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Introduction

For any affine-variety code we show that we can construct an ideal
whose solutions correspond to codewords with any assigned weight.
We use our ideal and a geometric characterization to determine the
number of small-weight codewords for some families of Hermitian
codes over any [ >. In particular, we determine the number of
minimum-weight codewords for all Hermitian codes with d < q.
For such codes we also count some other small-weight codewords.
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Hermitian curve

We consider the Hermitian curve H over qu
Xq+1 — yq +y
The norm is a function N : Fgr — F such that
1 r—1
N(X) — xltgt+-+q
The trace is a function Tr : Fgr — Fg such that

r—1

Tr(x) =x+x94+---+x9



Hermitian curve

The Hermitian curve can be described as
N(x) = Tr(y), with r =2

This curve has exactly n = g3 rational points,
that we call P = {P1,..., Pp}.



Hermitian code

Definition
The evaluation map is

evp : Felx, y]/ (xTH =y —y) — (Fg2)"
evp(f) = (F(P1),...,f(Pn))
Let m a natural number, then we define
Bom={x"y*lar+(q+1)s <m0<s<q-—1}

So we consider
Em = (evp(f)|f € Bgm)



Hermitian code

Therefore
Cmn=(En)t={ce (Fg2)"|c-evp(f) =0,f € Bgm}

Cq,m = Cm is called Hermitian code. The parity-check matrix H of
Cq,m is

A(P) - A(P)

H=| &

where f; € By m.



The number of codewords

Let Cq,m be an Hermitian code. So
z€Cqm <= Hz=0

If we write By m = {f1,...,fn—«}, then

S 6(P)zi=0 Vj=1,...n—k
i=1



The number of codewords

All words of weight w correspond to solutions of this system:

S xiyizi=0 Vx"y* € Bg,m
X3 —yI —y =0 Vi=1,...,w
x? —x; =0 Vi=1,...,w

I

me: 2 .
am y? —yi=0 Vi=1,...,w

27N -1=0 Vi=1,....w

(=) =) —y)T P =1)=0 V(i jl<i<j<w

The number of codewords of weight w is

V(Jg,m,w)l

AulCam) = 2,



The four phases of Hermitian codes

Phase m

1 0<m<q¢g*—qg-—2
2 | g?—qg<m<2¢*—2q-2
3 2¢° —2g—1<m<q¢®-1

4 | @F<m<@P+q¢ -—qg-2

We have studied phase one, i.e. the case d < q.



Corner code

If H is composed of the evaluation of these sets
Ld ={1,x,...,x972}
LY ={y,xy,...,x97 3y}

Ly 2.— {yd 2}

Then the code is called a corner code and it is indicated HY.
The dimension of this code is

d(d—1)

—

k=n-—



Edge code

The code having parity-check matrix composed of
Ldu...uLd , and of

Ild = x9-1
1d d—2
2

zxfy

/d = Xd_jyj_l

is called an edge code, indicated with H{, (1<j<d-1).
The dimension of this code is

d(d —1)

k=n—
n 2



Corner code and edge code

X3

n-1=k

n-2=£

» HY is [n,n — 1,2] code.
Bam= L5 ={1}

> Hiis [n,n—2,2] code.
Bgm=L3U?={1,x}

» HY is [n, n — 3,3] code.
Bgm=L3UL}={1,x,y}

» Hlis [n,n—4,3] code.
Bgm = LSU LFU{R} =
{17X7y’ X2}

» H3 is [n,n — 5,3] code.
Bom=LUL3U{B 3} =
{1,x,y,x? xy}



v-block position

Let w>v >1. Let

Q= (X1, Xur Y1, s Yw: 215 - -+, Zw) € V(Jg,mw), then Q is in
v-block position if we can partition {1,...,n} in v blocks I1,..., 1,
such that

xj = Xxj <= dhsuchthat1<h<vandije€l

We can assume || < ... <[l ]and h ={1,...,u}.

Lemma
We always have u+v <w+1. If u>2and v > 2, then v < | 7]
and u+v < [ 5] +2.



Edge code

Lemma
Let H, be an edge code with 1 < j < d — 1 and
3<d<w<2d-—3. Let
Q= (X1, Xws Y1, s Yws Z1y - - -, Zw) € V(Jg,mw) in v-block
position, with v < w, then either

(a) u=landv>dandw>d+1,or

(b) v=1, thatis, x; = -+ = xy
We have the following corollary:

Corollary

The minimum weight words correspond to points of H lying on a
vertical line.



Sketch of proof (a)

We denote for all hsuch that 1 < h<vy

Xh = Xj if i e /h, Zh = ZZ,‘, Yh75 = Zy,-sz,-,

i€l i€l

with 1 <s<u—1. Let v < d. We know that
Sy xlzi=%p 1 X[ Zp, where 0 < r < d — 1. We can consider
the first v equations

1 - 1
Xy X, 4
: : : =0
lel—l . Xv-fl Zv

The solution of the previous system is Z, = 0 for any h. Since
u=1, then Z; = z; = 0, which is impossible. So v > d, then
w>d+ 1.



Sketch of proof (b)

Let u > 2. Suppose that v > 2. We know that Y 7 ; x/y?z =0
where x"y® € By m. Then a subset is

D1 X{zi =0 > oh—1 Xy Zn =0
Yot X yizi=0 Sohe1 X Yh1=0
. g .
it Xiryiu_lzi =0 > he1 Xp Yhu—1=0
where 0 < r <v. This implies that Z; = Y11 =... = Y1 ,.1=0,
that is
ZZ:I zi=0
Zi:l yizi=0
i fr— Z] = =Zy =



Edge code

Theorem _
The minimum weight words of an edge code HJd are

Ad=q(d* - 1) <Z>

We use the previous corollary: the minimum weight words
correspond to points of H lying on a vertical line.



Sketch of proof

For any x € F 2, the equation x9t1 = y9 4+ y has exactly g
solutions. We have g° ways to choose x, (Z) ways to choose d
points of H on a vertical line. The system J; m . becomes

27:1 zi=0
Z:C'f:l yid_zzi =0

The solutions in z; are of the form (aa, ..., ag«a), for any
a € Fzg. For this reason, we have g% — 1 solutions in z;.



Corner code

Proposition
The minimum weight words of a corner code Hg correspond to
points lying in the intersection of any line and the curve H.



Sketch of proof

From system Jg m.» we can deduce

27:1 zi=0
Y%z =0

d _d—2_
doic1X z=0

and we know that the z; are all non-zero if x; are all distinct or all
equal. For the same reason, we can also deduce that y; are all
distinct or all equal.



Sketch of proof

If the x; are all equal or the y; are all equal, we have finished.
Otherwise, we do an affine transformation

x=x aelF
y=y +ax 7

such that at least two y; are equal. Substituting the above
transformation into the system Jg m . and making elementary row
operations we get once again the system J; m . But, since at
least two y; are equal, they are all equal.



Corner code

Theorem
The minimum weight words of a corner code HY are

S—d+1
o= 0,7 1)

To prove the theorem we use the previous proposition: the
minimum weight words correspond to points lying in the
intersection of any line and the curve H.



Sketch of proof

We have to solve the system

Xt =ya 1y
y=ax+b

from which we have a9x9 + b9 + ax 4+ b = x9t1. If

b9 + b+ 29! = 0, the equation becomes (x — a9)9t! = 0, so we
have only one point; there are exactly g3 such possibilities for

(a, b).

If b9+ b+ a9"t = c # 0, we have that ¢ € F,, the equation
becomes (x — a9)9*! = (a’)9+1, where a is a primitive element of
Fg2 and r is an integer, so that we have exactly g + 1 solutions.
So, we have (g* — ¢®) ways to choose a line y = ax + b, (931)
ways to choose d points on it, g°> — 1 solutions in z;.



Sketch of proof

The number of words corresponding to points on a vertical line is

7°(q* — 1)<Z)

whereas those corresponding to non-vertical lines are:
4 3y 2 g+1
(6" =a’)(g" =) "

So to find the result of the theorem we have to sum these two
values.



The second weight

The problem of finding the number of codewords of weight d + 1
for a first-phase hermitian code, where d is the distance, is more

complicated.

In fact, we can not say in general that such codewords correspond
to points on a same line.

Nevertheless, we can count codewords that have this property. By
similar arguments, we can state the following theorems.



The case of vertical lines

Theorem (corner code and edge code)

The number of words of weight d + 1 with x; = -+ = x4, of a
corner code HY and of an edge code H, is:

Ags1=a(q* - (d+1)@+d)( 7 ).
w1 =t =@+ a7



The case of non-vertical lines

Theorem (corner code)

The number of words of weight d 4 1 of a corner code HY with
(xi, yi) lying on a non-vertical line is:

faa = (@t = @)t - @+ 0+ ) (57 ])

Theorem (edge code)

The number of words of weight d + 1 of an edge code HJ;, with
(xi, yi) lying on a non-vertical line is:

faa = (= ) -1 (§7]).



The case of H)

To count the number of words with weight w = 4, we observed

that:
> in system Jg m4 we can have 4 points on a same line;

» we can not have 3 points on a same line and the other outside;
» we can have 4 points in general position, that is, no 3 of them
lie on a same line.
So finally we have

= (7))@ -0-@ - ()@ -a-1) (@0
+ <q2 <Z> +(q" - q3)(q : 1)) (¢* — 46> +3)



The case of H3

To count the number of words with weight w = 4, we observed
that:

> in system J, m 4 we can have 4 points on a same line;
» we can not have 3 points on a same line and the other outside;
» we can have 2 points on a vertical line and 2 on another one;

» we can have 4 points on a same parabola of the form
y = ax? + bx + c.
So finally we have

where Ny is the number of parabolas that intersect H in exactly k
points.



Other cases

We also studied codes H2 (with w = 4), H$ and H} (with w = 5).
In general, we have to study the rank of the matrix

1 ... 1
Xl .« o e XW
H =
r.,s r S
Xiyi o XuYw

for any choice of w points (x;, y;) of H.
For these three codes, we have that all codewords of weight d + 1

correspond to points on a same line (so that we can apply the
previous theorems).



Work in progress

» We believe that many of these ideas can be applied to other
affine-variety codes.

» We are trying to find the number of parabolas that intersect
‘H in exactly k points.

» By computer elaborations we see that, if we write the list of
Ay for every Hermitian code in phase three, ordered by
dimension, then that list is symmetric.

» We are trying to see if, for codewords of minimum weight in

every phase, they always correspond to points grouped in lines
or conics.



