(A) = HH•(A1)⊕ HH•(A2)⊕ · · · ⊕ HH•(Am)

Remark:

i HH ( i) HH ( )HH ( )
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. thenHH•(A) = HH•(A1)⊕ HH•(A2)⊕ · · · ⊕ HH•(Am)

Remark:

The most strict form of the additivity holds:

i HH ( i) HH ( )HH ( )

Hochschild homology and cohomology of admissible subcategories – p. 20/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. thenHH•(A) = HH•(A1)⊕ HH•(A2)⊕ · · · ⊕ HH•(Am)

Remark:

The most strict form of the additivity holds:

embeddings Ai ⊂ A induce embeddings HH•(Ai) → HH•(A)

HH ( )
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Additivity of homology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 3: The Hochschild homology is additive:

if A = 〈A1;A2; : : : ;Am〉 is a s.o.d. thenHH•(A) = HH•(A1)⊕ HH•(A2)⊕ · · · ⊕ HH•(Am)

Remark:

The most strict form of the additivity holds:

embeddings Ai ⊂ A induce embeddings HH•(Ai) → HH•(A)

and HH•(A) is the direct sum of their images.
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)

= 1; 2

HHt( ) HHt( 1) HHt( 2) Extt+1(P1; P2) HHt+1( ) : : :P2 2= 2; 3

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

HHt( ) HHt( 1) HHt( 2) Extt+1(P1; P2) HHt+1( ) : : :P2 2= 2; 3

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

HHt( ) HHt( 1) HHt( 2) Extt+1(P1; P2) HHt+1( ) : : :P2 2= 2; 3
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

· · · → HHt(A) → HHt(A1)⊕ HHt(A2) → Extt+1(P1; P2) → HHt+1(A) → : : :

P2 2= 2; 3

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

· · · → HHt(A) → HHt(A1)⊕ HHt(A2) → Extt+1(P1; P2) → HHt+1(A) → : : :

Moreover, if P ′2 is the kernel of the projection onto A2

= 2; 3

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

· · · → HHt(A) → HHt(A1)⊕ HHt(A2) → Extt+1(P1; P2) → HHt+1(A) → : : :

Moreover, if P ′2 is the kernel of the projection onto A2

for the semiorthogonal decomposition A = 〈A2;A3〉

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

· · · → HHt(A) → HHt(A1)⊕ HHt(A2) → Extt+1(P1; P2) → HHt+1(A) → : : :

Moreover, if P ′2 is the kernel of the projection onto A2

for the semiorthogonal decomposition A = 〈A2;A3〉
then there is an exact sequence

HHt( ) HHt( 1) Extt+1(P2; P2) HHt+1( ) : : :
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Exact sequences for cohomology

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Theorem 4: Let A = 〈A1;A2〉 be a s.o.d.

Then there is an exact sequence

· · · → HHt(A) → HHt(A1)⊕ HHt(A2) → Extt+1(P1; P2) → HHt+1(A) → : : :

Moreover, if P ′2 is the kernel of the projection onto A2

for the semiorthogonal decomposition A = 〈A2;A3〉
then there is an exact sequence

· · · → HHt(A) → HHt(A1) → Extt+1(P ′2; P2) → HHt+1(A) → : : :
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)

dd S = [d℄dHH ( ) HH ( )HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

dd S = [d℄dHH ( ) HH ( )HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d

d S = [d℄dHH ( ) HH ( )HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

dHH ( ) HH ( )HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

Theorem 5: If A is CY of dimension d

HH ( ) HH ( )HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

Theorem 5: If A is CY of dimension d
then HH•(A) is a free module over HH•(A)

HH d( )dimHH d( ) = 1 dHH d( )
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

Theorem 5: If A is CY of dimension d
then HH•(A) is a free module over HH•(A)

generated by any element of the space HH−d(A).

dimHH d( ) = 1 dHH d( )
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is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

Theorem 5: If A is CY of dimension d
then HH•(A) is a free module over HH•(A)

generated by any element of the space HH−d(A).
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Calabi–Yau categories

HH•(A) = Ext•(P;P ), HH•(A) = Tor•(P; �∗P ) = Ext•(P; P ◦ SX)
Definition: Triangulated category T

is Calabi–Yau of dimension d
if its Serre functor is a d-shift: ST ∼= [d℄ .

Theorem 5: If A is CY of dimension d
then HH•(A) is a free module over HH•(A)

generated by any element of the space HH−d(A).
Remark: dimHH−d(A) = 1 if A is CY of dimension d.
Remark: A nonzero element in HH−d(A)

is known as holomorphic volume form of A.
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Examples:O⊥X and 〈OX(−1);OX〉⊥HH•(X) = ⊕dimXp=0 H•−p(X;�pTX)

X b(X) = X ; X

HH ( X) = dimX 1p=0 H p(X;�pTX)

f : X (V ) ( X( 1); X)b(X) = X ; X( 1); X X = X( 1); X

HH ( X) = dimX 2p=0 H p(X;�pTX) H dimX+2(X; ! 1X )= Cone(f 
 (V ) 
X)[1℄
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Let OX be exceptional, Db(X) = 〈O⊥X ;OX〉.
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Let OX be exceptional, Db(X) = 〈O⊥X ;OX〉.
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Let OX be exceptional, Db(X) = 〈O⊥X ;OX〉.

Proposition: We haveHH•(O⊥X) = dimX−1
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Examples:O⊥X and 〈OX(−1);OX〉⊥HH•(X) = ⊕dimXp=0 H•−p(X;�pTX)
Let OX be exceptional, Db(X) = 〈O⊥X ;OX〉.

Proposition: We haveHH•(O⊥X) = dimX−1

⊕p=0 H•−p(X;�pTX).
Let f : X → P(V ), (OX(−1);OX) be exceptional pair,
Db(X) = 〈AX ;OX(−1);OX〉, (AX = 〈OX(−1);OX〉⊥).

Proposition: We haveHH•(AX) = dimX−2
⊕p=0 H•−p(X;�pTX)⊕H•−dimX+2(X;N∨ ⊗ !−1X ),

= Cone(f 
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Examples:O⊥X and 〈OX(−1);OX〉⊥HH•(X) = ⊕dimXp=0 H•−p(X;�pTX)
Let OX be exceptional, Db(X) = 〈O⊥X ;OX〉.

Proposition: We haveHH•(O⊥X) = dimX−1

⊕p=0 H•−p(X;�pTX).
Let f : X → P(V ), (OX(−1);OX) be exceptional pair,
Db(X) = 〈AX ;OX(−1);OX〉, (AX = 〈OX(−1);OX〉⊥).

Proposition: We haveHH•(AX) = dimX−2
⊕p=0 H•−p(X;�pTX)⊕H•−dimX+2(X;N∨ ⊗ !−1X ),

(N∨ = Cone(f∗
P(V ) → 
X)[1℄ — “conormal bundle”).
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Examples: Fano 3-folds of index 2

X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:

H PiX!X = X( 2H) H3 = d1 d 5d = 5 X5 = Gr(2;W ) (A ) (�2W )W = k5 A = k3 �2Wd = 4 X4 = �2( (W )) (A ) (S2W )W = k6 A = k2 S2Wd = 3 X3 (W ) W = k5d = 2 X2 2:1 (W ) W = k4d = 1 X1 (1; 1; 1; 2; 3) 6
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X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:
if H is the ample generator of PiX then!X = OX(−2H) and H3 = d.
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X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:
if H is the ample generator of PiX then!X = OX(−2H) and H3 = d.
Classification: One has 1 ≤ d ≤ 5 andd = 5: X5 = Gr(2;W ) ∩ P(A⊥) ⊂ P(�2W ),W = k5, A = k3 ⊂ �2W ∗;d = 4: X4 = �2(P(W )) ∩ P(A⊥) ⊂ P(S2W ),W = k6, A = k2 ⊂ S2W ∗;
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X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:
if H is the ample generator of PiX then!X = OX(−2H) and H3 = d.
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Examples: Fano 3-folds of index 2

X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:
if H is the ample generator of PiX then!X = OX(−2H) and H3 = d.
Classification: One has 1 ≤ d ≤ 5 andd = 5: X5 = Gr(2;W ) ∩ P(A⊥) ⊂ P(�2W ),W = k5, A = k3 ⊂ �2W ∗;d = 4: X4 = �2(P(W )) ∩ P(A⊥) ⊂ P(S2W ),W = k6, A = k2 ⊂ S2W ∗;d = 3: X3 ⊂ P(W ), W = k5;d = 2: X2 2:1

→ P(W ), ramified in a quartic, W = k4;

d = 1 X1 (1; 1; 1; 2; 3) 6
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Examples: Fano 3-folds of index 2

X = Xd — Fano 3-fold withPiX = Z of index 2 and degree d:
if H is the ample generator of PiX then!X = OX(−2H) and H3 = d.
Classification: One has 1 ≤ d ≤ 5 andd = 5: X5 = Gr(2;W ) ∩ P(A⊥) ⊂ P(�2W ),W = k5, A = k3 ⊂ �2W ∗;d = 4: X4 = �2(P(W )) ∩ P(A⊥) ⊂ P(S2W ),W = k6, A = k2 ⊂ S2W ∗;d = 3: X3 ⊂ P(W ), W = k5;d = 2: X2 2:1

→ P(W ), ramified in a quartic, W = k4;d = 1: X1 ⊂ P(1; 1; 1; 2; 3) — equation of degree 6.
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Fano 3-folds of index 2 — II

X = Xd. Then (OX(−1);O(X)) is an exceptional pair.

X = X( 1); X b(X) = X ; X( 1); Xd Xd HH0 HH1 HH2 HH3 HH45 Gr(2;W 5) (A3 ) k (A) 0 0 04 �2( (W 6)) (A2 ) k A S2A 0 03 X3 (W 5) k 0 S3W = (W ) 0 02 X2 2:1 (W 4) k 0 S4W = (W ) k 0 k1 X1 (1; 1; 1; 2; 3) k 0 k35 0 k7d = 5 HH1(X) = (A)d = 4 HH1(X) = 0d = 2 HH2(X) = S4W = (W )d = 1 HH2(X) = k34
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X = Xd. Then (OX(−1);O(X)) is an exceptional pair.
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X = Xd. Then (OX(−1);O(X)) is an exceptional pair.
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→ P(W 4) k 0 S4W∨=gl(W )⊕ k 0 k1 X1 ⊂ P(1; 1; 1; 2; 3) k 0 k35 0 k7d = 5: more autoequivalences: HH1(X) = so(A);d = 4: more autoequivalences: HH1(X) = 0;d = 2: more deformations: HH2(X) = S4W∨=gl(W );

d = 1 HH2(X) = k34

Hochschild homology and cohomology of admissible subcategories – p. 25/27

http://www.mi.ras.ru/~akuznet/hh-final.pdf


Fano 3-folds of index 2 — II

X = Xd. Then (OX(−1);O(X)) is an exceptional pair.

AX = 〈OX(−1);OX〉⊥, Db(X) = 〈AX ;OX(−1);OX〉.d Xd HH0 HH1 HH2 HH3 HH45 Gr(2;W 5) ∩ P(A3⊥) k sl(A) 0 0 04 �2(P(W 6)) ∩ P(A2⊥) k A S2A 0 03 X3 ⊂ P(W 5) k 0 S3W∨=gl(W ) 0 02 X2 2:1

→ P(W 4) k 0 S4W∨=gl(W )⊕ k 0 k1 X1 ⊂ P(1; 1; 1; 2; 3) k 0 k35 0 k7d = 5: more autoequivalences: HH1(X) = so(A);d = 4: more autoequivalences: HH1(X) = 0;d = 2: more deformations: HH2(X) = S4W∨=gl(W );d = 1: more deformations: HH2(X) = k34
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Conic bundles
A conic bundle is a flat projective map f : X → Y
all fibers of which are conics in P2.

D Y� : D DM Pi0(D)f : b(Y ) b(X)b(X) = X ; f ( b(Y )) X = (f ( b(Y )))

HH ( X) = HH (Y ) dimX 2p=0 H +p(D;
pD M)

HH ( X) = dimXp=0 H p(Y;Ker(�pTY i (�p 1TD D=Y )))
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Conic bundles
A conic bundle is a flat projective map f : X → Y
all fibers of which are conics in P2.D ⊂ Y — degeneration locus,� : ˜D → D — corr. double covering,M ∈ Pi0(D) — corr. line bundle of order two.
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Nonvanishing conjecture

Nonvanishing Conjecture: If 0 6= A ⊂ Db(X)
is admissible (X is smooth and projective),

HH ( ) = 0E1; : : : ; Emb(X) m = dim H (X; ) b(X) = E1; : : : ; Em

HH ( ) HH ( )HH ( ) = Ext (P; P ) 0 = idP Hom(P; P )
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Corollary: Let E1; : : : ; Em be an exceptional collection
in Db(X), m = dimQ H•(X;Q).
Then the collection is full, i.e. Db(X) = 〈E1; : : : ; Em〉.
There are other important consequences.

Remark: Nonvanishing Conjecture can be proved
if A is Calabi–Yau.

In this case HH•(A) is a free module over HH•(A),HH•(A) = Ext•(P; P ) and 0 6= idP ∈ Hom(P; P ).
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